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Abstract 

A secondary data analysis was conducted using a large dataset from a study 
related to online professional development for eighth grade teachers of 
mathematics. Using this data, the paper provides a snapshot of the current state 
of teachers’ knowledge related to proportional reasoning and functions. The 
paper also considers how teachers’ knowledge is related to student knowledge in 
these two areas. The analysis shows that teachers’ knowledge was deficient for 
several items. Further, students whose teachers had lower levels of knowledge 
showed statistically significantly lower performance in functions.  
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Eighth Grade In-service Teachers’ Knowledge of Proportional Reasoning and Functions: 

A Secondary Data Analysis 

 
Research suggests that teachers are sometimes deficient in subject-related content and 

pedagogical content knowledge. Teachers’ content knowledge and pedagogical content 

knowledge are critical factors in student achievement. If a teacher has a thin understanding of a 

concept, how to teach that concept, or how a student might conceive of that concept, this can 

lead to the creation or enhancement of students’ underdeveloped or flawed reasoning. Research 

has indicated low levels of content and pedagogical knowledge to be especially prevalent and 

problematic in mathematics. The current paper uses a large extant data set to explore eighth 

grade teachers’ mathematical content and pedagogical content knowledge in proportional 

reasoning and content knowledge in functions. This paper also explores how that knowledge is 

related to student content knowledge in both subjects. It is important to note that the author did 

not set out to conduct a research study to evaluate levels of teacher knowledge. Instead, this 

paper provides a snapshot of teacher and student knowledge, and the analysis serves as a basis 

and call for future research. 

Review of the Literature 

Researchers have long explored the levels of elementary and secondary teachers’ 

knowledge, with an ultimate consideration to how that knowledge is related to student 

achievement. Over the past decades, measures of teacher knowledge have shifted from general 

descriptions, such as the number or types of courses taken in college, to more specified measures 

describing specific mathematical content knowledge and pedagogical content knowledge, which 

encompasses both how to teach mathematical concepts and how students learn and conceptualize 

those concepts (Shulman, 1986; Ball, 1990b; Ball, Lubienski, & Mewborn, 2001; Ball, Thames, 
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& Phelps, 2008). The conclusion of many of these studies is that teachers’ content knowledge of 

mathematics is alarmingly insufficient (Ball, 1990b; Ma, 1999). A majority of the studies have 

focused on elementary school teachers’ knowledge, and much of that research has focused on 

division, fractions, and rational numbers (Ball, 1990a; Borko et. al., 1992; Graeber & Tirosch, 

1991; Lamb & Booker, 2004; Leinhardt & Smith, 1985; Post, Harel, Behr, & Lesh, 1988; Simon, 

1993; Simon & Blume, 1994; Wheeler & Feghali, 1983).  

A smaller base of research has explored the knowledge of secondary teachers. Studies 

have revealed deficiencies in content knowledge related to functions, including a lack of 

understanding about how functions relate to real world situations, and pedagogical content 

knowledge, including how to define and explain the concept of function to students (Even, 1989, 

1990, 1993; Wilson, 1992, 1994). Studies exploring teachers’ knowledge and pedagogical 

content knowledge related to proportional reasoning suggest that teachers’ lack a deep 

understanding of proportional reasoning as well as the pedagogical content knowledge required 

to evaluate and address student understandings (Heinz, 2000; Hillen, 2005; Misailidou & 

Williams, 2002; Riley, 2010). This often results in a focus of instruction on the application of 

procedures (e.g., cross-multiplication) rather than on conceptual understanding. Additional 

studies suggest that some teachers harbor the same misunderstandings and misconceptions 

related to proportional reasoning that have been thoroughly documented amongst students 

(Cramer, Post, & Currier, 1993; Post, Harel, Behr, & Lesh, 1988; Misailidou & Williams, 2002; 

Simon & Blume, 1994). To address these concerns, researchers have designed intervention 

programs targeting both preservice and inservice teachers. These programs have recognized the 

need to focus both on mathematical content knowledge and pedagogical content knowledge (Ball 

& Bass, 2000; Beckman, et. al., 2004; Ben-Chaim, Keret, & Ilany, 2007; Burton, Daane, & 
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Giesen, 2008; Dole, Clarke, Wright, Hilton, & Roche, 2008; Hill & Ball, 2004; Hull, 2000; 

Mitchelmore, White, & McMaster, 2007; Watson, Callingham, & Donne, 2008; Wilson, 1994).  

