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Abstract 

Linear algebra is one of the most challenging topics to learn and teach in many countries. To facilitate the 

teaching and learning of linear algebra, priority should be given to epistemologically analyze the concepts that the 

undergraduate students have difficulty in conceptualizing and to define their ways of reasoning in linear algebra. 

After the initial conditions are granted, pedagogical arrangements should be made. From this point of view, this 

study aims to explore undergraduate students’ ways of thinking while solving problems in the abstract mode about 

linearly independent/dependent vectors. It also focuses on what students understood about linear 

independence/dependence concepts. The study was conducted with 186 mathematics teacher-candidates. The 

responses of these students to four problems and interview data conducted with eight students were used to identify 

a student’s way of thinking. During qualitative analysis of the responses, Sierpinska’s (2000) framework for 

thinking modes was adopted by the researcher. The content analysis revealed 15 categories of thought modes: 12 

arithmetic, 2 geometric, and 1 structural. In arithmetic thinking mode (approximately 68% of the participants), the 

majority of students presented inappropriate solutions, including mistakes related to operational procedures for the 

problems in the abstract mode. The responses in geometric thinking mode (10%) were indicators of obstacles related 

to mathematical generalization. Furthermore, the response ratio in structural mode of thinking was very low (5%). In 

conclusion, the findings support the view of the inconsistency between the thinking modes of students and the 

abstract nature of linear algebra problems. 

Key words: Linear independence, linear dependence, students’ thinking mode, mode of description and 

representation. 

INTRODUCTION 

Purpose and Background 

Linear algebra is an important field of study in mathematics. The importance is dependent on two 

fundamental reasons (Harel 1989; Kolman and Hill 2008). First, linear algebra has a wide range of applications in 

different fields such as differential equations, analysis, and probability. The study fields of physics, chemistry, 

biology, economy, finance, and engineering can also be added to the list. Google and global positioning system 

(GPS) software are examples of modern linear algebra applications (Kolman and Hill 2008). The second 

fundamental reason is that it provides an opportunity for students to learn how to make mathematical abstractions. 

Even though its importance is clear, educators and students perceive that teaching and learning linear algebra is a 

1 Derya ÇELİK, Ph.D., is an assistant professor in mathematics education. Her areas of research include teaching and learning algebra, teacher 
training, and computer based mathematics education. Correspondence: Karadeniz Technical University, Fatih Faculty of Education, Department of 
Elementary Education, 61335 Trabzon, Turkey. E-mail: deryacelik@ktu.edu.tr Phone: +90 462 377 6712 Fax: +90 462 248 7344.   

1 
 

                                                           



difficult experience (Hillel 2000). During the 1990s, many researchers conducted studies on learning and teaching 

linear algebra (Carlson 1993; Dorier et al. 2000; Dubinsky 1997; Harel 1989; Nardi 1997). As part of these studies, 

researchers adopted various theories to explain why students have difficulties in understanding linear algebra and 

suggestions were made concerning teaching methods for linear algebra issues (Britton and Henderson 2009). In one 

of the fundamental comprehensive sources on this topic “On the Teaching of Linear Algebra” these investigations 

are summarized in detail (Dorier 2000). However, after 1990s, limited numbers of studies have been conducted on 

linear algebra concepts and a student’s way of thinking about linear algebra (Stewart and Thomas 2007). 

Researchers focusing on students’ difficulties in linear algebra stated that the abstract and theoretical nature 

of linear algebra were two of the reasons of these difficulties (Britton and Henderson 2009; Carlson 1993; Dorier 

1995). Dorier et al. (2000) referred to this as “formalism obstacle.” For the students who are trying to learn many 

new concepts and theorems along with new notations, the formalism that uses logic and the language of sets and 

number theory are obstacles they have to overcome. Researchers stated that the lack of specific mathematical 

knowledge and skills are other reasons that students experience obstacles in learning linear algebra (Britton and 

Henderson 2009; Dorier et al. 2000). In particular, a lack of experience with writing proofs, pre-knowledge 

deficiencies in logic, and set theory issues cause students to make mistakes in linear algebra (Dorier et al. 2000; 

Hillel 2000). When considering the fundamental reasons that cause difficulties in learning linear algebra, it is clear 

that they are not only valid for this field but also the main reasons for obstacles in learning other fields of 

mathematics. 

In addition to these general reasons of conceptual difficulty, some researchers (Dorier et al. 2000; Hillel 

2000) reveal the reasons for the difficulties that are specific to linear algebra. One reason is that the course on linear 

algebra includes many concepts that students have limited (if any) experiences in, such as vector space, subspace, 

span, linear independence, basis, and dimension (Dorier et al. 2000; Hillel 2000). Another issue is that students are 

required to think and question these concepts and their related procedures not only in specific situations (R2, R3, 2x2, 

3x3 type matrices, etc.) but also in general situations (V vector space, algebraic structures, etc.) in linear algebra 

courses conducted at the university level (Hillel 2000). This situation causes students to make high-level 

abstractions while struggling to understand many new concepts for them. In this challenging process, priority should 

be given to epistemologically analyze the concepts that the undergraduate students have difficulty in conceptualizing 

and to define their ways of reasoning in linear algebra (Dubinsky 1997). Then, pedagogical arrangements should be 

made to facilitate the conceptualizing process. From this point of view, it can be concluded that the studies 

describing undergraduate students’ understanding of fundamental concepts (subspace, linear 

independence/dependence, basis, etc.) and focusing on thinking processes are important in terms of developing 

practice about linear algebra learning and teaching. 

