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Abstract: Proofs were introduced to high school students by a college mathematician. 

Student interest and knowledge level were assessed through pre and post tests. There was 

a significant gain in student knowledge but not in interest. Student learning of proof 

concepts was clearly displayed, while common errors were often related to lack of 

algebra skills. Student understanding of the meaning of proof was enhanced and this 

enhancement is discussed in the context of several existing theories of learning proofs. 

 

Introduction 

Proofs are an integral part of mathematics, however proof writing has declined at the 

high school level in the United States. Therefore, students are not prepared for proofs in 

college mathematics courses. This may lead students to believe that proofs are both 

difficult and relatively unimportant.  The main goal of this study was to introduce proofs 

to high school students in such a way that they would both understand and appreciate the 

importance of their role in mathematics. Students‟ interest in mathematics and their 

awareness of the importance of mathematics in future coursework was also studied. 

Students were given a pretest and a posttest in order to assess student improvement in 

the area of proofs. They were also given an interest inventory survey to assess any 

changes in interest in mathematics and more specifically proofs during the course of this 

study. Researchers presented lessons once a week for approximately twenty to thirty 

minutes during the course of this study. The students were presented with outlines for 

note taking at the beginning of each lesson and were presented with short homework 

assignments for practice at the conclusion of each lesson.  The lessons began with logic 

and truth values, continued with the basics of proof, and finally touched on set theory. 

While the lessons were mainly presented as lectures, the students were encouraged to ask 

and answer questions during the lessons. 

Due to the small number of students, statistical results are limited. Instead individual 

problems and solutions from the tests were analyzed to gain a better understanding of the 

extent of student improvement in the area of proof. Student interest was also more closely 

examined during interviews given at the conclusion of the study. The study described in 

this paper was primarily intended to assess student gains in proof writing ability. 

However we also study students‟ written and interview responses in the context of the 

theories described in the literature review below. The setting for the study is a high 

school in the United States. However the implications and findings are closely related to 

proof writing in other countries such as the United Kingdom and Japan. 
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Literature Review 

In recent years, there has been a call for more deductive reasoning and proofs to be 

taught in the K-12 classroom. The National Council of Teachers of Mathematics 

(NCTM) in their Principles and Standards for School Mathematics states that K-12 

education should prepare students to “recognize reasoning and proof as fundamental 

aspects of mathematics; make and investigate mathematical conjectures; develop and 

evaluate mathematical arguments and proofs; select and use various types of reasoning 

and methods of proof” (NCTM, 2000, p. 342).   

Many ideas for improving the method for teaching proofs can be found.  One method 

for teaching proofs calls for the clarification of the difference between “proofs that 

explain (that is, proofs that promote understanding) and proofs that merely prove (that is, 

proofs that are less explanatory)” (Knuth, 2002, p. 487). Knuth argues that teachers 

should focus on teaching “explanatory” proofs that really convince the students of the 

outcome.  Introducing students to proof through selected “explanatory” proofs will 

trigger understanding and confidence in the process. His method also calls for a 

distinction between explanatory and non-explanatory counterexamples. Another method 

proposed for improving the teaching of proofs is for students to make their own 

conjectures about different combinations of numbers and then use proofs to decide if 

each conjecture is true (Bremigan, 2004). This process provides more insight into how a 

mathematician would use proof.  Bremigan‟s idea also shows how proofs can be used 

outside of geometry lessons. Cox (2004) has a similar method for teaching proofs. She 

argues that students will not appreciate proofs without seeing how a mathematician uses 

proof, and describes how “the mathematician makes a conjecture that is based on 

observations, tests the conjecture, and then works to justify the conjecture through proof” 

(Cox, p. 48). 

Another innovative idea for introducing the concept of proofs to K-12 students 

involves flight plans for an imaginary airline (Craine & Rubenstein, 2000). They propose 

that allowing students to make itineraries in chart form with cities and flights “builds very 

nicely toward students‟ writing of two-column proofs” (p. 289). The relationship between 

the itineraries and proofs is clearly outlined by Craine and Rubenstein.  Cities represent 

the hypothesis and conclusion while connections represent steps in the proof. 

One of the earlier works on the nature of proof and argument is from Toulmin (1958), 

where he presented a model of argument that has been influential on argument theory. 

Further work by Weber and Alcock (2004) proposed a theoretical framework for 

understanding the process through which undergraduate students engage with proof. 

They suggested that proof production can be syntactic and/or semantic. Syntactic proof 

production concerns the formal manipulation of symbols and definitions in a logical 

manner. On the other hand, semantic proof production is focused more on the meaning of 

the concepts and on an intuitive understanding of the problem. Syntactic knowledge and 

semantic knowledge are then defined as the type of ability and knowledge required to 

produce syntactic or semantic proofs. In a British study, Healy and Hoyle (2000) found 

that student proofs were often less formal and they argue that this issue may be related to 

a lack of algebraic understanding of the proof. 