Teachers’ knowledge of mathematics, both content and pedagogical, is critical because 

that knowledge is a significant contributing factor to students’ academic achievement (Hill, 

Rowan, & Ball, 2005; Peterson, Fennema, Carpenter, & Loef, 1989). As Ball, Hill, and Bass 

(2005) summarize, “How well teachers know mathematics is central to their capacity to use 

instructional materials wisely, to assess students’ progress, and to make sound judgments about 

presentation, emphasis, and sequencing (p. 14).” Research has identified mathematical 

difficulties and misconceptions that result both from natural cognitive development and from 

flawed instruction. There is a large body of research describing these difficulties as they relate to 

proportional reasoning (Boyer, Levine, & Huttenlocher, 2008; Harel, Behr, Lesh, & Post, 1994; 

Lamon, 2007; Langrall & Swafford, 2000; Misailidou & Williams, 2003, 2004). 

Unlike the prior research summarized here, the data used for the current paper was not 

collected for the purpose of exploring teachers’ mathematical knowledge. Instead, the analysis 

described in this paper exploits a large extant data set to explore two questions: What is the 

current state of middle school teachers’ knowledge in proportional reasoning and functions? 

How is that knowledge related to student understandings? There is an existing research base 

related to functions, but no current studies have re-examined teachers’ knowledge levels in the 

past five years. Additionally, while there is a wealth of research on student understanding of 

proportional reasoning, and of teachers’ pedagogical content knowledge of proportional 

reasoning, there is a lack of research on teachers’ content knowledge of proportional reasoning. 

The current paper uses a secondary data analysis to contribute to these gaps and provide a basis 

for future research. 



Teacher Knowledge of Proportional Reasoning and Functions 

5/29 
 

Methodology 

The analysis in this paper is a secondary analysis that uses extant data from the 

e-Learning for Educators Initiative. One component of that initiative was a research study that 

explored the effects of online professional development on teachers’ knowledge, teachers’ 

instructional practices, and student achievement in four grades and subjects, one of which was 

eighth grade mathematics (O’Dwyer, Masters, Dash, Magidin De Kramer, Humez, & Russell, 

2010). The study focused on three sub-topics within mathematics: proportional reasoning, 

functions, and geometric measurement. The current paper is based on the data related to two of 

these sub-topics. For the e-Learning for Educators research study, teachers were randomly 

assigned to a treatment or control condition. All teachers completed a pre- and post-test designed 

to measure their content and pedagogical content knowledge and the frequency of various 

instructional practices. The teacher pre-test was completed in the spring semester of the first year 

of participation, and the teacher post-test was completed at the end of the spring semester of the 

second year of participation. Students also completed a pre- and post-test designed to measure 

their mathematical knowledge. The student pre-test was completed at the beginning of fall 

semester of the teacher’s second year of participation and the student post-test was completed at 

the end of the spring semester of the teacher’s second year of participation. Teachers and 

students had a several-week long window during which to complete the testing and were given 

as much time as needed to complete each test. 

For the current analysis, specific items were selected from the teacher pre-test only (the 

items are described below). While this paper uses the data collected for the e-Learning for 

Educators research study to describe teacher and student knowledge, it does not discuss or 

describe the online professional development in any way. Therefore, the scores of the teacher 
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post-test are omitted so as not to confound the current exploration with the effects of the online 

professional development. 

The student pre- and post-test results are evaluated only of those students whose teachers 

were in the control group. Teachers in the control group were asked, but not required, to refrain 

from professional development training in proportional reasoning and functions between the 

completion of the pre- and post-tests.1 Upon completion of the post-test, teachers described any 

professional development in which they had participated. No teachers indicated training related 

to proportional reasoning and two teachers indicated training related to functions.2

                                                           
1 The author acknowledges the deleterious effect that this design might have on the current analysis. A secondary 
analysis must acknowledge such issues, but cannot correct them. It is important to note, however, that while 
preventing access to any intervention for control group members is an ideal design, implementing that design in a 
real-world context involving professional development and spanning two years would have been untenable. 