In recent years, various studies have been conducted on linear algebra concepts (Bogomolny 2006; Britton 

and Henderson 2009; Ertekin, Solak, and Yazıcı 2010; Hristovitch 2001; Konyalıoğlu, İpek, and Işık 2003; Nardi 

1997; Stewart and Thomas 2009; Stewart and Thomas 2010; Wawro, Sweeney, and Rabin 2011). Among these, the 

aim of Bogomolny’s (2006) study was to identify some of the difficulties students have when learning key concepts 
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in linear algebra (vectors and vector spaces, linear dependence and independence, linear transformations, and basis) 

and to define the sources of these difficulties. The theoretical framework of Bogomolny’s study constitutes Tall and 

Vinner’s (1981) concept image definition and Dubinsky’s (1991) APOS theory to highlight this distinction in 

student responses. According to the findings, many students’ conceptual images of these concepts were fragmented 

or incomplete. Also, most of the students understood these concepts as a process rather than as an encapsulated 

object. Some studies have revealed similar results also indicating that very few students had a deep understanding 

about linear algebra concepts (Medina 2000; Hristovitch 2001). Nardi (1997) and Stewart and Thomas (2010), 

focusing on the basis concept related to cognitive development of the students, showed that applying basis concept 

after span and linear independence is not always effective for constructing a suitable concept image for basis by 

students. Britton and Henderson (2009) and Wawro et al. (2011) investigated the subspace concept in their studies. 

Britton and Henderson (2009) revealed the student obstacles related to this concept. Wawro et al. (2011) identified 

the recurring concept image that students provided for subspace, and they showed that the students’ concept images 

are not always scaffolded by the formal definition of the concept. When the previous studies are reviewed, it is 

understood that they mainly focused on describing students’ understanding about fundamental concepts and/or 

identifying students’ obstacles pertaining to them. However, there are very limited number of studies focusing on 

students’ ways of thinking and reasoning in linear algebra (Doğan-Dunlap 2010). Also, these studies show that 

problems related to students’ understanding of linear algebra remain the same over two decades. Referring to these 

persistent problems about teaching and learning of linear algebra, Sierpinska (2000, p. 211) stated that “We 

understood that for all the innovations that we made in presenting the theory to the students, we still wanted them to 

understand the same theory: the structural theory of linear algebra. . . . But the students in our experiments could 

not understand the theory because they appeared to want to grasp it with a ‘practical’ rather than a ‘theoretical’ 

mind.” 

Sierpinska (2000) expressed that despite implementations focused on improving teaching, students continued 

to have difficulties in understanding concepts in linear algebra. She claimed that the inconsistency between the 

nature of linear algebra and students’ thinking modes caused this result. From this point of view, this study aims to 

explore undergraduate students’ ways of thinking while solving problems in abstract description and representation 

mode in linear algebra, specifically in linear independence/dependence concepts. As it will be detailed further in 

theoretical framework section, Hillel (2000) revealed three modes of description and the problem of representation 

in linear algebra and one of them is abstract mode. Being aware of students’ thinking modes associated with the 

definitions of fundamental linear algebra concepts could be useful for pedagogical purposes. In this way, not only 

would lecturers be made aware of how undergraduate students think about fundamental concepts in linear algebra 

such as linear independence/dependence, but also they can use this information as the foundation for a meaningful 

teaching environment. 
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Theoretical Framework 

The theoretical framework of this research is twofold: Sierpinska’s (2000) modes of thinking and Hillel’s 

(2000) modes of description and the problem of representation in linear algebra. As it can be seen later, Sierpinska's 

modes of thinking have obvious links to Hillel's modes of description, but they are not exactly the same. 

According to Hillel (2000), a typical course generally includes several modes of description of the basic 

objects and operations of linear algebra. The modes of description that Hillel refers to here are the abstract, the 

algebraic, and the geometric modes. The abstract mode uses the language and concepts of the general formalized 

theory (vector space, subspace, linear independence, span, etc.), while the algebraic mode uses the language and 

concepts of the more specific theory of Rn (n-tuples, matrices, rank, etc.). Finally, the geometric mode uses the 

language and concept of R2 and R3 (directed line segment, points, planes, etc.). These modes of description coexist 

and are sometimes interchangeable, but are certainly not equivalent (Hillel 2000). For example, a vector may be 

represented as an arrow in geometric mode, as a row or column of numbers or symbols in algebraic mode, and as an 

element of a vector space in the abstract mode. 

Sierpinska (2000) aims at identifying the characteristics of the students’ way of thinking in linear algebra. 

She defined three modes coexisting in linear algebra: synthetic-geometric, analytic-arithmetic, and analytic-

structural. There are fundamental differences between the synthetic mode and analytic modes. One of these is that in 

the synthetic thinking mode, the student tries to describe the mathematical objects given without defining them, 

while in analytic modes, the student tries to understand the objects through their definition and properties 

(Sierpinska 2000). For example, in synthetic mode, a line can be considered as “a pre-given object of a certain shape 

lying somewhere in the space” (Sierpinska 2000, p. 233). In analytic modes, a line can be defined “as certain 

specific relationship between the coordinates of points” (Sierpinska 2000, p. 233). Thus, the synthetic mode belongs 

to the practical way of thinking, while the analytic modes refer to the theoretical way of thinking (Sierpinska 2000). 

Another difference between these modes is that they use specific systems of representation. Generally, the synthetic 

mode uses geometric representation, while analytic modes use numerical and algebraic representations. For instance, 

in the synthetic mode, students can determine the linear independence of vectors using their graphs provided in R2 or 

R3. They describe vectors and their linear independence but cannot define them (Doğan-Dunlap, 2010). On the other 

hand, in analytic modes, students use the formal definition of linear independence. 

Sierpinska (2000) splits analytic modes into two categories: analytic-arithmetic and analytic-structural. 

“While the analytic-arithmetic thinking aims at simplifying calculations and making them accurate, the structural 

thinking aims at extending our knowledge about concepts. If we know that a is b, we get to know more about a and 

b. In analytic-arithmetic thinking an object is defined by a formula that allows one to compute it; in analytic-

structural thinking an object is best defined by a set of properties.” (Sierpinska 2000, p. 234). For example, what is 

important from an analytic-arithmetic point of view is to appropriately use formulas and techniques that allow one to 

calculate inverses of nonsingular matrices. However, in analytic-structural mode of thinking, the defining property 

of having an inverse has importance. In analytic-structural mode, reasoning is based on logical and semantic 

connection between concepts within a system; connections between concepts are made on the basis of their relations 
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to more general concepts (Sierpinska 2000). With respect to linear independence/dependence, while in the analytic-

arithmetic mode students can determine linear independence of vectors based on calculation using either the 

definition or -in special cases- a matrix built from the vectors, in the analytic-structural mode students may consider 

the vectors in connection with vector spaces, and determine their linear independence using relation concepts (linear 

combination, dimension) or theorems. 

