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Abstract 

This qualitative study examined middle school students’ performance, solution 

strategies, difficulties and the underlying reasons for their difficulties in calculating the 

volume of a rectangular prism. The data was collected from 35 middle school students (6
th

, 7
th

 

and 8
th 

grade students) enrolled in a private school in Istanbul, Turkey. The data was obtained 

from a questionnaire involving 3 problems and one- to–one semi-structured interviews with 

all the participants after the application of the questionnaire. The results revealed that the 

students had a moderate level of performance in terms of calculating the volume of a 

rectangular prism. Moreover, the analysis showed that students were able to create a limited 

number of solution strategies for the given problems. In addition, some students were not able 

to correctly calculate the volume of a rectangular prism and they had difficulties in calculating 

the volume of a rectangular prism. A discussion of findings and recommendations for future 

research studies are given.  

 

Keywords:  Volume, Rectangular Prism, Middle School Students  

 

 

Introduction 

Geometry is one of pillars of mathematics (Atiyah, 2001) and it has a crucial role in 

teaching and learning mathematics. The National Council of Teachers of Mathematics 

[NCTM] (2000) emphasized its prominence by stating that “geometry offers an aspect of 

mathematical thinking that is different from, but connected to, the world of numbers” (p.97). 

This can be interpreted as while students are engaging in shapes, structures and 

transformations; they understand geometrical concepts and also the mathematics behind those 

concepts. In addition, Clements and Battista (1992) stated that geometry can be considered as 

a tool to facilitate the interpretation and reflection on the physical environment. That is, it 

allows us to describe, analyze and understand the world in which we live.  

NCTM (1989, 2000) asserted that geometry is of benefit to both teachers and students 

in other topics in the mathematics curriculum and other disciplines. For instance, the circle 

graph is one of the topics of statistics within mathematics; however, it is also related to 

geometry. Furthermore, the topic of geometric probability is related to both geometry and 
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probability. In addition, although symmetry is a topic of geometry, it is related to functions 

and also plays important role in the arts, design and in the sciences. Apart from these, 

geometry contributes to the development of measurement this is supported by NCTM (2000) 

who stated that there is significant overlap between geometry and measurement.  Isiksal, Koc 

and Osmanoglu (2010) emphasized that measurement is an important tool for learning and the 

application of geometric ideas. For instance, the area of square is measured in square units. 

Finding the area of a geometric figure is related to geometry concepts, and measuring it in 

square units is relevant to measurement concepts. Furthermore, comparing different geometric 

figures such as triangles necessitates the comparison of their measurements of angle, length, 

perimeter, or area. In other words, the congruence and similarity of two geometric figures can 

be determined by comparing the size of the angle or the length of their sides. Although 

geometry and measurement are closely related to each other, Kilpatrick, Swafford and Findell 

(2001) emphasized that “measurement and the theory behind it can be treated as distinct from 

geometry” (p.281). Measurement and geometry have their own nature and this can be seen 

during learning and teaching process. For instance, measurement is more related to 

calculation with numbers than geometry in that, measurement is connection between 

geometry and arithmetic (van den Heuvel-Panhuizen & Buys, 2005). To sum up, 

measurement and geometry cannot be thought as a distinct from each other; however, they are 

defined separately.  

Geometry and measurement is considered to be a combined learning area in the 

revised Turkish middle school mathematics curriculum (Ministry of National Education, 

[MoNE], 2013a). Based on this new mathematics curriculum, one of the aims of teaching 

geometry and measurement is to ensure that middle school students can explain, draw and 

demonstrate basic geometric concepts such as straight line, polygons, angles and 3D solids. 

Another aim is that students should learn how to calculate the perimeter and area of polygons, 

and surface area and volume of 3D solids (MoNE, 2013a). Despite the ambitious aims of the 

new curriculum which integrates the concepts of geometry and measurement the achievement 

of Turkish students in these topics is too low in relation to international assessments such as 

TIMSS- 2007, PISA- 2006, PISA- 2009 (EARGED, 2007, 2010, 2011) and PISA 2012 

(MoNE, 2013b). Since these concepts form the basis of the future development of young 

people’s mathematics skills, it is important to explore the reason for Turkish students’ low 

performance in geometry and measurement.   
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To investigate students’ low performance in the area of learning geometry and 

measurement, the study reduced its scope and focused on a single topic; calculating the 

volume of a rectangular prism. In relation to this, the aims of this study were to investigate the 

performance of Turkish middle school students, their solution strategies, difficulties and the 

reasons for these difficulties when calculating the volume of a rectangular prism. Thirty five 

middle school students (6
th

, 7
th

 and 8
th

 graders) were given a questionnaire involving 3 

problems to discover their understanding of the calculation of the volume of a rectangular 

prism.  