 Despite this 

small amount of reported training in functions, or other training that might have occurred but not 

been reported, the control group teachers as a whole did not receive consistent or identical 

training related to proportional reasoning or functions. Thus, the students’ post-test scores, which 

were collected at the end of the academic year, should be indicative of students’ knowledge after 

one year of a teacher’s “business as usual” instruction. It should be noted that at the time of the 

e-Learning for Educators research study, the U.S. had no nationally accepted standards or 

curriculum for middle school mathematics. Thus, because the teacher participants taught in 

different schools, districts, and states, there is no common instructional approach or amount of 

time devoted to instruction in either subject across participants. 

2 One teacher participated in the Reducing Barriers by Addressing Misconceptions in Math program through a 3-day 
summer workshop, plus two large group meetings and three smaller Professional Learning Community meetings 
during the school year. Through this training, the teacher reported using GeoGebra applets to improve math 
instruction, specifically, using the applets when teaching rational numbers and pre-algebra for modeling properties 
such as the slope of a line, the patterning of a function, and the distributive property. The second teacher participated 
in a West Virginia presentation of Math for the 21st Century, which the teacher indicated placed emphasis on 
computer-based applets related to equations, functions (linear and non-linear), geometry, and probability. 
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Instrumentation  

Teachers completed a pre-test that contained questions about their content and 

pedagogical content knowledge and the frequency of their instructional practices as they related 

to specific areas of mathematics. For the items that focused on knowledge, some items were 

scored subjectively on a multi-point scale based on a scoring rubric (e.g., “Explain the levels of 

proportional reasoning. Give examples of how students at various levels might respond to 

proportional problems.”), while other items were scored dichotomously as correct or incorrect. 

The analysis in this paper is based on the subset of dichotomously-scored knowledge items 

focusing on proportional reasoning (10 items) and functions (5 items). Tables 1-4 show the 15 

items discussed in this paper, the scoring guides, and sample correct/incorrect responses.  

The first group of six proportional reasoning items (Table 1) focused on identifying 

proportional versus non-proportional situations (content knowledge). The remaining four 

proportional reasoning items (Tables 2-3) asked teachers to examine sample student work 

(pedagogical content knowledge). The student samples were written by researchers, and were 

based on research about common student misconceptions and errors related to proportional 

reasoning. For each of these items, teachers were asked to state whether the student sample was 

correct or incorrect and to explain why. For the five functions items targeting content knowledge 

(Table 4), the first three items were presented to teachers as a single item with three parts; the 

final two items were presented individually.  
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Table 1: Proportional Reasoning Items Focusing on Identifying Proportional vs. Non-
Proportional Situations 

Item 
Descriptor Item 

Tents/ 
Campers 

4 tents can house 12 campers. How many tents are needed for 30 campers?  
 a.) Proportional* b.) Non-Proportional 
(Carpenter, et. al., 1999) 

Park 
Admission 

The cost of admission to the park is $1 per person in a vehicle plus $3 for parking 
the vehicle. How much would it cost 5 people in one car to enter the park? 
 a.) Proportional b.) Non-Proportional* 
(Smith, Silver, Leinhardt, & Hillen, 2003) 

Video 
Store 

A video store charges $25 per month for unlimited rentals. Sally rents 5 videos. 
How much did it cost her to rent each video? 
 a.) Proportional b.) Non-Proportional* 
(Hillen, 2004) 

Marathon 
Speed 

Francine and Matt ran a marathon at the same speed. Francine started before Matt. 
When she had run 4 miles, he had run 2 miles. How far had he run when she had 
run 12 miles? 
 a.) Proportional b.) Non-Proportional* 
(Cramer, Post, & Currier, 1993) 

Chart 1 X 4 6 8 10 12 
Y 6 9 12 15 ? 

 a.) Proportional* b.) Non-Proportional 

Chart 2 X 4 6 8 10 12 
Y 10 14 18 ? 26 

a.) Proportional b.) Non-Proportional* 
*Correct response 
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Table 2: Proportional Reasoning Items Focusing on Examining Student Work 

Item 
Descriptor Item 

Orange 
Juice 

Luis mixed 5 ounces of orange juice concentrate with 7 ounces of water to make 
orange juice. Martin mixed 3 ounces of the same orange juice concentrate with 5 
ounces of water. Who made the drink with the stronger orange flavor? (Wearne & 
Kouba, 2000) 

 
Town 

Population 
In 1980, the population of Town A was 5,000 and in 1990 the population of Town 
A was 8,000. In 1980, the population of Town B was 6,000 and in 1990 the 
population of Town B was 9,000.  
 