According to Sierpinska (2000), these modes of thinking need not be seen as a step or stage in the 

development of algebraic thinking. It is helpful to use certain modes of thinking in certain cases for specific 

purposes. Then, what is important here is to take advantage of different modes of thinking. 

In this study, problems are represented in the abstract mode since, in principle, the learning and teaching of 

linear algebra at the university level requires theoretical thinking (Sierpinska, 2002). Analysis of the students’ ways 

of thinking while solving these problems is done according to Sierpinska’s framework on students’ thinking modes. 

METHOD 

Participants 

This study was conducted with 186 secondary school (5-8 grades) mathematics teacher-candidates. 

Participants were in the second year of the four-year teacher-education program and enrolled in a two-semester-long 

linear algebra course. Before this course, participants took basic courses, such as discrete mathematics, calculus, and 

geometry. They were familiar, from the secondary school, with matrix (limited to 2x2, or 3x3 matrices), operations 

on matrix, determinants, solutions of linear equation systems (for two or three unknowns), and vectors (as a sided 

line segment). 

The linear algebra course content that the participants studied is arranged according to computation-to-

abstraction approach defined by Harel (1987). Harel (1987) states that there are two ways of sequencing the contents 

of linear algebra: computation-to-abstraction and abstraction-to-computation approaches. In computation-to-

abstraction approach, the course starts with concepts requiring computation (such as linear equation systems, matrix, 

determinants) to switch to more abstract concepts (such as vector spaces, linear transformations, eigenvalues and 

eigenvectors, and inner product space). A course designed according to abstraction-to-computation approach starts 

with more abstract concepts to switch to concepts less abstract and demanding more computational skills. 

Teaching linear independence/dependence concept in the course was first presented by the general definition 

of a vector space in abstract mode and then the concept was exemplified in a variety of vector space models (such as 

n-tuples, matrices, polynomial functions). Afterwards, it was visualized in R2 and R3 and some related theorems 

were introduced. Therefore, teaching of linear independence/dependence was mainly made for analytical thinking. 

Classroom practices were carried out focusing on bookwork and individual thinking. 

Data Collection Tool 

In this study, the students were asked to solve four problems (see Figure 1) about linear 

independence/dependence concepts. Since the students were required to think in an abstract way, the problems were 
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prepared in the abstract mode (Hillel, 2000) and contained vectors not having geometric and numerical 

representations. They were not computational and required conjecturing and generalization. 

 

 

 

 

 

Fig. 1 Statement of the problems 

The problems were implemented in the routine class period by the researcher. After the implementation, eight 

students whose answers had different ways of thinking and reflect varieties were selected to be interviewed. During 

the interviews, the researcher concentrated on thinking procedures, which led the students to the solution rather than 

concentrating on the correctness of the answers. Thus, students were given the opportunity to describe their ideas 

and to reflect on their own thinking processes. 

Data Analysis 

The constant comparison method, a qualitative analysis technique, was used to analyze the students’ 

responses. At first, student responses to each problem were examined one-by-one and categorized according to their 

differences and similarities. After the first categorization, the emergent categories were compared with each other. 

Researcher then gathered the related ones and assigned a code to each. The answers given by students for each 

problem were examined separately and placed in the category that best represents these answers. In this process, it 

was observed that very few students’ responses to a problem pertained to more than one category. So, a few 

responses may have been placed into more than one related category. After the students’ responses were categorized 

by the researcher, another researcher with a background in mathematics was requested to replace the responses in 

the constructed categories independently. When the categorization of responses was completed by both the 

researchers, the inter-coder reliability was calculated using the following formula: 

Reliability =  Number of agreements
Total number of agreements+Disagreements

  

Miles and Huberman (1994) stated that 70% and above reliability indicates reliable coding. In this study, 

inter-coder reliability was calculated as 79%. After this process, two researchers got together, compared their 

analysis, and discussed the inconsistencies between their works. As a result, a few revisions were made in the 

categories and their description. All the categories with description that emerged during the analysis are presented in 

Table 1. 
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Table 1. Codes and categories representing students’ thinking modes  

Codes Categories Explanation on Categories 

DW Definition without 
deduction 

Students only state the definition of linear independence/dependence verbally. No 
other deduction. 

D Definition Students procedurally apply the definition of linear independence/dependence to 
determine whether a set of vectors is linearly independent/dependent. They tried to 
find a solution set for scalars (α). 

DS Definition and 
inappropriate use of 
the scalars 

Students procedurally apply the definition of linear independence/dependence to 
determine whether a set of vectors is linearly independent/dependent. In this process, 
their use of scalars (α) was inappropriate.  

DLC Definition and linear 
combination 

Students procedurally apply the definition of linear independence/dependence to 
determine whether a set of vectors is linearly independent/dependent. They provide 
if one of the vectors can be written as the linear combination of others.  

DZ Definition and zero 
vector 

Sets of vectors are linearly independent/dependent if the linear combination of the 
vectors is equal to zero or not. In general, the linear combination is equal to zero was 
interpreted as linear independence, otherwise as linear dependence. 

Z Zero vector Sets of vectors are linearly independent/dependent if all/some/one of them is the 
zero vector. Generally, students use the knowledge that zero vector is linearly 
dependent.  

NZ Number of vectors 
and zero vector 
 

Students take zero vector from R2, R3, or R4 regarding the number of vectors in the 
questions to determine whether a set of vectors is linearly independent/dependent. 

LC Linear combination Students use the concept of linear combination to provide justification for their 
answers.  

LCW Linear combination 
without deduction 

Students only state the informal definition of linear independence/dependence. No 
other deduction. 

LCQ Linear combination 
and quantifiers 

Students incorrectly state the informal definition of linear independence/dependence 
to determine whether a set of vectors is linearly independent/dependent: All vectors 
can be written as a linear combination of each other for the linear dependence or one 
cannot be written as a linear combination of others for the linear independence.  

IV Independent vectors A set of vectors is linearly independent if every vector in the set is independent and 
a set of vectors is linearly dependent if every vector in the set is dependent.  