Waring (2000), proposed six levels of proof concept development among middle and 

high school students. These levels range from level 0 where students are ignorant of 

proofs through various levels of awareness to level 5 where students understand formal 

arguments and are able to produce such arguments. In this paper we can assess where a 

group of US high school students fall in this continuum of understanding. 

Harel and Sowder (1998) argue that proving a mathematical conjecture involves 

convincing oneself and others of the validity of the approach. A “proof scheme” is what 

constitutes ascertaining and persuading for that person. Harel and Sowder proposed three 

levels of student proof schemes: (1) externally based proof schemes; (2) empirical proof 

schemes; and (3) analytical proof schemes. External conviction proof schemes are ones in 

which arguments are built and validity accepted on the form of the appearance of the 

argument, the word of an authority, or some symbolic manipulation often without 

reference to the symbols‟ meaning. In these cases, students convince themselves and 

others by referring to external sources. Empirical proof schemes can be either inductive 

or perceptual. When a student attempts to remove doubt about the truth of a conjecture 

through examples he/she is considered to have an inductive proof scheme. In a perceptual 

proof scheme, a conjecture is validated through perceptions and a coordination of 

perceptions. A proof scheme is characterized as analytical when the validation is obtained 

through the use of logical deduction. Such proof schemes can be either transformational 

or axiomatic. A transformational proof scheme involves goal-oriented operations where 

the student operates with a deductive process while an axiomatic proof scheme 

recognizes that mathematical systems are based on statements that are accepted without 

proof. 

Stylianou, Chae, and Blanton (2006) followed on the theme of proof schemes by 

beginning an exploration of problem solving abilities and its relationship to students‟ 

proof schemes. Bieda, Holden, and Knuth (2006) present a study similar to ours here. 

They consider four levels of proof conception ranging from ignorance of proof through 

example checking to incomplete arguments to full analytical proof. They found that a 

group of US middle school students lacked an understanding of the need for a general 

justification of mathematical statements. 

Weber (2001) discusses what is described as strategic knowledge, an ability to choose 

the correct facts, theorems, and proof techniques to complete a proof. Many 

undergraduate students possess these facts but are unable to use them appropriately. 

Connections to the visual salience of algebraic manipulation are explored by Kirschner 

and Awtry (2004). They suggest that initial student skills in algebra may be linked to the 

appearance of symbols and notation. Later in this paper we see how student algebra skills 

may influence their ability to write cohesive proofs. 

De Villiers (1990) examines the issue of motivation: why do we do proofs? One 

reason is verification of a mathematical result. Many secondary school students don‟t see 

the need for such verification. But there are other reasons such as discovery, explanation, 

communication, and intellectual challenge. These reasons may be used to motivate 

students to carry out proofs. Motivation is further explored by Kunimune, Fujita and 

Jones (2009). Their study of lower secondary level students in Japan concludes that many 



of these students consider experimental verification to be sufficient for proof, despite 

intensive instruction in formal proofs. 

Much of the literature described above focuses on student understanding of the 

concept of proof. The findings generally suggest that high school, and even 

undergraduate, students lack a complete understanding of the nature of proof and why 

proofs are important or useful. Several of the reported studies focus on undergraduate 

students. The study presented in this paper is concerned with high school students and 

attempts to show that a careful and rigorous introduction to proof may alter how high 

school students understand and perceive proofs and the need for formal verification 

processes. 

 

Participants, Procedures, and Methods 
Participants. The participants in this study were from a private high school with 

relatively small classes of predominately white student participants.  The atmosphere in 

such classes was relaxed and conducive to learning. Four levels of students, separated 

into two groups, participated in this study. The first group was Geometry and Pre-

Calculus students. This group consisted of six juniors and seniors. The second group was 

Algebra I and Algebra II students. This group consisted of eight freshmen and 

sophomores. Using students with four different levels of mathematical understanding 

may result in a difference in learning. While some students had only begun to learn 

algebra, others had algebra, geometry, and some pre-calculus, which may affect how well 

they pick up the concepts introduced during this study. The four pre-calculus participants 

were the only students who had previously been exposed to the topic of proofs.  

 

Procedures. Once per week for a period of ten weeks, the students were taught 

approximately thirty-minute lessons on proofs.  The students were given both a handout 

to fill during each lesson and a homework set to complete at the end of each lesson.  The 

lessons were prepared with the understanding that each of the students had some algebra 

background. Proof involving functions was not introduced to the students during the 

course of this study. The students were first introduced to basic logic and truth value 

ideas.  They were then introduced to the basics of building a proof and were exposed to 

several examples of different types of proofs. They were finally introduced to the concept 

of sets and set theory.  The students were given short optional homework assignments at 

the end of each of the first seven lessons. While each student did not complete all of the 

homework assignments, they each completed at least a few of them.  Full details of the 

lessons and homework sets can be found in Stout (2005). 