Brian claims that from 1980 to 1990 the populations of the two towns grew by the 
same amount. Darlene claims that from 1980 to 1990 the population of Town A 
grew more. (Wearne & Kouba, 2000) 
 

 
Paint Sue and Jenny want to paint together. They want to use exactly the same shade of 

color. Sue uses 3 cans of yellow paint and 6 cans of red paint. Jenny uses 7 cans of 
yellow paint. How many red cans of paint does Jenny need to use? (Misailidou & 
Williams, 2002) 

 
Rectangle/ 

Square 
Rectangle A is 35” x 39”. Rectangle B is 21” by 25”. Which is “more square”? 
(Hillen, 2005) 
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Table 3: Scoring Guide for Proportional Reasoning Items 

Item Scoring Guide Correct Example Incorrect Example 
Orange 
Juice 

Teachers that indicated the answer 
was incorrect because of improper 
interpretation of part-part 
comparisons (used to calculate the 
proportion) were scored as correct. 
Teachers that indicated the answer 
was correct (i.e., Luis’s mix was 
stronger), but the process/reasoning 
was incorrect because of the 
interpretation of part-part 
comparisons were scored as correct. 
Teachers that stated the answer was 
incorrect for other reasons were 
scored as incorrect (e.g., the answer 
was incorrect because it should have 
directly compared the proportions 
rather than calculate a percentage).  

The person is correct 
but the algorithm is 
wrong. Luis’ 5/12 
mixture is 41.6% 
juice whereas 
Martin’s 3/8 is 37.5% 
juice. 

Luis had the stronger 
orange flavor because 
5/7 > 3/5. 

Town 
Pop. 

Teachers that described the use of 
both an additive and a multiplicative 
comparison were scored as correct. 

Both could be right. 
Both towns grew by 
the same number of 
students. However, 
the percent of growth 
is greater for town A 
than for town B. 

Correct. They both 
grew by 3000 but 
they started at 
different beginning 
amounts. 

Paint Teachers that indicated the incorrect 
use of an additive strategy or 
described the proper proportional 
solution were scored as correct. 

No, it is not correct. 
The student needs to 
set up a proportion 
3/6=7/n and solve for 
n. n will be 14 so 
Jenny needed 14 cans 
of red paint. 

No teachers 
submitted an 
incorrect answer to 
this item. 

Rect./ 
Square 

Teachers that indicated that the 
student answer was incorrect because 
it used the additive strategy (i.e., 
looking at the difference between 
length and width rather than the ratio 
of length to width) were scored as 
correct.  

Rectangle A would 
be more square. The 
ratio of length to 
width of a square is 
1:1. The ratio of 
length to width of 
Rectangle A is 
approximately 0.9:1; 
Rectangle B is 
approximately 0.8:1. 

Yes the student is 
correct. Both 
rectangles are not 
only 4 units greater in 
the width and the 
length, but they are 
also only 4 units 
away from being a 
perfect square, when 
finding the area. 
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Table 4: Functions Items and Scoring Guide 

Item 
Descriptor Item Scoring Guide Correct Example Incorrect 

Example 
Function 

Definition 
Define, in 
your own 
words, what 
a function is.  

Teachers that defined a 
function as a 
relationship between 
two sets of numbers 
such that for every input 
value (x) there is only 
one output (y) value 
were scored as correct. 

A function is like 
a rule that tells 
you what to do 
with the input 
number. A 
function only has 
one output for 
each input- you 
cannot put in the 
same number and 
get a different 
answer. 

A pattern/ 
relationship 
between two 
variables 

Function 
Example 

Include an 
example of 
what is a 
function. 

Teachers that provided a 
mathematically accurate 
function were scored as 
correct. 
 

f(x)=x - 5 

 

There is a 
consistent change 
or pattern of 
change the same 
starting point. For 
example, traveling 
in a car at a rate of 
55mph. 

Non-
Function 
Example 

Include an 
example of 
what is not a 
function. 