CV Certain vectors Students chose certain vectors from R2, R3, or R4 that provide hypothesis. They use 
these vectors to determine the linear independence/dependence.  

S Span Student use the definition of span instead of the definition of linear 
dependence/independence. 

SUB Subset/Subspace Students take into consideration the subset relation between the sets of vectors to 
determine linear dependence/independence. 

DET Determinant Students use determinants to determine linear independence/dependence 
RW Responses without 

justification 
No justification is provided for the response: the vectors are linearly 
independent/dependent. 

U Uncategorized Unable to categorize responses 

N No response Do nothing for the solution of the problem 

 

To facilitate understanding of the criteria used in the assignment of student responses to the categories, a few 

samples of student responses from the categories are provided. For example, the following response (to problem 2) 

was considered for the “Certain vectors” category, labeled as the CV category. This category includes responses 

where students took specific vectors in the standard vector space R2 or R3 and applied the definition of linear 
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independence/dependence using these vectors. Generally, students chose vectors satisfying the condition in the 

question. 

“𝑣𝑣1 = (1,0,0),𝑣𝑣2 = (0,1,0),𝑣𝑣3 = (0,0,1) are linearly independent. Assume 𝑣𝑣4 = (0,0,2) 

For 𝛼𝛼1𝑣𝑣1 + 𝛼𝛼2𝑣𝑣2 + 𝛼𝛼3𝑣𝑣3 + 𝛼𝛼4𝑣𝑣4 = (0,0,0),𝛼𝛼1 = 0, 𝛼𝛼2 = 0 and 𝛼𝛼3 + 2.𝛼𝛼4 = 0 is found. Since 𝛼𝛼3 = −2.𝛼𝛼4 

vectors are linearly dependent.” 

LCW category includes responses where students referred to the linear combination but did not provide any 

work to justify their answers. In other words, responses in LCW category include verbal statements similar to 

“None of the vectors can be written as the linear combination of the others”. 

The excerpt below is an example of a student response (to problem 4) that was considered for the categories 

DLC and IV. DLC category includes responses where students applied the definition of linear 

independence/dependence to determine whether one vector in the set given can be written as a linear combination of 

others. According to IV category, a set of vectors is linearly independent (respectively dependent) if every vector in 

the set is independent (respectively dependent) 

“𝛼𝛼1𝑣𝑣1 + 𝛼𝛼2𝑣𝑣2 + 𝛼𝛼3𝑣𝑣3 + 𝛼𝛼4𝑣𝑣4 = 0 

So that 𝑣𝑣4 = −𝛼𝛼1
𝛼𝛼4

. 𝑣𝑣1 + −𝛼𝛼2
𝛼𝛼4

. 𝑣𝑣2 + −𝛼𝛼3
𝛼𝛼4

. 𝑣𝑣3 is a linear combination of the others. Therefore 𝑣𝑣4is linearly dependent. 

Since 𝑣𝑣1, 𝑣𝑣2 ve 𝑣𝑣3 are linearly dependent, then 𝑣𝑣1, 𝑣𝑣2, 𝑣𝑣3, 𝑣𝑣4are linearly dependent.” 

The categories obtained were then assigned to thinking modes defined by Sierpinska (2000). According to 

Sierpinska (2000), the students’ responses based on geometric representations and trying to describe objects without 

defining them could be classified in synthetic-geometric thinking mode. She also claims that this mode generally 

reflects practical thinking. Thinking of mathematical concepts in terms of their prototypical examples rather than 

definition is defined as an indicator for practical thinking by Sierpinska. In this context, standard vector spaces R2 or 

R3 and zero vectors defined in these spaces could be considered as prototypical examples. Therefore, responses in 

CV and NZ categories could be classified in synthetic-geometric thinking mode. 

Categories both based on numerical and algebraic representations and requiring operational process and 

procedures are classified in analytic-arithmetic thinking mode. The responses referring the definition of linear 

independency and the relation between linear combination and linear independency in a procedural point of view 

were classified in this mode of thinking. For instance, DW, D, and DS categories. 

Finally, the categories in which objects are analyzed by means of theorems and definitions are classified as 

part of the analytic-structural thinking mode, which includes LC categories. The responses reaching solution by 

using definition and characteristics of linear independency were classified in this mode of thinking. The responses 

including critics of possible results of the calculations instead of directly doing calculation were classified in this 

mode of thinking. 
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RESULTS 

The findings of this research are presented in this section. To protect students’ privacy, they are referred to by 

a code and a unique number. For example, S5 refers to the fifth student on the list. Table 2 presents the number of 

responses for each problem. 

Table 2. Number of responses for each category and question 

 

According to Table 2, 18 categories emerged. The categories DW, D, DS, DLC, DZ, Z, LCW, LCQ, IV, S, 

SUB, and DET can be related to analytic-arithmetic mode, while categories NZ and CV can be related to synthetic-

geometric thinking mode. Only LC category could be seen as reflecting analytic-structural thinking mode. 

According to Table 2, DS is the most common category with approximately 45% of the responses, which is 

remarkable when compared with other categories. Analytic-arithmetic mode has both the highest number of 

Questions 1 2 3 4 Total 

Codes Categories f % f % f % f % f % 

DW Definition without 
deduction  2 1.08 3 1.61 1 0.54 4 2.15 10 1.34 

D Definition  15 8.06 0 0.00 2 1.08 2 1.08 19 2.55 
DS Definition and 

inappropriate use of 
scalars 

92 49.46 89 47.85 79 42.47 80 43.01 340 45.70 

DLC Definition and linear 
combination 8 4.30 12 6.45 14 7.53 14 7.53 48 6.45 

DZ Definition and zero 
vector 4 2.15 7 3.76 7 3.76 1 0.54 19 2.55 

Z Zero vector 3 1.61 10 5.38 6 3.23 5 2.69 24 3.23 
NZ Number of vectors and 

zero vector 17 9.14 18 9.68 12 6.45 7 3.76 54 7.26 

LC Linear combination 13 6.99 15 8.06 7 3.76 6 3.23 41 5.51 
LCW Linear combination 

without deduction 6 3.23 5 2.69 0 0.00 2 1.08 13 1.75 

LCQ Linear combination 
and quantifiers 1 0.54 0 0.00 7 3.76 2 1.08 10 1.34 

IV Independent vectors 1 0.54 17 9.14 6 3.23 11 5.91 35 4.70 
CV Certain vectors 4 2.15 4 2.15 10 5.38 6 3.23 24 3.23 