The final lesson was designed to allow the students to do proofs in groups without the 

constant involvement of an instructor. The students were separated into groups of two, 

and each group was assigned a different statement to prove. They were given time to 

work on their own and later asked to present their proofs on the board.  This allowed the 

students to explain their reasons for each of their steps and to get feedback from their 

peers. After each proof was presented, students could express concerns about the quality 

of the proof or their satisfaction if the proof was correct. 

 



Research Methods. This study involved a pre and post problem set developed by author 

one to assess possible change in students‟ understanding of the concept of proof. A 

student interest survey was administered as a pre and post to ascertain possible change in 

student interest level in mathematics. Analysis of the problem set was conducted through 

the use of a scoring rubric. Both the problem set and the interest survey were analyzed for 

change from pre- to post using a t-test for paired data at the α = .05 level. Students were 

interviewed for the purpose of obtaining a more detailed picture of their understanding 

and outlook on the entire process of their participation in the research study. 

The Problem Set Assessment. The problem set used in the pretest and posttest was 

designed to assess the level of proof skills the students had prior to and at the conclusion 

of this study.  Four problems were chosen for the problem set. The problem set is 

included in Appendix A. Each problem dealt with a concept introduced to the students 

during this study. The test was worth a total of 30 points. Points were awarded to the 

students for each successful step completed in the solution to the problem. The study took 

ten weeks to complete, so the students had a period of more than two months between the 

pretest and posttest. Both tests were graded at the conclusion of the study to avoid 

teaching to the test. The problems were chosen to test student skills rather than to solicit 

student perceptions of proof writing. That facet is examined through the interview 

questions described later. 

For problems 1 and 2, the students were asked to determine whether each statement 

was true or false and explain their answer. Problem 1 states, “Tigers are purple, or zebras 

are black and white.” This problem tests the student‟s logic skills, which are part of the 

foundation of proof and the first skills to master in the learning of proofs. Problem 2 

states, “Scooby-Doo is a dog, and Porky Pig is a cat.”  This problem also tests the 

student‟s logic skills. Students could also earn up to five points for each of these 

problems.  Lesson 1 covered logic and truth values including the meaning of “and,” “or,” 

and “if and only if” statements and how to assess whether the truth value of statements. 

After the first lesson, the students should have had the skills required to do both problems 

1 and 2. The skills addressed here are essential in evaluating statements and address the 

NCTM standards regarding development and evaluation of mathematical arguments and 

proofs (NCTM, 2000). 

For problem 3, the students were asked to prove “If 6742  xx , then 2x .”  

This problem tests the student‟s ability to do simple “if …, then…” proofs.  Students are 

required to know which part of the statement is the hypothesis and which part is the 

conclusion. Students could earn up to ten points for this problem. Lesson 2 covered the 

building blocks needed for proofs, how to set up a proof, and how to do both a basic “if 

…, then …” proof and a proof by contrapositive. Lesson 3 covered more basic techniques 

of proof including “if and only if” proofs and proofs by contradiction. Some NCTM 

standards dealing with the area of proof addressed by problem 3 state that students should 

be able to “select and use various types of reasoning and methods of proof” (NCTM, 

2000, p. 342), and “write equivalent forms of equations, inequalities, and systems of 

equations and solve them with fluency” (NCTM, 2000, p. 296). This is also an example 

of using knowledge strategically as described by Weber (2001), as well as a test of 

algebraic fluency. 



Problems 4 for the Algebra I/Algebra II group and the Geometry/Pre-Calculus group 

were different so as to allow for the testing of two different types of proofs.  The fourth 

problem (4a) for the Algebra I and Algebra II group was simply a subset proof, while the 

fourth problem (4b) for the Geometry and Pre-Calculus group was a two-part equality 

proof allowing the students to decide whether to prove or disprove the statement. 