Teachers that provided 
an example of a non-
function were scored as 
correct. 

y=5 (vertical line) 
 

The set (2,3) (3,5) 
(4,6) 

Linear vs. 
Non-Linear 

Describe, in 
your own 
words, the 
difference 
between 
linear and 
non-linear 
functions. 

Teachers that responded 
that linear functions 
were functions with the 
equation y=mx + b or 
were functions whose 
graph was a straight 
line, and that responded 
that non-linear functions 
were all other functions, 
were scored as correct. 

Linear functions 
form a line when 
graphed. A 
nonlinear function 
can do many other 
things, except 
form a straight 
line. 
 

A linear function 
has an equation 
y=mx + b. A non-
linear function has 
no relationship 
between variables. 

Non-Linear 
Example 

Give one 
example of a 
non-linear 
function that 
is accessible 
and relatable 
to students.  

Teachers that provided a 
mathematically 
accurate, non-linear 
function were scored as 
correct. 
 

y=x2 Height and weight 
of students. They 
can see two or 
more students may 
be the same height 
and not weigh the 
same. 
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If teachers attempted at least one of the ten proportional reasoning items, their data was 

used in the proportional reasoning analysis; similarly, if teachers attempted one of the five 

functions items, their data was used in the functions analysis. Based on these guidelines, the 

current analysis of teacher responses is based on the data from a core group of 120 teachers that 

completed both the proportional reasoning and functions items and an additional 17 teachers that 

completed only the proportional reasoning items. For each of these teachers, a single total 

proportional reasoning score and a single total functions score were calculated by summing the 

number of items answered correctly in each set. 

For the e-Learning for Educators research study, 65 of these 137 teachers were assigned 

to the control group and 72 teachers were assigned to the treatment group. A subset of 39 

teachers administered pre- and post-tests in proportional reasoning and functions to their 

students; an additional four teachers administered only the proportional reasoning pre- and post- 

tests. Thus, 1,090 students completed the pre- and post-tests in proportional reasoning and 967 

students completed the pre- and post-tests in functions. The student tests consisted of released 

U.S. state and national standardized test items. There were 16 proportional reasoning items and 

ten functions items on both the pre- and post-test. Two sample items are displayed in Table 5. 

The ten functions items focused on defining functions or rules from real-world situations, 

representations of patterns, or tables of values (six items), interpreting qualitative graphs that 

represent movement or time (two items), and determining whether a function is linear based on a 

graph or table of values (two items). The 16 proportional reasoning focused on distinguishing 

between proportional and non-proportional situations (six items), understanding that ratios are 

mathematical relationships that remain constant when individual numbers change (two items), 

and solving proportional reasoning problems with calculations (e.g., missing-value problems,  
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Table 5: Sample Proportional Reasoning and Functions Student Items 

Subject Item 
P.R. Cup A and Cup B are the same size. Cup A is full of water. Cup B is half full of 

water. One spoonful of sugar was added to Cup A and one spoonful of sugar 
was added to Cup B. Which of the following is true?  
 
a) Cup A is sweeter than Cup B 
b) Cup B is sweeter than Cup A* 
c) Cup A and Cup B have the same sweetness 
d) You cannot tell from the information given 

Func. Which of the following patterns is a function?  
Pattern 1:  

X 2 4 6 8 
Y 7 13 19 25 

Pattern 2: 
X 2 4 6 8 
Y 1 13 33 61 

a) Pattern 1 only 
b) Pattern 2 only 
c) Both Pattern 1 and Pattern 2* 
d) Neither Pattern 1 nor Pattern 2 

*Correct response 
 

two items) and without calculations (six items). For each student, a single proportional reasoning 

and a single functions score was calculated by finding the average number of correct responses. 

Sample 

The current analysis uses data from 137 of eighth grade teachers that participated in the 

e-Learning for Educators research study. Eighty-eight percent of teachers self-identified as 

White, 10% as Black/African American, 2% as Asian, and 1% as Native Hawaiian/Pacific 

Islander; no teachers self-identified as Latino/Hispanic. Eighty-three percent of teachers were 

female, 17% were male.  