S Span 8 4.30 7 3.76 7 3.76 8 4.30 30 4.03 
SUB Subset/ Subspace 8 4.30 1 0.54 4 2.15 1 0.54 14 1.88 

DET Determinant 2 1.08 2 1.08 1 0.54 1 0.54 6 0.81 
RW Responses without 

justification 3 1.61 1 0.54 5 2.69 4 2.15 13 1.75 

U Uncategorized 10 5.38 15 8.06 11 5.91 17 9.14 53 7.12 

N No response 9 4.84 11 5.91 15 8.06 22 11.83 57 7.66 
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categories and the highest number of responses. This is an indicator that students focus on operational process and 

procedures related the linear independence/dependence. 

Different from other categories, DZ, S, and IV include student responses which contain mistakes or 

misconceptions about linear dependency and independency. The common feature of DZ and S is that the linear 

independence/dependence concept is completely incorrectly defined by the students. The students whose responses 

are classified in these two categories (approximately 7%) did not exactly realize the linear independence/dependence 

of the vectors. Responses of IV category indicate that the students think of linear independence/dependence as a 

feature inherent to a particular vector. If a set included a particular linearly independent vector, it was stated as 

linearly independent. The response percentage for this category is higher than others in question 2 (9.14%) and 

question 4 (5.91%). 

In what follows, the nature of student responses is investigated according to the thinking modes revealed by 

Sierpinska (2000). 

Analytic-Arithmetic Mode of Thinking 

Twelve categories with significant number of responses (approximately 68%) are related to arithmetic mode. 

Responses reflecting this mode deal predominantly with the definition of linear independence/dependence and linear 

combination and these responses are generally procedural. The responses in this mode are presented under two sub-

titles. 

Responses regarding the definition of linear independence/dependence 

In responses referring to the definition of linear independence/dependence, generally students first stated the 

definition of linear independence/dependence and then applied this definition to computation. The response by S22 

(see Figure 2) was a typical example of it. It was classified in category D. 

 

 

 

 

 

 

Fig. 2 S22’s answer to question 1 

Defining abstract concepts based on their own aspects is one of the general characteristics of analytic modes. 

In this case, the student started with the definition of linear independency. Based on the definition of linear 

independence, student’ response includes some procedural and arithmetic details. Therefore, S22’s response points 

to reasoning with analytic-arithmetic mode. Reviewing this response, it is seen that the response is not sufficient to 

explain critical points of linear independence concepts. In other words, S22 gives the response for linear 
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independence “𝛼𝛼1. 𝑣𝑣1 + 𝛼𝛼2. 𝑣𝑣2 + 𝛼𝛼3. 𝑣𝑣3 = 0 where scalars provided in the equation are 𝛼𝛼1 = 𝛼𝛼2 = 𝛼𝛼3 = 0.” Yet, 

this statement does not imply that the trivial solution is the only solution to 𝛼𝛼1. 𝑣𝑣1 + 𝛼𝛼2. 𝑣𝑣2 + 𝛼𝛼3. 𝑣𝑣3 = 0. Most of the 

students put forward similar explanations about linear independency. Also, some students stated linear independence 

as “𝛼𝛼1. 𝑣𝑣1 + 𝛼𝛼2. 𝑣𝑣2 + 𝛼𝛼3. 𝑣𝑣3 = 0,  𝛼𝛼1 = 𝛼𝛼2 = 𝛼𝛼3 = 0.” This response contains nothing but equations and equalities. 

S105’s response for question 1 is an example of the latter (see Figure 3). 

 

 

 

 

 

Fig. 3 S105’s answer to question 1 

S105 also used, in his response, a symbolic description of the definition of linear independence. The student’s 

response did not provide a computation. But, the student focused on value of scalars (in an incorrect way). He 

assigns the same real values (i.e. zero) to these scalars in two different vector equations. Concerning numerical 

elements of the related objects, it can be considered that S105’ response is based on arithmetic mode. 

As in the example below, numerical components of objects can be deceptive for students. Indeed, the 

interview performed with S105 provided evidence that supports this assumption. 

S105: If these three vectors are independent for 𝛼𝛼1𝑣𝑣1 + 𝛼𝛼2𝑣𝑣2 + 𝛼𝛼3𝑣𝑣3 = 0, it must be 𝛼𝛼1 = 𝛼𝛼2 = 𝛼𝛼3 = 0. For 

v1 and v2, 𝛼𝛼1𝑣𝑣1 + 𝛼𝛼2𝑣𝑣2 = 0, since α1=0, α2=0 (student stops for a moment) 

Researcher: Why did you stop? 

S105: Wait a minute. . . The alphas in the above equation and here should not to be the same. . . I am 

confused a little bit. . . 

After having an opportunity to think about it, the student realized his mistake. 

S183 explicitly uses algebraic operation to make arguments about linear independence of four vectors in V 

(see Figure 4). This student’s response is strictly related to arithmetic mode. Similar to S105, S183 focuses on the 

value of scalars. Also, this response includes misusing and misinterpreting the letter symbols. This student’s 

reasoning leads to an incorrect answer. 
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Fig. 4 S183’s answers to question 2 

The answer of S183 was in DS category. This category had the highest student frequency for each question. 

The interviews with S121, whose answer was in DS category, not only clearly exemplified students’ perception 

about procedural perspectives about the concepts of linear independency, but also included inappropriate use of 

letter symbols. 

Researcher: What do you understand about being linearly independent vectors? 

S121: α1, α2, α3 values must be equal to zero. Now (points out 𝛼𝛼1𝑣𝑣1 + 𝛼𝛼2𝑣𝑣2 = 0). I said 𝛼𝛼1𝑣𝑣1 + 𝛼𝛼2𝑣𝑣2 is 

linearly independent. Why? Because, I had already known that α1 and α2 are zero. 

Researcher: How do you know that? 