Studies on Students’ Understanding of the Volume of a Prism 

Numerous studies all over the world have focused on assessing students’ 

understanding of the volume of a prism.  Generally, the results of these studies show that 

elementary students have low performance when calculating the volume of three dimensional 

solids (Battista & Clements, 1996; Ben- Chaim, Lappan & Houang, 1985; Chavez, Reys & 

Jones, 2005; Hirstein, 1981; Ng, 1998). In order to understand the reasons for students’ low 

performance, researchers have been interested in determining students’ difficulties concerning 

this issue. For instance, Hirstein (1981) concluded that students count the visible unit cubes in 

the rectangular prism or take the faces of rectangular prism into consideration while 

enumerating the unit cubes in a rectangular prism. He explained that the reason for this 

difficulty is that students confused the concepts of area and volume. In addition, Ben-Chaim 

et al. (1985) presented a quantitative study consisting of participants in grades from 5 to 8 in 

the Ut. One of the purposes of this study was to determine whether the students’ performance 

was affected by instruction, and they examined the effect of instruction with respect to grade 

and sex. Another purpose was to discover students’ strategies and difficulties when they were 

enumerating the number of unit cubes in a rectangular prism. The authors identified students’ 

difficulties while they were counting the number of unit cubes in a rectangular prism as 

follows: a) counting the number of visible faces, b) counting the number of visible faces and 

doubling that number, c) counting the number of visible cubes, and d) counting the number of 

visible cubes and doubling that number.  Students who counted the faces considered three-

dimensional solids as two-dimensional objects and students who counted the visible unit 

cubes were not aware of three-dimensionality of the solid. Furthermore, some students 

counted the number of unit cubes in the visible three faces and then they did not multiply this 

number by two to obtain the total. Ben-Chaim et al. (1985) asserted that these students do not 

recognize that there is a hidden part of the solid.  
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In other studies, Battista and Clements (1996) and Ng (1998) investigated 4
th

 and 5
th

 

grade students’ understanding of the volume of three-dimensional solids. They concluded that 

those students had great difficulty in enumerating the number of unit cubes in a rectangular 

prism. Battista and Clements (1996) explained that students’ difficulties can result from their 

inappropriate spatial structuring of a rectangular prism.  They defined spatial structuring as 

“the mental act constructing an organization or form for an object or set of objects” (p. 282). 

In other words, a student who has adequate spatial structuring can construct a column and 

layer using unit cubes and finally forms the whole structure using columns and layers. 

According to the analysis of students’ responses in their study, the reason for students’ 

inappropriate spatial structuring was that they were not being able to coordinate and integrate 

different views of a rectangular prism. Owing to the inappropriate spatial structuring, the 

students could not enumerate the unit cubes in a rectangular prism. Another difficulty related 

to rectangular prism was that the students considered a rectangular prism to be an 

uncoordinated set of faces. These students considered that a rectangular prism is formed by its 

faces and it was like an empty box. They did not realize that they should take the unit cubes 

inside the rectangular prism into consideration while enumerating the number of unit cubes in 

a rectangular prism. Also, they ignored the common unit cubes on the adjacent faces. This 

study concluded that students who have this difficulty  while trying to enumerate the number 

of unit cubes in a rectangular prism use one of the following strategies: a) count the unit cubes 

on the visible faces in the picture, b) count the unit cubes on six faces, c) count the unit cubes 

on some visible and hidden faces, d) count the unit cubes on the front face only, d) count the 

unit cubes on faces but not systematically (Battista & Clements, 1996). Apart from these 

difficulties, they contended that the students in their study were not able to coordinate 

orthogonal views of a rectangular prism since they did not understand the relationship 

between two or more views of a rectangular prism. Thus, the students were unable to 

construct a rectangular prism physically.  

In addition to presenting the students’ difficulties, in the same study Battista and 

Clements (1996) classified the students’ solution strategies for enumerating the number of 

unit cubes in a rectangular prism. In their classification, the first strategy is related to 

students’ conceptualizing of a rectangular prism as its layers. Battista and Clements (1996) 

named the sub-categories of this strategy as “layer multiplying, layer adding/ iteration, [and] 

counting subunits of layers” (p. 263). The layer multiplying strategy necessitates finding the 

number of unit cubes in one layer and multiplying this number by the number of layers.  The 
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layer adding/ iteration strategy requires finding the number of unit cubes in one layer and 

using addition or skip counting. For example, when a student finds that there are 4 unit cubes 

in one layer of a 2 x 2 x 3 rectangular prism then s/he counts the layers as follows;4, 8, and 