Students could earn up to ten points for this problem. Problem 4a states “If set A= {all 

prime numbers that are greater than 2} and set B= {all odd numbers}, then prove or 

disprove that A is a subset of B (A Í B).”  This problem tests the students‟ knowledge of 

sets and set theory and the process for proving one set is a subset of another. Problem 4b 

states “If set A = {all positive multiples of 2} and set B = {all positive even numbers}, 

then prove or disprove that BA  .”  This also requires the students to know how to prove 

one set is a subset of another and they must be able to correctly identify both the 

hypothesis and conclusion of this statement. Lessons 5, 6, and 7 introduced the concept 

of sets, Venn Diagrams, and how to prove one set is a subset of another and how to prove 

two sets are equal. Lesson 8 allowed the students to do “if …, then …” proofs and set 

theory proofs in pairs and then present their proofs to the entire group for inspection. The 

skills needed to prove problem 4 (a or b) should have been attained in Lessons 5 through 

8. NCTM standards quoted above are relevant here. 

 

The Interest Inventory The interest inventory allowed the students to express their 

opinions about mathematics, and more specifically proofs, prior to the study and again at 

the conclusion of the study to see if their opinions had in any way been affected by the 

study. It consisted of twenty survey type statements on the students‟ attitude towards 

mathematics, four questions pertaining to personal information about the student, and one 

comment area allowing students to remark on the understandability of the survey.  The 

first twenty statements deal with four different concepts.  The first concept deals with 

each student‟s conception of how important mathematics is to his/her future.  Examples 

of such statements include:  “I think about how I can use math in a future job” and “A 

career in math would be interesting.”  The second concept deals with each student‟s 

feelings towards the subject of mathematics in general.  Examples of such statements 

include:  “I feel good when it comes to working on math” and “I am not interested in 

learning more about math.”  The third concept deals with each student‟s work ethic as 

regards mathematics.  Examples of such statements include:  “I work carelessly when 

doing math” and “I would rather be working on something else besides math.”  The final 

concept deals with each student‟s feelings about proofs.  Examples of such statements 

include:  “I do not feel that I can do proofs competently” and “I feel confident when 

doing proofs.”  The students were asked to respond to the statements using a seven-point 

scale that ranged from 1 (I Do Not Agree) to 7 (I strongly Agree).  The next four 

questions in the interest inventory dealt with general information about the student, some 

of which may have an effect on the student‟s opinions in the survey.  One question 

simply asked the student‟s age, which may affect the amount of mathematics background 

a student has.  Another question asked the students about their race.  The third question 

asked the student‟s current math grade.  This may correlate with some of the questions in 

the survey dealing with confidence in the area of mathematics.  The final personal 



question simply asked the student‟s gender. The inventory is included in Appendix B and 

full details are provided in Stout (2005). 

 

Results 
Problem Set Results. Fourteen students took both the pretest and posttest.  Six were in 

the Geometry and Pre-Calculus class, and eight were in the Algebra I and II class. Five of 

the Geometry and Pre-Calculus students improved their grades from the pretest to the 

posttest, and seven of the Algebra I and II students improved their grades from the pretest 

to the posttest.  Table 1 displays the statistics for the student scores for the pretest and 

posttest from both classes combined.  The maximum possible score for both the pretest 

and posttest was 30 points.  The mean score increased by nine points, and the median 

increased eight points from the pretest to the posttest.  However, the measure of spread 

about the mean, the standard deviation, also increased from 2.717 to 8.190.   

 

Table 1  

Summary of Problem Set Scores 
 N Mean Median St. Dev. Minimum Maximum 

Pretest 14 3 3 2.717 0 10 

Posttest 14 12 11 8.190 0 26 

 

In order to determine how significant the increase in scores was a t-test was run on the 

data.  For each student the posttest score was first subtracted from the pretest score to 

obtain their difference in score.  These differences were then used in the t-test.  Table 2 

displays the results of the paired samples t-test performed on the differences found by 

subtracting the posttest score from the pretest score.   

 

Table 2   

Problem Set Score Difference T-test 
N Mean St. Dev. St. Error Mean df 95% Confidence Interval t Sig. (2-tailed) 

14 -9.000 6.805 1.189 13 (-12.929, -5.071) -4.949 0.000266 

 

Since the significance level is much less than .05, the difference in pretest and 

posttest scores is highly statistically significant. This suggests that this intervention was 

successful in showing that high school students could do this level of proofs. 

Table 3 compares the statistics from the pre to the posttest of the two classes. The 

mean for the Algebra I and II class went up by 7.5 points, while the mean for the 

Geometry and Pre-Calculus class went up by 11 points. The median for the Algebra I and 

II class went up by 5.5 points, while the median for the Geometry and Pre-Calculus class 

went up by 13 points.  These changes seem to indicate that the Geometry and Pre-

Calculus class had better success at learning proofs; however, a t-test on the data was 

performed to determine which class had the most statistically significant difference in 

scores from the pretest to the posttest. 

 

 

 



 

 

Table 3   

Summary of Individual Class Problem Set Scores 
 N Mean Median St. Dev. Minimum Maximum 

Alg-Pre 8 3.50 3.00 3.251 0 10 

Alg-Post 8 11.00 8.50 7.964 0 21 

Geo-Pre 6 2.33 2.00 1.862 0 5 

Geo-Post 6 13.33 15.00 9.048 3 26 

 

The t-test on the differences in scores from the pretest to the posttest for the two 

individual classes was carried out in the same manner as that of the two classes 

combined.  The posttest scores from each student were subtracted from the pretest scores 

of each student.  These differences were then tested using the same paired samples t-test; 

Table 4 displays the results of these two t-tests.   