Sixty-one percent of teachers held a Masters degree as their highest level of education, 

37% held a Bachelors degree, and 3% held CAGS, PhD/EdD, or other. Ninety-four percent of 

teachers held a regular or standard state certification, 5% held a provisional certification, and 2% 
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held a temporary certification. Twenty-seven percent of teachers had been teaching for 5 or 

fewer years, 73% had been teaching for six or more years; 34% of teachers had been teaching 

mathematics for five or fewer years, 66% had been teaching math for six or more years.  

Participating teachers came from 18 states. In the U.S., a Title-I funded school is a school 

that has a certain percentage of students from low socioeconomic levels. Title-I funded schools 

typically serve a higher number of minority students and traditionally have lower student 

achievement than schools without this designation (Darling-Hammond, 2004). Fifty-two percent 

of participating teachers taught at Title-I funded schools. Forty-four percent of teachers taught in 

city schools, 36% in rural schools, and 14% in town schools. Sixty-two percent of teachers were 

from southern states, 27% from northeastern states, 10% from midwestern states, and 2% from 

western states. 

Fifty-one percent of the participating students were female and 49% were male. Seventy-

six percent of students self-identified as White, 15% as Black/African American, 6% as Other, 

3% as American Indian/Alaskan Native, 2% as Asian, and 1% as Native Hawaiian/Pacific 

Islander; 3% of students self-identified as Hispanic/Latino. Ninety-six percent of students spoke 

English as their first language; 4% did not.  

Results 

For proportional reasoning and functions, the number of correct, incorrect, and missing 

responses to each item is presented for all teachers. Then, a hierarchical linear model is used to 

evaluate the relationship between the teacher and student knowledge, using the teachers in the 

control group only.  
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Proportional Reasoning 

With a maximum possible score of 10 points, the average total score of the proportional 

reasoning items was 7.25 (SD=1.75). Figure 1 shows the number and percentage of teachers who 

gave a correct, incorrect, or missing response to the ten proportional reasoning items. For the 

first six items inquiring about proportional versus non-proportional situations, a small percentage 

of teachers responded incorrectly to the Tents/Campers and Park Admission items (4% and 7%, 

respectively), a moderate percentage of teachers responded incorrectly to the Video Store, Chart 

1, and Chart 2 items (20%, 14%, and 20%, respectively), and a large percentage responded 

incorrectly to the Marathon Speed item (71%). For the four student sample items, no teachers 

responded incorrectly to the Paint item, a small percentage responded incorrectly to the Town 

Population item (8%), and a high percentage responded incorrectly to the Orange Juice and the 

Rectangle/Square items (39% and 23%, respectively).  
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Figure 1: Percentage of Responses for Teachers’ Proportional Reasoning Items 
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Based on the results of independent-samples t-tests, there were no statistically significant 

differences between the average total scores of teachers with standard versus non-standard 

certification, between teachers with a Bachelors degree versus Masters degree, CAGS, or 

PhD/EdD as highest level or education, or between teachers with five or fewer years versus six 

or more years of teaching experience. The average total score of teachers from Title-I funded 

schools (6.80) was statistically significantly lower than the average total score of teachers from 

non-Title-I funded schools (7.64) (t=2.7, df=125, p<0.01). 

There were 43 control group teachers that administered pre- and post-tests in proportional 

reasoning to 1,090 students. All of these teachers responded that they taught proportional 

reasoning concepts to their students during the course of the year. Eighty-one percent of teachers 

responded that they were the primary teacher of this subject for their students. The average 

proportional reasoning score for these teachers was 7.67 (SD = 1.57). The average student pre-

test score was 56% (SD=16%) and the average post-test score was also 56% (SD=16%).  

Because students were nested with teachers, a two-level hierarchical linear model (HLM) 

was used to explore the relationship between the teachers’ and students’ knowledge. Specifically, 

the researchers evaluated whether teachers’ knowledge was a predictor of students’ post-test 

scores, after accounting for students’ pre-test scores. First, an unconditional model using only a 

random level-2 effect showed an intra-class correlation of 0.204, indicating that 20.4% of the 

variance in student post-test scores was between classes. Next, a random-intercept-and-slope 

model used students’ pre-test scores (grand-mean centered) as a level-1 covariate. The regression 

coefficient relating student’s pre- and post-test scores was positive and statistically significant 