12.  The second strategy is related to students’ conceptualization of a rectangular prism as its 

column or unit cubes. In this strategy, “the student conceptualizes the set of cubes as space-

filling but does not utilize layers” and the sub-categories are “column/ row iteration, counting 

subunits of columns or rows, systematic counting, [and] unsystematic counting” (Battista & 

Clements 1996 p. 263). For example, the column/ row iteration requires counting the number 

of unit cubes in one column/ row and then using skip-counting. Students who use the 

systematic counting strategy find the number of unit cubes on all outside faces and then find 

the number of unit cubes in the center of the rectangular prism.  On the other hand, in the 

unsystematic counting strategy, students count the unit cubes randomly. Battista and 

Clements (1996) presented the third strategy as students’ conceptualizing of a rectangular 

prism as its faces. The sub-categories are “counting subset of visible cubes, counting all 

outside cubes, counting some outside cubes, counting front-layer cubes, [and] counting 

outside cubes, but not organized by faces” (p. 263).  The fourth strategy is related to the use 

of volume formula and the fifth strategy that students used other than those described above, 

as Battista and Clements mentioned (1996).  

As a result of these studies given above, the strategies that students developed can be 

summarized conceptualizing of a rectangular prism as; its layers, its column or unit cubes, its 

faces and the use of volume formula. It can be concluded that students’ strategies depend on 

their mental conceptualization of a rectangular prism. In addition, the difficulties they had 

when calculating the volume of a rectangular prism were counting the visible unit cubes in the 

rectangular prism and doubling that number, counting the number of visible faces and 

doubling that number, and taking the faces of rectangular prism into consideration. The 

researchers explained the reasons for these difficulties were confusing the area and volume 

concept, the conceptualization of three-dimensional solids as two-dimensional, 

conceptualization of a rectangular prism as an uncoordinated set of faces, having an 

inadequate spatial structuring and the students’ lack of understanding related to three-

dimensionality (Battista & Clements, 1996; Ben-Chaim et al., 1985; Hirstein, 1981; Ng, 

1998).  
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In addition to the research presented above, several studies that were conducted in 

Turkey to investigate students’ understanding about calculating the volume of a rectangular 

prism are outlined below.  

Studies conducted in Turkey 

Okur (2006) conducted a quantitative study with 500 elementary and high school 

students in Turkey. The purpose of this study was to discover the reasons for students’ failure 

in geometry and to propose solutions. According to the results of the study, the most 

important reason for this failure is that students do not like geometry due to the lack of 

background knowledge and inability to think in a geometrical way, and furthermore they are 

not aware of the benefits of geometry. Similar to those in the literature, Olkun (1999, 2001, 

2003) conducted several studies to investigate elementary students’ performance, their 

strategies and the difficulties they incurred when given the task of finding the number of unit 

cubes in a rectangular prism. From the findings of these studies, Olkun (1999, 2001, 2003) 

concluded that students understood the structure of rectangular prism more easily when given 

a physical 3D prism. When faced with a 2D representation, it appeared that the students could 

not conceptualize the three-dimensionality of 3D solids (Pittalis & Christou, 2013). In 

addition, Parzysz (1998) found that some information regarding 3D solids might be lost when 

moving from three-dimensions to two-dimensions. Olkun (2003) also concluded that students 

tend to think that the size of the rectangular prism and their complexities are directly 

proportional for example for the students in his study; 2x3x4 rectangular prism is more 

complex that 2x2x3 rectangular prism. For this reason, students used advanced strategies such 

layer counting strategy if there were few unit cubes in the rectangular prism. However, when 

the number of unit cubes increased, students tended to use primitive strategies like focusing 

on the faces of 3D solids. The reason for using different strategies might be that students 

might have difficulty in perceiving three-dimensionality and structural regularity of the 

rectangular prism (Olkun, 1999, 2003). Moreover, Olkun noted that students are not able to 

envisage the regular structure of rectangular prism based on columns and layers which are 

formed by unit cubes. Similar to the study carried out by Battista and Clements (1996), Olkun 

asserted that students’ conceptualization of rectangular prism is based on its faces and, they 

conceptualize the rectangular prism as a mass of unit cubes. 

Purpose of the Study 

Numerous quantitative studies have been conducted to investigate students’ 

understanding related to the volume of a rectangular prism (Battista & Clements, 1996; Ben- 
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Chaim et al., 1985; Okur, 2005; Olkun, 2003). However, Yildirim and Simsek (2000) 

suggested that an in-depth analysis might be achieved by conducting qualitative studies, 

Therefore, the aim of the present study is to examine middle school students’ understanding 

related to the volume of a rectangular prism qualitatively. In particular, students’ 

performance, their solution strategies, their difficulties and the reasons why they encounter 

these difficulties in calculating the volume of a rectangular prism are investigated. Thus, the 

research questions are as follows: 

1. What is the level of middle school students’ performance and strategies that they 

choose to use when calculating the volume of a rectangular prism? 