 

Table 4   

Problem Set Score Difference T-test for Individual Classes 
 N Mean St. Dev. St. Error Mean df 95% Confidence Interval t Sig. (2-tailed) 

Alg. 8 -7.500 6.118 2.163 7 (-12.615, -2.385) -3.467 .010 

Geom. 6 -11.00 7.720 3.152 5 (-19.102, -2.898) -3.490 .017 

 

Both classes had significance levels less than .05, so there was a statistically 

significant difference in the scores from the pretest to the posttest.  The Algebra I and II 

class had a smaller significance level, so the difference in this class was more highly 

statistically significant than the difference in the Geometry and Pre-Calculus class.  This 

indicates that though the increase in mean and median scores in the Geometry and Pre-

Calculus class was higher, the Algebra I and II class as a whole, having more statistically 

significant results, learned and understood just as much if not slightly more than the 

Geometry and Pre-Calculus class as a whole during this study.  Either way, the results 

point to a successful intervention in both classes.   

 

Interest Inventory Results. In order to ascertain whether the survey was reliable, 

Cronbach‟s alpha reliability coefficient was computed for the pre and post-survey of each 

class. The Algebra I and II class had a reliability coefficient of .749 and .893 for the pre 

and post-survey respectively. The Geometry and Pre-Calculus class had a reliability 

coefficient of .824 and .913 for the pre and post-survey respectively. A reliability 

coefficient of .7 or greater is considered to be reliable, so the results of each of these 

surveys is reliable. Table 5 displays the statistics for the student scores on the pre and 

post surveys for the two classes combined. The maximum score for the interest survey 

was 140 points.  The average student score went down by 10.22 points from the pre to the 

post survey, and the median score went down by 11.5 points.   

 

 

 



 

 

Table 5  

Summary of Interest Inventory Scores 
 N Mean Median St. Dev. Minimum Maximum 

Before 14 77.86 77.50 16.133 54 114 

After 14 67.64 66.00 22.479 35 116 

While the scores for the interest inventories went down from the beginning to the end 

of the study, a paired samples t-test was done to see if that decrease is significant.  The 

differences used in the t-test were obtained by subtracting the post survey results from the 

pre survey results.  Table 6 displays the results of this t-test. 

 

Table 6   

Interest Inventory Score Difference t-test 
N Mean St. Dev. St. Error Mean df 95% Confidence Interval t Sig. (2-tailed) 

14 10.214 23.288 6.224 13 (-3.232, 23.660) 1.641 .125 

 

While the scores decreased from the pre to the post survey, the t-test shows that this 

decrease is not statistically significant because the significance level (.125) is not less 

than .05. The interest inventory scores could have decreased for many reasons. One 

reason may be that the students were more comfortable with the researchers at the end of 

the study and were more likely to be honest about any negativity towards math than at the 

beginning. Another possible reason for the decrease in interest may be that the survey at 

the end was given during the last weeks of school.  The students may have been burnt out 

by their classes and exams and may have been anxiously awaiting the end of the school 

year. The classroom teacher suggested that students may not have understood fully and 

tended to lose interest because of that. Another suggestion was that the intervention may 

have been exciting and afterwards regular mathematics class would seem less interesting. 

Because the results were not statistically significant, it cannot be determined whether or 

not the students‟ interest in mathematics was increased or decreased by this intervention. 

 

Detailed Analysis of the Problem Set 

Question Analysis Overview. In order to see more clearly the amount of improvement 

the students showed in the areas of logic and proof, the results of the pretest and posttest 

may be examined in more detail. Therefore, the solutions of individual students will be 

examined (identified henceforth as A1, A2… and P1, P2… dependent upon whether the 

student was in the Algebra I and II class or the Geometry and Pre-Calculus class 

respectively) for each problem on the pretest and posttest. Paired samples t-tests were 

performed on the differences in scores for each question to see if there was a significant 

improvement on each individual question. 

  

Problem 1 Analysis. On the pretest, only one student got this problem completely 

correct.  On the posttest, five students answered it completely correctly, and one student 

correctly identified the truth value with only a partial explanation. Table 7 displays the 

statistically significant results of the paired samples t-test. 