S121: I am sure that the set {v1, v2} is linearly independent since I know that α1, α2, and α3 are zero from 

this set (by pointing at the set {v1, v2, v3}). 

Researcher: What do you say about whether the set {v1, v2, v3, v4} is linearly independent or not? 

S121: There is 𝛼𝛼4𝑣𝑣4in here. I know that α1, α2, and α3 are zero in above, but I couldn’t interpret whether 

linearly dependent or not since there was no comment on α4. 

…. 

Researcher: What do you understand about being linearly dependent on those vectors? 

S121: Either could be written as linear combination of each other or one of α1, α2, and α3 must be different 

from zero. This is the condition of linear dependence. 

The student considered the linear independence/dependence concepts from the procedural point of view, and 

the alpha value composed the core of the student’s responses. The student did not seem to be interested in the 

meaning of zero vectors in the vector equation (𝛼𝛼1𝑣𝑣1 + 𝛼𝛼2𝑣𝑣2 + 𝛼𝛼3𝑣𝑣3 = 0). Indeed, S121’s explanation about linear 

dependence “either the vectors could be written as the linear combination of each other or one of α1, α2, and α3 must 

be different from zero” indicates that the student perceived these two situations as two different and separate 

procedures, although one of them is the result of the other. 
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Responses with regard to linear combination 

The categories such as LCW, LCQ, and DLC include the responses concentrated on linear combination. For 

each question, approximately one sixth of the students responded in this way. The students generally preferred the 

solution based on linear combination in questions 3 and 4. 

In responses referring to the linear combination, students used statements similar to the phrase “one of the 

vectors can be written as the linear combination of others” or “none of the vectors can be written as the linear 

combination of others.” In many of these responses based on the former statement, students tried to provide any 

specific linear combination to support their arguments. In this process, they apply algebraic operations, some of 

which were appropriate where some others were inappropriate. The response given by S3 to question 4 and S9 to 

question 3 were typical examples of this type of thinking process (see Figure 5). Both these answers reflecting a 

similar thinking process were classified in DLC category. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5 S3’s answer to question 4 (above) and S9’s answers to question 3 

Both the answers hardly comprise the structural properties of linear dependency definition. The definition 

was used as a calculation tool by the students to test whether vectors could be represented as a linear combination of 

each other. However, neither of the responses could reach an appropriate solution because of inappropriate use of 

alpha (assigning the same numeric values for the same letter symbols). 

The answer given by S70 to question 4, which is in DLC category representing the arithmetic thinking style, 

represents the relation between linear dependency and linear combination in an appropriate way (see Figure 6). 
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Fig. 6 S70’s answer to question 4 

S65’s response for question 2 is in Figure 7. It is apparent from S65’s response that a student first applied the 

definition of linear independence. Then, the student provided whether a vector in the set {v1, v2, v3, v4} could be 

written as a linear combination of the other vectors. This response was included in categories DLC and LCQ. The 

student tried to apply a similar procedure to questions 1, 3, and 4. 

 

 

 

 

 

 

 

 

Fig. 7 S65’s answer to question 2 

Examining the student’s answer, it can be said that S65 was not able to appropriately use the quantifiers, 

which state the relation between linear independence/dependence and linear combination. Similar cases were 

encountered in other student answers. A necessary and sufficient condition for being linearly independent of three or 

more vectors is when none of the vectors can be written as the linear combination of other(s). In some situations, 

students gave responses indicating that vectors cannot be written as the linear combination of each other so that they 

could show linear independence. At the same time, this situation is an indicator of the misunderstanding of the 

relation between linear independence/dependence and linear combination concepts. 

Synthetic-Geometric Mode of Thinking 

Approximately 10% of the responses were in this mode. Categories NZ and CV were reflecting synthetic- 

geometric mode. 

In this study, students were requested to solve problems posed in an abstract mode. Due to the nature of the 

problems, the students did not need to use geometric representation. However, students submitted answers reflecting 
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the geometric characteristic of this mode of thinking. Answer from S128 to question 2 was such an answer. This 

answer is located in CV category with other answers having the similar characteristics. 

 

 

 

 

 

 

 

Fig. 8 S128’s answer to question 2 

In Figure 8, S128 took three linear independent vectors from R3 and found that these vectors must be linearly 

dependent when a fourth vector (𝑣𝑣4 = (0,0,2)) was added. However, the student’s response was only valid for these 

specific selections of vectors. As the answer of the student included some numeric forms for R3 and since some 

algebraic procedures were applied to evaluate the linear independency of these vectors, the answer can be associated 

with analytic-arithmetic thinking mode. However, the answer of the student is structurally different from the student 

answers in other categories in arithmetic thinking mode. S128 used R3 vector space and some vectors in this space 

and reached a conclusion based on these concrete examples. According to Sierpinska (2000), generally synthetic 

thinking mode reflects practical thinking. Thinking of mathematical concepts in terms of their prototypical examples 

rather than definition is defined as an indicator for practical thinking (Sierpinska, 2000). In this question, standard 

vector space R3 and some vectors with zero vectors defined in this space could be considered as prototypical 

examples. Considering the nature of the problem and the relationship between synthetic-geometric thinking and 

practical thinking mode, it can be said that this student’s response belongs to synthetic-geometric thinking. 

Another student approaching the question with a similar synthetic-geometric thinking mode was S150. The 

answer of S150 was classified in NZ category. The commonality between NZ and CV is the answers in these 

categories that student thinking is restricted to standard vector spaces like R2, R3. The principal difference of NZ 

from CV is working on general sample vectors in the related vector space instead of concrete ones. Accordingly, 

when appropriate steps are followed, the result should be generalizable to the related vector space. On the other 

hand, the response of S150 had wrong conclusions and some algebraic mistakes related to inappropriate uses of 

letter symbols. 
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Fig. 9 S150’s answer to questions 1 and 2 

When the answers of S150 to questions 1 and 2 were examined (see Figure 9), it was determined that there 

were open arguments reflecting analytic-arithmetic thinking mode. In addition, the student’s responses deal with 

prototype vector spaces (R2, R3, or R4). The student took the zero vectors from these vector spaces while defining 

linear independence. This answer that cannot go beyond working on certain prototypes can be said to reflect 

synthetic thinking mode. 