2. What are the middle school students’ difficulties and what are the reasons for the 

students encountering these difficulties when calculating the volume of a rectangular 

prism? 

 

Method 

Participants 

Data was collected from 6
th

, 7
th

 and 8
th

 grade middle school students enrolled in a 

private school which was one of the successful schools in Istanbul, Turkey. Thirty five middle 

school students, 16 (45.7%) female and 19 (54.3%) male, were selected from 6
th

, 7
th

 and 8
th

 

grade students and they participated in the study voluntarily.  14 (40%) of the participants 

were 6
th

 grade, 7 (20%) of them were 7
th

 grade and lastly 14 (40%) were 8
th

 grade students.  

The aim in selecting the participants at different grade levels was to obtain various solution 

strategies. In fact, it was expected that most of the 8
th

 graders would calculate the volume of a 

rectangular prism using the volume formula. Since they had not learned the volume formula, 

it was expected that 6
th

 and 7
th

 graders would have develop different strategies to solve the 

problems. Besides, choosing students from a private school might also affect the number of 

strategies that they produce; in Turkey students attending private schools tend to have private 

lessons and this might increase the possibility that they might have different solution 

strategies to calculate the volume of a rectangular prism.  

Measuring Tool 

In order to answer the research questions, a questionnaire containing three problems 

was applied and then one-to-one semi-structured interviews were conducted with the middle 

school students. The details of measuring tools are given below. 
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The Rectangular Prism Volume Questionnaire (RPVQ). The rectangular prism volume 

questionnaire containing three problems was taken from literature (Ng, 1998). These 

problems were translated and adapted into Turkish for students by the researchers. For content 

validity concerns, the original and translated versions were given to the two instructors from 

the mathematics education department. The problem sheet was revised until the instructors 

reached a 95% agreement. The rectangular prism volume questionnaire (Figure 1) is given 

below.  

Figure 1.  

The Rectangular Prism Volume Questionnaire (RPVQ) 

The first and second problems are related to the figure.  

This is a 10 x 10 x 10 large cube made of unit cubes. 

1. How many unit cubes are there in a 10 x 10 x 10 large     

       cube which is made from unit cubes? Explain your solution     

       strategies.  

2. How many unit cubes will be left if you remove one layer of 

unit cubes from all faces? Explain your solution    

         strategies. 

 

3. How many unit cubes are there in a rectangular prism with edges of length 5, 15 and 13 

unit cubes respectively? Explain your solution strategies. 

 

As seen in the Figure 1, all of the problems require a different understanding of a 

rectangular prism. In the first problem, the aim was to obtain information about whether 

students are aware of the structure of rectangular prism. In other words, this determined 

whether the students used the layers, columns or unit cubes in the structure of the rectangular 

prism when calculating its volume. The second problem aimed to obtain data about the 

student’s awareness of the common unit cubes or columns on the adjacent faces.  In the third 

problem, the aim was to elicit students’ coordination of the numbers which represent the 

length of the edges of the rectangular prism. 

For all the problems, the students were expected to solve them and then explain their 

solution strategies they used to calculate the volume of a rectangular prism in detail. Using the 

data obtained from the students’ solutions and explanations it was possible to identify their 
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performance, their solution strategies, their difficulties and the reasons why they encountered 

those difficulties in calculating the volume of a rectangular prism.  

Interview Protocol. To obtain an in-depth understanding regarding the students’ 

solution strategies, difficulties and the reasons for these difficulties in calculating the volume 

of a rectangular prism, one-to-one semi-structured interviews were conducted with all the 

participants. During the interviews, the middle school students were asked to explain their 

reasoning behind their responses to the RPVQ. The interviews were conducted in a quiet 

classroom in order to prevent participants from being disturbed. All the participants agreed to 

the interviews being record using a digital camera. 

Data Analysis 

 The data was analyzed using both descriptive analysis and content analysis techniques. 

Descriptive analysis was used to identify students’ performance in calculating the volume of 

rectangular prism. The solutions provided by the students on the problem sheet were 

evaluated by two coders and the number of correct responses was calculated as a percentage 

for each problem to reveal students’ performance. 

In addition, content analysis technique was employed to attain a condensed and broad 

description of the students’ solution strategies, their difficulties and the reasons for these 

difficulties in calculating the volume of prism. During the analysis, the students’ written 

responses to questionnaire and interview transcripts were examined. The data regarding 

students’ solution strategies was analyzed and sorted based on Battista and Clements’ 

categorization (1996) presented in Table 1. 