 

 

Table 7 

Problem 1 Score Difference T-test 
N Mean St. Dev. St. Error Mean df 95% Confidence Interval T Sig. (2-tailed) 

14 -1.429 2.138 .571 13 (-2.663, -.194) -2.500 .027 

 

On the pretest, student A6 said that the statement was false because “tigers are not 

purple they are orange with black stripes.  It is true that zebras are black and white.”  The 

student clearly understood the concept of true or false, but the student may not have been 

introduced to the necessary logic skills needed to decipher the truth value of an “or” 

statement. On the posttest, student A6 answered correctly that the statement was true 

because “zebras are black and white.” The student also identified that the reason this 

statement is true was due to the “or” conjunction in the statement. On the pretest student 

P2 merely stated that the statement was false. The student gave no explanation, showing 

that the student may have had little or no understanding of logic and truth values prior to 

the start of this study. On the posttest, this student answered correctly that the statement 

was “true because of union.” It seems to show that the student not only understood the 

logic, but understood the clear connection between logic and set theory or proof.    

 

Problem 2 Analysis. On the pretest, only one student got this problem completely 

correct.  On the posttest, five students got this problem fully correct and seven students 

correctly identified the truth value of the statement with only a partial explanation. Table 

8 displays the statistically significant results of the paired samples t-test.  

 

Table 8  

Problem 2 Score Difference T-test 
N Mean St. Dev. St. Error Mean df 95% Confidence Interval T Sig. (2-tailed) 

14 -1.214 1.718 .459 13 (-2.206, -.223) -2.645 .020 

 

The most frequent answer to this problem on the pretest in the Geometry and Pre-

Calculus class was that the statement was false with no explanation.  Three students 

answered in this manner. Due to lack of explanation, it is difficult to determine whether 

the students guessed or had some knowledge of the truth value of “and” statements. 

 

Problem 3 Analysis. On the pretest, no student got this problem completely correct.  On 

the posttest, three students got this problem completely correct, and eight students got at 

least 3 points for this problem. Table 9 displays the highly statistically significant results 

of the paired samples t-test. 

 

 

 

Table 9 

Problem 3 Score Difference T-test 
N Mean St. Dev. St. Error Mean Df 95% Confidence Interval T Sig. (2-tailed) 



14 -4.286 3.315 .886 13 (-6.200, -2.372) -4.837 .000325 

 

On the pretest, student A7 tried to prove this statement by substituting 2 for x in the 

hypothesis and ending with the true statement 88  .  This student seems to have begun 

this study with the misconception that the converse of a statement is logically equivalent 

to the original statement. However he/she answered correctly on the posttest.  The student 

demonstrated an understanding of how to set up a two-column proof and an 

understanding of the need for reasons for each step in a proof. The most frequent solution 

to this problem on the pretest in the Algebra I and II class and the Geometry and Pre-

Calculus class was similar to that of student A7.  These students each substituted 2 for x 

to show that they ended with a true statement. While many students did not answer the 

problem completely on the posttest, most demonstrated knowledge of how to set up a 

proof and show reasons for each step in a proof. This suggests that the careful 

development of proofs during the intervention had been understood although students 

couldn‟t always complete the process. Some answers showed that those with a stronger 

grasp of algebra skills before the study were more likely to complete this proof due to 

fact that the problem is algebra related.   

 

Problem 4 Analysis. On the pretest no student got problems 4a or 4b completely correct.  

On the posttest there were still no students who got this problem completely correct, but 

three students received six points each for this problem. Table 10 displays the statistically 

significant results of the paired samples t-test. 

 

Table 10 

Problem 4 Score Difference T-test 
N Mean St. Dev. St. Error Mean Df 95% Confidence Interval T Sig. (2-tailed) 

14 -2.071 2.269 .606 13 (-3.382, -.761) -3.416 .005 

 

On the pretest student A3‟s solution to this problem simply said “sure.”  This student‟s 

solution on the posttest demonstrated that he/she knew how to set up a proof and to give 

reasons for each statement in the proof.  This student also demonstrated an understanding 

of set theory and demonstrated a definite increase in the understanding of proof and sets.  

On the pretest four students answered in a similar manner to that of student A3, which 

was the most frequent answer, demonstrating no knowledge of proof or sets. Of these 

four students, on the posttest two received six out of ten points. While none of the 

students in this class got full credit on the last problem on the posttest, many of them 

demonstrated a clear knowledge of how to set up a proof, the need for reasons for each 

statement in a proof, and what sets and subsets are. Student P3‟s answer for problem 4 on 

the pretest stated, “It is known that all the multiples of 2 are all the even numbers so we 

know that A=B.”  While the student understood that the statement was indeed true, the 

student seemed to have no knowledge of proof or set theory. This student‟s posttest 

solution demonstrated a clear knowledge of how to set up a proof and to give reasons for 

each step in a proof.  This student also demonstrated that they knew how to show two sets 

are equal, though this student merely showed that BA  and did not complete the other 



half of this proof where they should have shown that AB  .  This is not surprising 

among these high school students since such a complete level of knowledge is in fact 

rarely shown by undergraduates in the authors‟ university classrooms. 