Another finding from S150’s and other student answers in NZ category was that students consider the vectors 

taken from different vector spaces in the same question as seen from the following dialogue. The answer of S150 

included three different vector spaces and zero vectors in these spaces. The basic identifier of choosing the zero 

vectors was the number of vectors in problems. Other referrals with the same manner by the students in NZ category 

to zero vector and interview with S150 also supports this claim. Interviews also indicated that S150 was not aware 

of the inconsistency in her responses. 

Researcher: In both situations, (𝛼𝛼1. 𝑣𝑣1 + 𝛼𝛼2. 𝑣𝑣2 + 𝛼𝛼3. 𝑣𝑣3 = (0,0,0) and 𝛼𝛼1. 𝑣𝑣1 + 𝛼𝛼2. 𝑣𝑣2 = (0,0) equations 

were shown), what did we add on the right side of the equality? 

S150: Well . . . That is zero vector. 

Researcher: All right, but why did you write the zero vector in the form of an ordered triple in the first 

equations, and in the form of an ordered pair in the second equation? 

S150: (Confidently) Because this (pointing the first equation) is in R3 and this (pointing 𝛼𝛼1. 𝑣𝑣1 + 𝛼𝛼2. 𝑣𝑣2 =

(0,0) equation) is in R2. 

Researcher: How do you decide that? 

S150: Because three vectors . . . it is in R3 if there are three different vectors. It is in R2 if there are two 

different vectors. 

This intercept shows that the idea that the vectors belong to the same V vector space was completely ignored 

for both equations. The percentage of the students who responded this way for questions 1 and 2 was 10%. When all 

the questions were considered, approximately 7% of the responses were in this category. 
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Analytic-Structural Mode of Thinking 

The only category reflecting the features of this mode was LC. The number of students placed in this 

category was very limited for each question (7% for question 1, 8% for question 2, 4% for question 3 and 3% for 

question 4). 

For the responses placed in LC category, students tried to reach the solutions without doing an algebraic 

operation with respect to features of linearly independent/dependent vectors. The response of S153 to questions 1 

and 2 are examples of this thinking process (see Figure 10). 

 

 

 

 

 

 

 

Fig. 10 S153’s answer to questions 1 and 2 

Similar to what she/he had done in the problem, the student took the vector as a concrete object. Based on the 

relation between linear independency and linear combination, student made critics about the possible results of the 

calculations instead of making calculations as in the arithmetic thinking mode. This is an overt indicator that the 

student answer is in analytic structural thinking mode. 

Although a small number of students were placed in this category, almost all of them responded correctly to 

all questions. For example, all 13 responses for question 1, 14 out of 15 responses for question 2, 6 out of 7 for 

question 3, and all 6 responses for question 4 were correct.  

DISCUSSION AND CONCLUSION 

This study aimed to explore the thinking modes used by the students while solving the problems prepared in 

the abstract mode defined by Hillel (2000) about the linear independence/dependence of vectors. Sierpinska’s (2000) 

framework was used to define the students’ thinking modes. 

Eighteen categories emerged as a result of preformed content analysis. Twelve of those categories reflect 

analytic-arithmetic mode, two reflect the synthetic-geometric mode, and only one category reflects the analytic-

structural mode. In addition to the number of categories that the arithmetic mode relates to, the number of responses 

in these categories distinguishes it from other thinking modes. Approximately 68% of the responses were in the 

arithmetic mode, 10% were in the synthetic mode, and 5% reflected to structural mode. The arithmetic mode focuses 

on operation and procedures about abstract mathematical objects. Although the posed questions to the students did 
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not emphasize the operational procedures in this study, most of the responses for each question placed in the 

categories related to arithmetic mode. This may indicate that students focus on operational process and procedures 

related the linear independence/dependence. Stewart and Thomas (2010) considered the basic concepts about linear 

algebra and also concluded that students tend to work operationally in the symbolic world. 

Data collected in this study shows that almost each category for each question is exemplified at least once by 

students’ responses. Therefore, students used all three modes of thinking – at various degrees – in their answers. 

While responses to each question are compared in terms of students’ thinking modes, it is found that their rates of 

thinking modes for each question are similar to each other. For example, for each question, analytic-arithmetic 

modes of thinking consist of more than half of the students’ responses. Hence, students’ approaches to answering 

abstract questions are consistent in terms of thinking modes. 

The answers in analytic-arithmetic mode were mainly clustered around two concepts: formal definition of 

linear independency and linear combination. In both cases, students followed certain operational procedures while 

they were determining the linear independency of the vectors. This thinking mode including various algebraic 

operations and arithmetic details revealed some mistakes by the students, as well. The most significant of them was 

students’ inappropriately using and interpreting letter symbols. The results of this study point out a much more basic 

problem related to obstacles associated with formalism than Dorier et al. (2000) argue in their work. Moreover, 

student interviews revealed that the mistakes were mostly due to inappropriate interpretation of algebraic letters. 

Britton and Henderson (2009) investigated student difficulties about subspace concepts and observed that the 

students had faced challenges when interpreting and understanding the use of letter symbols concerning proof and 

logic. So, this should not be considered a challenge locale. Findings from previous studies (e.g.,  Küchemann 1998; 

Sfard and Linchevski 1994; Stacey and MacGregor 2000) showed that students at different grade levels have had 

great difficulties in using and interpreting literal symbols, and these difficulties caused the errors in interpreting 

algebraic expression, algebraic operations, and problem-solving processes. Thus, students’ success in linear algebra 

courses is negatively affected. Teaching mathematics to young learners should assign importance to the 

development of students’ understanding usage and interpretation of literal symbols. 

Synthetic-geometric thinking mode includes the students’ responses based on trying to describe objects 

without defining them and geometric representations (Sierpinska, 2000). As a result of the study, it was observed 

that some student answers had a character fitting the nature of synthetic thinking although they did not include 

geometric representations (responses in the categories CV and NZ). Accordingly, this situation leads to the question: 

Should synthetic-geometric thinking mode always include geometric representations? If we perceive the question 

from the point of view of synthetic thinking, we can conclude that it is not a necessity. 