Table 1.  

Students’ Strategies for Finding the Number of Cubes in a Rectangular Prism Array (Battista 

& Clements, 1996, p.263) 

A. The student conceptualizes the set of cubes as forming a rectangular array organized 

into layers. 

1. Layer multiplying 

2. Layer adding/ iteration 

3. Counting subunits of layers 

B. The student conceptualizes the set of cubes as space filling but does not utilize the 

layers. 

1. Column/ row iteration 

2. Counting subunits of columns or rows 

3. Systematic counting 

4. Unsystematic counting 

C. The student conceptualizes the set of cubes in terms of its faces. 

1. Counting subset of visible cubes  
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2. Counting all outside cubes 

3. Counting some outside cubes 

4. Counting front- layer cubes 

5. Counting outside cubes, but not organized by faces 

D. The student uses the formula L x W x H. 

E. Other. 

 

As it was explained above, strategy A is related to conceptualizing the rectangular 

prism according to its layers. Students who calculate the number of unit cubes in one layer 

and then multiply this number by the number of layers in a prism were coded as using 

Strategy A. On the other hand, Strategy B is relevant to conceptualizing the rectangular prism 

according to its columns, rows or unit cubes. Calculating the unit cubes in the interior and 

exterior of rectangular prism but not organizing them into layers was coded as Strategy B. 

Students who used Strategy B may count the unit cubes systematically or unsystematically. 

Strategy C is related to conceptualizing the rectangular prism according to its faces. Students 

who used Strategy C count unit cubes on all faces or only on the visible faces. Strategy D is 

related to using the volume formula. For instance; multiplying width, depth and height of a 

prism without understanding the reason for multiplication was classified as Strategy D. When 

student was asked why s/he multiplied these numbers, if s/he explained it in terms of its 

layers, the strategy was classified as Strategy A; otherwise it was coded as Strategy D. Lastly 

strategy E was considered to be all other strategies apart from those described before. 

Besides, the data concerning students’ difficulties and the reasons for these difficulties 

was analyzed and determined based on the related literature (Battista and Clements; 1996; 

Ben- Chaim et al., 1985; Hirstein, 1981). In relation to students’ difficulties in calculating the 

volume of the prism, the data was coded as counting all outside cubes, not realizing common 

unit cubes on two adjacent faces, and not being able to give meaning to the numbers that were 

given in the problem. In addition, codes related to the reasons for difficulties in calculating 

the volume of the prism emerged from the data. The codes were as follows: students’ 

conceptualization of a rectangular prism as two-dimensional (having inadequate spatial 

visualization ability),  students’ conceptualization of  a rectangular prism as an uncoordinated 

set of faces, confusing area and volume concept, and students’ lack of understanding related 

to three-dimensionality.  
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In order to ensure validity and reliability of the study, data triangulation and 

investigator triangulation methods were used. Transcripts of interviews and students’ notes 

which the students write on the questionnaire were analyzed by two coders. One of the coder 

was the first researcher and the second coder was an experienced teacher. The data was coded 

individually by two coders. Later, their codes were compared and discussed until they reached 

a consensus.  

Findings  

This study aimed to examine middle school students’ performance, their solution 

strategies, their difficulties and reveal the reasons for these difficulties in calculating the 

volume of a rectangular prism. A summary of the findings of the study are given in Table 2. 

Moreover, Table 3, presented in Appendix A, displays the students’ solution strategies in 

terms of students’ grade level and the frequency of students who developed them. The 

strategies that middle school students developed, their difficulties and the reasons for these 

difficulties in each problem will be explained separately. 

Table 2. 

Students’ Performance, Solution Strategies, Difficulties and the Reasons for the Difficulties in 

Calculating the Volume of a Rectangular Prism for Each Problem of RPVQ 

 
Problem   Performance (%)  Strategies Difficulties The Reasons for the Difficulties 

6
th

 7
th

 8
th

 

1 50 85.7 64.3  Layer multiplying 

 

 Volume formula 

 Counting all    

   outside cubes 

 

 

 

 

 

 

 

 Students’ conceptualization of a 

rectangular prism as two-dimensional 

(having inadequate spatial visualization 

ability). 

 

 Students’ conceptualization of a 

rectangular prism as an uncoordinated 

set of faces. 

 

 Confusing area and volume concept 
 

2 28.6 57.1 71.4  Calculating the  

number of unit 

cubes on the outer 

faces 

 

 Imagining a new 

cube  

 Layer 

multiplying 

 Volume 

formula 

 

 Not realizing 

  common unit    

cubes on two        

adjacent faces 

 Students’ having inadequate spatial 

structuring 

3 28.6 71.4 64.3  Layer multiplying* 

 

 Volume formula* 

 Not being able 

to 

give meaning to 

 Students’ lack of understanding related to 

three-dimensionality 



13 

 

the numbers 

that were given 

in the problem 

 

*The strategy was applied by using the manipulative or by drawing the figure. 