 

Question Analysis Summary. An overall analysis of the problem sets suggests that the 

students did understand the lessons presented and had a stronger sense of the meaning of 

proof at the end of the intervention. A careful emphasis on each stage of proof and why it 

is necessary resulted in an increased student understanding of the process. Failure to 

complete proofs was more often a result of flawed logic or deficiency in algebraic skills 

rather than a lack of understanding of the proof process. 

 

Interviews 
Eleven students were interviewed at the conclusion of the study. The first question 

that the students were asked was, “What do you think is meant by proof?”  The most 

common answer to this question by the students was that it means to prove something is 

correct or show something is true. Three of the students even pointed out that a proof 

could show something is correct or incorrect, showing they kept in mind the possible 

truth values of statements to be proven. While the students‟ answers did not go into great 

detail, they showed a clear understanding of the objective when writing a proof.   

The second question asked, “How do you know that a proof is complete?”  Some of 

the students did not seem to completely understand exactly how to know a proof is done. 

Others recognized that the idea of a proof is to go through each step until the desired 

conclusion is reached.  Student P4 also brought up the point once again that the proof 

could be completed once “it proves it wrong” (Conf.). The responses to this question 

seemed to indicate that while the students have some vague conception about the 

completion of the proof, they might not completely understand what it means for a proof 

to be finished. 

The third question to the students asked, “What did you like best that we did in the 

course of our lessons?  Why?” The most frequent answer was Venn Diagrams. Four 

students expressed an appreciation for visual learning, and claimed that seeing the sets 

visually through Venn Diagrams aided them in learning set theory.  Three students liked 

the logic and truth tables from the first lesson. They enjoyed the fact that the earlier 

material was easier for them to understand than some of the later material. 

The fourth question asked, “What did you think was the most difficult thing that we 

did in the course of our lessons?  Why?” The most frequent response to this question was 

that set theory was the most difficult concept. Four students claimed this was the most 

difficult material covered. All of these students were from the Algebra I and II class 

while none from the Geometry and Pre-Calculus class claimed this. The students in this 

class seemed to have difficulty grasping the set theory material. This may show that set 

theory is a topic that requires students to have a strong mathematical background for deep 

understanding.  

The next two questions were designed to find out how important the students thought 

the material presented to them was or would be in their future.  Most of the students 

responded in some way that being able to do proofs was the most important thing they 



learned. Student P3 expressed more specifically an appreciation of two-column proofs 

because he/she “really didn‟t like paragraph mode but I like column mode” (Conf.).  The 

students consistently throughout the interviews expressed this appreciation for two-

column proofs and how much easier it was to set up proofs in this way.  This may suggest 

a syntactic knowledge approach rather than a semantic knowledge approach (Weber and 

Alcock, 2004). 

The last thing the students were asked was to write a proof stating out loud as they 

wrote what they were writing and why. The errors made by the students when doing this 

proof were mostly algebraic errors, although there were a few errors in their proofs that 

had nothing to do with algebra.  The Algebra I and II students especially had more 

problems with algebra probably because this is something they were still in the process of 

learning.  However, the students seemed to have a clear understanding of the set up of the 

proofs and how proofs work. Each of the students gave reasons for each of their steps 

even though some of the reasons were not entirely accurate. Each of them understood that 

a proof begins with the hypothesis and ends with the conclusion. These interviews seem 

to show that the students learned a significant amount about the actual execution of 

proofs. 

The interviews provide a positive insight into student approach to proofs. The lack of 

algebra skills may have hampered their exposition at times but the interviews suggest that 

the intervention may have helped to alleviate the earlier claim that students believe that 

proofs are both difficult and relatively unimportant. The interviews reinforce the earlier 

conjecture that students really did begin to grasp the meaning of proof and how a proof 

can be completed. 

 

Conclusions 
During the course of this intervention, abstract proofs were introduced to high school 

students at different levels. The students involved in this study had little to no experience 

in the area of proofs prior to this intervention. This intervention provided the students an 

opportunity to learn proofs and experience college level mathematics that they could 

possibly see in their future education. The results of the pre and posttest indicate a 

significant improvement from the pre to the posttest and indicate that the main goal of 

this study was met.  Individual solutions on the pre and posttest were assessed to better 

see what the students learned from these lessons. Each individual problem had a 

significant improvement from the pre to the posttest. The third and fourth problems 

where the students were asked to do proofs had a highly statistically significant 

improvement from the pre to the posttest. The results from the pre and post surveys were 

not significant, so it seems the study had no effect on student interest in mathematics.  