(b = 0.387, p < 0.001). This indicates that students with higher pre-test scores were predicted to 

have higher post-test scores, as would be expected.  
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A final intercept-and-slope model used both student pre-test scores as a level-1 covariate 

and teacher knowledge scores as a level-2 predictor. In this model, the regression coefficient 

relating teacher knowledge to student post-test scores was positive and but not statistically 

significant (b = 0.009, p = 0.21); the regression coefficient relating student pre-test scores to 

student post-test scores was positive and statistically significant (b = 0.388, p < 0.001). The 

cross-level interaction between student pre-test scores and teacher knowledge was not 

statistically significant (b = -0.002, p = 0.94). This indicates that after accounting for student pre-

test scores, students whose teachers had higher levels of knowledge were predicted to have 

higher post-test scores, but these differences were not statistically significant. 

Functions 

With a maximum possible score of 5 points, the average total functions score was 2.99 

(SD=1.42). Figure 2 shows the number and percentage of teachers that gave a correct, incorrect, 

or missing response to the five functions items. A small percentage of teachers responded 

incorrectly to the Function Example item (3%), a moderate percentage of teachers responded 

incorrectly to the Non-Function Example, Linear vs. Non-Linear, and Non-Linear Example items 

(12%, 13%, and 18%, respectively), and a large percentage of teachers responded incorrectly to 

the Function Definition item (33%). It should be noted that a large percentage of teachers did not 

respond to the Function Example and Non-Function Example items (53% and 59%, 

respectively). This may or may not have resulted from the presentation of the first three items as 

a single question. 
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Based on the results of independent-samples t-tests, there were no statistically significant  

Based on the results of independent-samples t-tests, there were no statistically significant 

differences between the average total scores of teachers with standard versus non-standard 

certification, between teachers with five or fewer years versus six or more years of teaching 

experience, or between teachers at Title-I and non-Title-I funded schools. The average total score 

of teachers with a Bachelors degree as their highest level of education (2.64) was statistically 

significantly lower than the average total score of teachers with a Masters, CAGS, or PhD/EdD 

as their highest level of education (3.20) (t=2.1, df=115, p<0.05). 

There were 39 control group teachers that administered both pre- and post-tests in 

functions to 967 students. All but one of these teachers (97%) responded that they taught 

functions concepts to their students during the course of the year. This teacher and his/her 

students were removed from the analysis, leaving a total of 941 students in the student data set. 

Of the remaining 38 teachers, 87% responded that they were the primary teacher of this subject 

for their students. The average functions score for these 38 teachers was 3.11 (SD = 1.56). The 

Figure 2: Percentage of Responses for Teachers’ Functions Items 
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average student pre-test score was 40% (SD=17%) and the average student post-test score was 

48% (SD=16%).  

Similar to the analysis of the proportional reasoning data, HLM was used to explore the 

relationship between the teachers’ and students’ knowledge. The first unconditional model 

showed an intra-class correlation of 0.20, indicating that 20% of the variance in student post-test 

scores was between-classes. The next random-intercept-and-slope model using students’ pre-test 

scores (grand-mean centered) as a level-1 covariate showed that the regression coefficient 

relating student’s pre- and post-test scores was positive and statistically significant (b = 0.306, 

p < 0.001). This indicates that students with higher pre-test scores were predicted to have higher 

post-test scores, as would be expected. The final intercept-and-slope model used both student 

pre-test scores as a level-1 covariate and teacher knowledge scores as a level-2 predictor. In this 

model, the regression coefficient relating teacher knowledge to student post-test scores was 

positive and statistically significant (b = 0.016, p < 0.05), as was the regression coefficient 

relating student pre-test scores to student post-test scores (b = 0.304, p < 0.001). The cross-level 

interaction between student pre-test scores and teacher knowledge was not statistically 

significant (b = -0.001, p = 0.86). This indicates that after accounting for student pre-test scores, 

students whose teachers had higher levels of knowledge were predicted to have statistically 

higher post-test scores. 

Discussion 

Research has previously explored deficiencies in teachers’ mathematical content and 

pedagogical content knowledge at the elementary and secondary level. These deficits represent a 

serious concern because of the link between teachers’ levels of knowledge and student 

achievement. In some cases, low levels of teacher knowledge can create or contribute to already 
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common student misconceptions. The current paper provided a current snapshot of this problem 

by documenting existing deficiencies in eighth grade teachers’ knowledge related to proportional 

reasoning and functions and exploring how that knowledge was related to student achievement.  