 

The First RPVQ Problem 

 In the first problem, students were asked to enumerate the number of unit cubes in a 

10 x 10 x 10 large cube which is made of unit cubes. Results revealed that 50% of the 6
th

 

graders (7 students), 85.7% of the 7
th

 graders (6 students) and 64.3% of the 8
th

 graders (9 

students) solved the first problem correctly using two different solution strategies. As a first 

strategy, twelve students (7 from 6
th

 grade, 1 from 7
th

 grade and 4 from 8
th

 grade) counted the 

number of unit cubes in one layer and then multiplied this number with the number of layers 

in a 10 x 10 x 10 large cube. This strategy was named layer multiplying by Battista and 

Clements (1996). The second strategy applied by ten students (5 from 7
th

 grade, 5 from 8
th

 

grade) is using the volume formula. Although the 6
th

 graders did not use volume formula to 

solve first problem, 2 students from the 8
th

 grade applied both of the strategies.  The following 

excerpts are examples of layer multiplying strategy and volume formula strategies, 

respectively: 

Participant 16 (6
th

 grader): There are 100 unit cubes in one layer and there 

are 10 layers totally. Therefore, there are 1000 unit cubes in a large cube.  

 

Participant 27 (8
th

 grader): In order to find the number of unit cubes in a   

cube, I should find the volume of a large cube. For this reason, I multiply the 

number of unit cubes on the three edges. So, there are 10 x 10 x 10= 1000 unit 

cubes. 

 

The first problem was solved by 22 students; the remainder (thirteen students) could not 

solve it correctly.  Three students of the 13 did not have any idea how to solve the problem and 

ten tried to solve it but they did not obtain the correct answer. Students who tried to solve the 

problem focused on the number of outside cubes given on all six faces of the large cube. For 

instance, Participant 31 responded to this problem as follows: 

Participant 31 (6
th

 grader):  There are 100 unit cubes on one face of the large 

cube and the large cube has 6 faces. I multiply 100 by 6 to find the number of 

unit cubes in the large cube. So, I get 600.  

 

Briefly, although students had difficulty in solving the first problem, their performance 

in calculating of the number of unit cubes in a 10 x 10 x 10 large cube was above 50% for each 

grade level. The strategies they developed to solve the first problem were layer multiplying and 



14 

 

volume formula and their difficulty was related to counting all visible outside unit cubes of the 

large cube.  

The Second RPVQ Problem 

In the second problem, the middle school students were asked to find the number of unit 

cubes remaining when one layer of unit cubes is removed from all faces. Results revealed that 

28.6% of the 6
th

 graders (4 students), 57.1% of the 7
th

 graders (4 students) and 71.4% of the 8
th

 

graders (10 students) solved this problem correctly using two different solution strategies. As a 

first strategy, fourteen students (3 from 6
th

 grade, 4 from 7
th

 grade and 7 from 8
th

 grade) 

calculated the number of unit cubes on the outer faces which were removed by taking common 

unit cubes into consideration. The following excerpt is an example of the first strategy:  

Participant 9 (7
th 

grader): Let me show you in the figure 

 

.  

 

 

 

 

 

 

 

 

There are 100 unit cubes on both the front face and in the opposite face. These 

two faces have common unit cubes on their adjacent faces. So, there are 20 

common unit cubes. When these common unit cubes are subtracted, there will 

be 80 unit cubes on the adjacent faces. When the top and bottom faces are 

considered, I realized that 36 unit cubes on the four edges are common, and 

there are 64 unit cubes which were not calculated before. Lastly, I should add 

up all these numbers.  

 

 100 + 100 + 80 + 80 + 64 + 64= 488 

 

 

So, 488 unit cubes will be removed and then there will 512 unit cubes left over 

(1000- 488= 512). 

 

1)100 unit cubes 
3)10 unit cubes common on 

two adjacent faces 

2)10 unit cubes common on 

two adjacent faces 4) 80 unit cubes when the 

common unit cubes are 

eliminated 

5) 80 unit cubes when the 

common unit cubes are 

eliminated 
6) 64 unit cubes when 36 

common unit cubes are 

eliminated 

 

Front and  

back faces 

 

Lateral two 

       faces 

 

Top and bottom 

         faces 
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As shown in the transcript, the student realized that there are common unit cubes on two 

adjacent faces.  So, while solving the second problem, s/he took the common unit cubes into 

consideration. 