The problem sets and interviews may also be examined in the context of several of 

the theories in the literature. It may be claimed that these students have made definite 

progress towards the more advanced understanding of the nature of proof. It appears that 

the students have acquired many of the skills to use knowledge strategically (Weber, 

2001). They have a clear understanding of the nature of a proof. They do understand the 

need for verification of a result (De Villiers, 1990) and have exceeded the level of 

motivation described by Kunimune, Fujita and Jones (2009) for Japanese students. They 



demonstrate the syntactic knowledge (Weber & Alcock, 2004) needed to prove 

statements but it is not clear if they have advanced to the level of full semantic 

knowledge. Their methodology may suggest they are around level 3 or 4 in Waring‟s 

(2000) levels of proof concept. They are certainly beyond the lower levels although they 

cannot yet complete proofs at level 5. Finally it may be suggested that they are close to 

the analytical proof scheme level described by Harel and Sowder (1998). 

The researchers were encouraged by the overall comprehension of proofs that was 

shown by the high school students. Their understanding, after the series of lessons, is 

moderately well advanced in terms of common theories of proof described in the 

literature, such as Weber and Alcock‟s (2004) distinction between syntactic and semantic 

proofs and Waring‟s (2000) levels of proof concept described in the previous paragraph. 

This should assist them as they progress to higher level math courses and is in contrast to 

the authors‟ experiences in teaching college level math courses where the majority of 

beginning students have not mastered the jump from examples to generalized abstract 

thinking. The concepts of logic were understood and errors were more often due to poor 

algebraic skills. This may suggest that a greater number of students possess the skills 

needed to succeed in higher level learning and are hampered only by algebra skills.  

For future work in this area, researchers might use larger populations and more 

culturally diverse students. Researchers might also find a way to work with students for 

longer periods of time and more regularly than for this study. The tests and surveys might 

also be examined to find ways to better evaluate student improvement. Researchers could 

explore with the students other areas of proof such as induction, relations, or sequences.  

Further studies in this area could serve to benefit high school students seeking higher 

education and strengthen the interaction between local schools and universities. 
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APPENDIX A 

 

SKILLS TESTS 

 

Skills Test 

 

Explain each of your answers completely. 

 

For problems 1 and 2, determine whether each statement is true or false and explain why. 

 

1. Tigers are purple, or zebras are black and white. 

 

2. Scooby-Doo is a dog, and Porky Pig is a cat. 

 

3. Prove that the following is true, and give reasons for each step:  If 

6742  xx , then 2x . 

 

4. If set A={all positive multiples of 2} and set B={all positive even numbers}, then 

prove or disprove that A=B. 



APPENDIX B 

INTEREST INVENTORY 

 

How well does each statement that is listed below describe what you believe about math? 

 

If you agree strongly with the statement, pick a number from the far right side of the scale 

and write it in the space beside the item. If you do not agree with the statement at all, pick 

a number from the far left.  If you agree with the statement somewhere between these two 

extremes, then pick a number from someplace in the middle of the scale. 

 

    I Do Not         I Strongly                    

     Agree 1 2 3 4 5 6 7             Agree 

  

1. I work carelessly when doing math.      _____ 

  

2. I feel good when it comes to working on math.          _____ 

 

3. Everyone can be good at math.      _____ 

 

4. I feel confident when doing proofs.      _____ 

 

5. I am not interested in learning more about math.                          _____ 

 

6. I see how I can use math in everyday life.     _____ 

 

7. Girls are as good at math as boys.      _____ 

 

8. Math uses creativity.                                              _____ 

 

9. Learning math is important.       _____ 

 

10. I would rather be working on something else besides math.   _____ 

 

11. I am interested in math.                                                   _____ 

 

12. I do not feel that I can do proofs competently.                          _____ 

 

13. I think about how I can use math in a future job.                                     _____ 

 

14. I don‟t like to answer questions in math class.    _____ 

 

15. I enjoy challenging math problems.      _____ 

 

16. I feel let down when I have to stop working on math.   _____ 
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How well does each statement describe what you believe about math? 

 

        I Do Not                         I Strongly                 

          Agree  1 2 3 4 5 6 7                 Agree 

 

17. I am wasting my time when I do math.                                                          _____ 

 

18. A career in math would be interesting.                _____ 

 

19. I want to figure out new ways to solve math problems.   _____ 

 

20. I become excited when I solve a math problem.               _____ 

  

 

Please respond to the following: 

 

21. How old are you?       ___________ 

 

22. Circle the word that best describes you. 

 

a. Hispanic 

b. Black 

c. White 

d. Native American 

e. Asian 

f. other 

 

23. What is your current math grade? 

 

a. A 

b. B 

c. C 

d. D 

e. F 

 

24. Check the appropriate one:               Boy ____________  Girl 

________________ 

 

Were any of the above items confusing, difficult to understand, or odd in any way? 

If so, please describe below. Your comments are much appreciated. 

________________________________________________________________________

________________________________________________________________________

___________THANK YOU! 