According to Sierpinska (2000), the evidence suggests that the synthetic mode of thinking is not appropriate 

for the abstract and formal nature of linear algebra. For the questions in this study, the synthetic mode could be used 

to understand the solution. Considering definite vectors in the definite vector spaces could have a facilitative role for 

students to reach the solution. Also, we know that working on specific cases is the basis for mathematical thinking 

(Mason, Burton, and Stacey, 2010), and it is expected to facilitate students to explore whether their perceived 
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conjecture gained by examining specific cases are true or not. However, these specific cases were not considered as 

a step towards the formal solution by some students in this study. These students generalized the solution from the 

definite specific case/cases. The ratio of students in synthetic thinking mode was approximately 10%. 

Only 5% of the student answers were in structural thinking mode. The most important characteristics of this 

thinking mode are that definitions and definition-related features are taken as a whole and that numeric- and algebra-

based calculations lose their dominance. Only a few students in LC category considered the definition of linear 

independency in structural point of view of but not procedural point of view. 

Even though students’ understanding of linear independence is not mainly focused on in this study, their 

responses reveal some clues regarding their understanding. For example, some students misidentified the concept of 

linear independence/dependence with span concept. Another common mistake is that although it seems that some 

students symbolically expressed linear independence correct (as in categories IV and Z), they thought that the 

elements of every linearly dependent set were also dependent (i.e. in questions 2 and 4). Similar findings are 

expressed by Hristovitch (2001). Therefore, I suggest that the idea “A set of vectors/a family of vectors is a linearly 

independent set/family if…” should be emphasized. 

Except for the obviously wrong definitions (as in the categories DZ, LCQ, IV, and S), most of the students’ 

definitions in other categories was not sufficient to explain critical points of linear independence concepts (zero 

vector, trivial solution, quantifiers, etc.) clearly. So, it is not clear whether these responses may be produced through 

a conceptual point of view or not. This situation is similar to a behavior defined as “pseudo-conceptual” by Vinner 

(1997) as cited in Britton and Henderson (2009). According to Vinner, a behavior that might look to somebody as 

conceptual could actually be produced through mental processes that are not conceptual. In mental processes that 

produce pseudo-conceptual behavior, a definite idea (nonassimilated) is associated with some word and symbol 

sequence that seem suitable in the context (Vinner, 1997; as in Britton and Henderson, 2009). Similarly, Ertekin et 

al. (2010) concluded that undergraduate students interpreted the formal definition of linear 

independence/dependence symbolically on operational level. While in other cases, some students did not perceive 

the relationship between definition of linear independence/dependence and linear combination, they perceive them 

as two different procedures to decide whether vectors are linearly independent/dependent or not. Stewart and 

Thomas (2006) came up with a similar conclusion in their study about eigenvectors and eigenvalues. As a 

conclusion, students seem to lack the understanding of linear independence/dependence concept and their features. 

This superficial understanding gets students into trouble in the situations where they need to think from conceptual 

perspective. In the first place, it is recommended that the critical points placed in the definitions are taken over at in-

class implementations and discussed with the students to be exactly apprehensible in terms of formal definitions. 

Second, the network among the concepts is made explicit in teaching. Students should be shown that the features 

relating to linear combination in the context of linear dependence/independence is obtained from the formal 

definition of linear dependence/independence. In this process, we could benefit from geometric approach, which will 

be discussed below. 
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In the linear algebra course, the lecturer defined the linear independence/dependence concept in the abstract 

mode, exemplified in Rn (n∈Z+), presented theorems about these concepts, and then visualized them in R2 and R3. 

Therefore, teaching concept of linear algebra follows an abstract-to-concrete approach. Moreover, this approach 

does not ensure conceptual understanding about linear independence/dependence. Findings of this study reveal 

similar results as in Harel’s (2000) study. Harel states that linear algebra courses and textbooks have presented 

structural evidence for describing fundamental concepts and justifying features related to these concepts; however, 

they stay too abstract for students. He (1985, 1990; as in Harel 2000) formulated the “concreteness principle” in 

which students build their own understanding of a concept in a concrete context (for themselves). Harel (2000, 

p.182) maintains that “such a context serves both as an anchor to building adequate concept images and a spring to 

further abstraction”. Hence, it is recommended that these concepts can be built on geometric approaches (i.e. 𝑅𝑅2 and 

𝑅𝑅3), which are more concrete to students. Recent studies suggest that a visual, geometric approach may increase 

meaningful learning for the students and help students’ conceptual learning of abstract concepts in linear algebra 

(Gueudet-Chartier 2004; Klasa 2010; Konyalıoğlu et al. 2003; Stewart and Thomas 2007; Stewart and Thomas 

2010). In the visualization approach, students can perceive relations between abstract concepts and concrete 

structures and make sense of abstract concepts in linear algebra (Konyalıoğlu et al. 2003). However, one should be 

very careful while using this approach. Some studies have indicated that geometric intuitions about linear algebra 

may cause difficulties for students as they make sense of formal aspects of linear algebra (Gueudet-Chartier 2004; 

Gueudet-Chartier 2006; Hillel 2000; Sierpinska 2000). For example, three linearly dependent vectors (different from 

zero vectors) in R3 are in the same plane geometrically. This inference is not valid for R4 or any V vector space. 

However, it is important to give students an idea that one of the vectors is an element of the vector space (the plane) 

spanned over the other two vectors (that is, one of the vectors can be written as a linear combination of the other 

vectors). So, this research indicates that lecturers should give students the chance to work geometrically, and these 

applications have to be linked to an abstract idea to enable students to practice abstract thinking confidently. 

In conclusion, this study points out notable results related to students’ learning of the linear independence 

concept. One of these results is that there is an inconsistency between students’ thinking modes and abstract 

structure of the linear algebra problems. Although the given problems can be easily solved by identifying linear 

dependence/independence, students usually used arithmetic or algebraic operation to solve problems. To help 

students develop abstraction process in linear algebra, we should design an appropriate teaching experiment (for 

example, linear independence concept is defined and applied by increasing the level of abstraction, respectively, 

coordinate geometry of two and three dimensions, 𝑅𝑅𝑛𝑛, and the general vector space) and examine its effect on their 

thinking and reasoning modes. 
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