As a second strategy, four students (1 from 6
th

 grade and 3 from 8
th

 grade) thought that 

there would be a cube inside if the outer faces were removed from the 10 x 10 x 10 large cube. 

Later on, one 8
th

 grader used the volume formula and three students from the 6
th

 and 8
th

 grades 

solved it by layer multiplying. The examples of the second strategy are as follows:  

Participant 19 (8
th

 grader): If I remove the outer faces from the large cube, an 

8 x 8 x 8 cube will be formed. In order to find the number of unit cubes in it, I 

need to calculate its volume. For this reason, I should apply volume formula. 

As a result, I multiply 8 x 8 x 8, and then the number of unit cubes left over is 

512.  

 

Participant 5 (6
th

 grader) : I will eliminate the outer faces from the large cube 

since this problem asks for the number of unit cubes left over when the outer 

faces are removed from 10 x 10 x 10 large cube. Then there will be a new cube 

which has 8 unit cubes in each edge. In this new cube, there are 64 unit cubes 

in one layer and there are 8 layers totally. So 64 x 8= 512 unit cubes will be 

left.  

 

Seventeen middle school students could not solve the second problem correctly; five 

students did not suggest any idea regarding the solution, twelve students tried to solve this 

problem by considering the faces of the large cube. An example of the latter type of response is 

as follows: 

Participant 20 (7
th

 grader): There are 100 unit cubes in one face, and the large 

cube has 6 faces. Therefore, 600 unit cubes will be removed.  

 

Similar to the first problem, the students had difficulties in relation to second problem. 

Twelve students had difficulties related to common unit cubes on two adjacent faces. Even 

though some unit cubes belong to two or three faces, the students were not aware of this 

property of the rectangular prism, as shown in Participant 20’s response given above.  

All in all, the students’ performance in solving the second problem was lower than the 

first one. In order to solve this problem, the students calculated the number of unit cubes on 

the outer faces or imagined that there is a new cube inside the large cube. When the students’ 

erroneous solution strategies were analyzed, it was realized that students did not take the 

common unit cubes on two or three adjacent faces into consideration. While explaining their 

strategy during the interview, those students stated that common unit cubes on the adjacent 
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faces should also be removed from the large cube. Depending on their explanation, it appears 

that students had difficulty in realizing the common unit cubes on two or three adjacent faces.  

The Third RPVQ Problem 

 In the third problem, students were asked to find the number of unit cubes in a 

rectangular prism whose lengths of edges were 5, 13 and 15 unit cubes.  Results revealed that 

28.6% of the 6
th

 graders (4 students), 71.4% of the 7
th

 graders (5 students) and 64.3% of the 

8
th

 graders (9 students) solved this problem correctly using two different solution strategies. 

Similar to the first problem, the solution strategies of students were; volume formula and layer 

multiplying meaning that they calculated the number of unit cubes in a layer, then multiplied 

this number by the number of layers. Students who used the volume formula multiplied only 

the numbers.  One 6
th

 grade student, five 7
th

 grade students, and 4 8
th

 grade students used 

volume formula strategy. However, three 6
th

 graders and two 8
th

 graders applied the layer 

multiplying strategy. In other words, the 7
th

 graders did not use the layer multiplying strategy. 

Three 8
th

 grade students used both of these strategies.  

The only difference between the solution strategies for the first and the third problems 

was the use of the manipulative or drawing the 2D representation of the rectangular prism. 

Seven students used the manipulative to construct the rectangular prism or draw the 2D 

representation of the rectangular prism in the last problem. While two 8
th

 graders drew the 2D 

representation of the rectangular prism, one of them constructed it by using manipulatives. On 

the other hand, one student from 6
th

 grade drew the 2D representation and 2 constructed it with 

manipulative. Lastly, only one 7
th

 grader drew a 2D representation of the rectangular prism to 

solve the third problem.  

The following excerpts from the transcripts are examples of volume formula strategy 

and layer multiplying strategy, respectively.  

Participant 4 (7
th

 grader):  This is an easy problem. In order to find the 

number of unit cubes in a rectangular prism with length of edges of 5, 13 and 

15 unit cubes, I should calculate its volume. I can calculate its volume by 

multiplying its length. Namely, 5 x 13 x 15= 975. 

 

Participant 8 (6
th

 grader): The 2D representation of the rectangular prism is 

like this. 

 

 

 

 

5 

13 
15 
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There are 5 x 15 = 75 unit cubes on the top layer of the rectangular prism. 

There are a total of 13 layers. So, there are 75 x 13= 975 unit cubes in total.   

 

The results revealed that eighteen students succeeded in associating the numbers with 

the depth, width and height of the rectangular prism and then drew the 2D representation or 

constructed the rectangular prism by using manipulatives. After this point, they were able to 

solve the problem correctly.  