For proportional reasoning, the overall average score was only approximately 73%, with 

the average of teachers from Title-I schools even lower (68%). While these numbers indicate 

moderate levels of understanding, performance on specific items highlight particular areas of 

difficulty. A notable percentage of teachers responded incorrectly to the proportional nature of 

four situations (14%, 20%, 20%, and 71%). One of these situations, represented in the Marathon 

Speed item, is a typical non-proportional situation that students often mistake to be proportional; 

the data showed that 71% of teachers made this same mistake. Two of the items present data in 

chart format, rather than word-problem format, which is a less common format. This might 

explain the lower performance on these items. This result is troubling because students are 

expected to interpret real-world data presented in a variety of formats. A large percentage (39%) 

of teachers responded incorrectly about the use of proportions when examining student work that 

improperly used an additive approach to solve a proportional situation. The over-application of 

additive reasoning is a common student difficulty in proportional reasoning, and it is concerning 

that a sizeable percentage of teachers did not recognize the error.  

For functions, the overall average score was only approximately 60%, and was lower for 

teachers with only a Bachelors degree (53%). A large percentage of teachers neglected, or 

perhaps were unable, to provide an example of a function and a non-function (53% and 59%, 

respectively). Further, a notable percentage of teachers provided an incorrect example of a 

non-function (12%) and a non-linear function (18%). Many of these incorrect responses reflected 

confusion between non-functions and non-linear functions, i.e., non-functions were anything that 



Teacher Knowledge of Proportional Reasoning and Functions 

21/29 
 

could not be graphed as a line and non-linear functions were patterns that could not pass the 

vertical line test. This confusion is problematic as it would be easily transferrable to students. 

The results from proportional reasoning and functions items confirm the general research 

discussed earlier that explored the insufficiency of teacher knowledge, specifically at the level of 

middle school mathematics. The results serve as a call both for focused training for inservice 

teachers and continued exploration of teacher knowledge. Research exploring teacher knowledge 

should not discount potential differences between teachers with varying education levels and 

teachers serving various student populations, specifically as related to socioeconomic status. 

The analysis of the student proportional reasoning and functions data indicated that 

students whose teachers had lower levels of knowledge were predicted to have lower levels of 

knowledge at the end of the year, after controlling for student knowledge at the beginning of the 

year. Although the difference was only statistically significant for the functions data, the nature 

of the relationship in both data sets suggests a pattern and confirms the research that deficiencies 

in teacher knowledge matter for student achievement. This pattern must be considered within the 

context of many factors, including the secondary nature of the analysis, the other limitations of 

the study on which the analysis was based (as discussed below), and the obvious reality that 

there are many more factors to consider in student achievement that are unrelated to the teacher. 

However, the current results contribute an additional voice to the call for future research to 

explore in more detail the specific relationship between student and teacher knowledge, taking 

into account both teacher content and pedagogical content knowledge. 

There are several limitations to this study. The first, most obvious, limitation is that it is a 

secondary analysis using extant data. The data used here was not collected for the purpose of 

exploring teacher knowledge. A second limitation is the small number of items on which the 
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analysis was based. For functions particularly, a knowledge measure was generated from only 

five items; ideally, a measure of teachers’ knowledge would be based on a more robust 

instrument. A third limitation is that teachers were self-selected to participate in the e-Learning 

for Educators research study. The teachers are thus not a representative sample and analysis is 

not generalizable to all U.S. eighth grade mathematics teachers.  

Despite these limitations, this paper contributes to the body of knowledge related to 

levels of teachers’ mathematical knowledge and how that knowledge is related to student 

achievement. The analysis presented here, combined with the base of research described earlier, 

serves as a call for continued preservice and inservice training, specifically in the areas of 

proportional reasoning and functions, with a focus on both content knowledge and pedagogical 

content knowledge. This paper also serves as a call for future research specifically on secondary 

teachers’ knowledge of proportional reasoning and functions. This future research should have as 

its primary goal the exploration of current levels of teachers’ content and pedagogical content 

knowledge (using a robust instrument to measure this knowledge and a generalizable sample of 

teachers) and how that knowledge is related to student achievement. 
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