Apart from the findings regarding the students’ performance and their solution 

strategies in calculating the volume of a rectangular prism, the data was analyzed in order to 

explore students’ difficulties regarding the third problem. An analysis of the interview 

transcript and students’ responses to the RPVQ revealed that the difficulty for students related 

to the third problem was not being able to give meaning to the numbers which were presented 

in the problem. Six students from 6
th

 grade, 1 from 7
th

 grade, and 2 from 8
th

 grade, who had 

difficulty in solving the third problem, could not associate the numbers with the lengths of the 

given figure. During the interviews, they stated that this figure was a rectangle; for this reason, 

the three numbers given in the problem did not make sense to them as the lengths of a 

rectangle.  So they became confused.  An example of this difficulty is as follows:  

Participant 24 (7
th

 grader): If there are 5 unit cubes in one edge and 15 unit 

cubes in another edge. What about the 13 unit cubes? Is it extra? The figure 

may be a rectangle but there are three different numbers.  I don’t understand 

these numbers.  

 

According to the findings, 9 students were not able to associate the numbers as being 

the lengths of a rectangular prism and thus encountered difficulties. Eight of the 35 students 

were not able to develop a strategy and they said that they have no idea how to solve the 

problem.  

To summarize, although the students’ performance in solving the third problem were 

low, they were able to develop two different strategies as in the first and second problem. The 

strategies they developed were layer multiplying and volume formula strategy and their 

difficulty was not being able to give meaning to the numbers that was given in the problem.  

 

Discussion 

This study aimed to investigate middle school students’ performance, their solution 

strategies, their difficulties and the reasons for these difficulties in calculating the volume of a 

rectangular prism. 
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According to the findings regarding the first problem, the middle school students’ 

performance in calculating the volume of a rectangular prism was about 60%. This can be 

interpreted as although middle school students who participated in the current study do not 

have outstanding performance in calculating the volume of a rectangular prism, their 

performance was higher than our expectation based on the literature. For instance, Ben- Chaim 

et al. (1985) claimed that students’ performance in calculating the volume of a rectangular 

prism was about 50% and NAEP (1979) (as cited in Ben- Chaim et al., 1985) reported student 

performance below 50%.  

For the second and third problems, consistent with the results of the study by Ben- 

Chaim et al. (1985), in our study the students’ performance was about 50% which was lower 

than the performance in the first problem. The reason for this low performance might be that 

the second question not only asked for the number of unit cubes in a large cube but also the 

number of unit cubes remaining when the outer faces of the large cube were removed. In 

addition, the reason for the students’ low performance in the third problem may be the way that 

the problem was presented. In other words, the 2D representation of the problem was not 

presented; the number of unit cubes in each edge was explicitly specified. When the 2D 

representation of the problem is given, students might not need to consider the structure of the 

rectangular prism. Otherwise, they might give meaning to the numbers and envisage a 

rectangular prism or construct it with the manipulative. For this reason, the last problem might 

be harder for students. Based on this, it can be added to the literature (Olkun,1999; Pittalis & 

Christou, 2013) that presenting a problem related to rectangular prism with only numbers may 

be more difficult than presenting it with 2D representations. In contrast to our conclusion, 

Battista and Clements (1996) claimed that the students in their study were more successful 

when the number of unit cubes in each edge is presented clearly than when the problem is 

presented with 2D representations.  

When the number of students who solved each problem correctly was compared, the 8
th

 

graders were more successful than the 6
th

 and 7
th

 graders. This was expected since the students’ 

performance in calculating the volume of a rectangular prism increases when the grade level 

increases. The increase in their maturity and experience may have caused the increase in 

students’ performance as Ben-Chaim et al. (1985) and Olkun (2003) asserted. In addition, the 

volume of a rectangular prism was taught in 8
th

 grade in the Turkish mathematics curriculum 

when the data was collected. Therefore, the 8
th

 graders’ performance in calculating the volume 
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of a rectangular prism would be expected to be higher when compared with the 6
th

 and 7
th

 

graders’ performance. 

Findings revealed that middle school students developed two strategies to find the 

volume of a rectangular prism. The strategies developed in solving the first and third 

problems were layer multiplying and using volume formula which were consistent with the 

study of Battista and Clements (1996). A student who used layer multiplying strategy might 

establish the relationship between unit cubes, layers and rectangular prism which is one of the 

components of the process of spatial structuring as stated by Battista and Clements (1996). 

Another strategy used by students was volume formula. According to the findings, students 

who used the volume formula only memorized the formula; that is, they memorized that the 

length of edges should be multiplied when the volume of a rectangular prism was required.  

Based on the students’ explanation regarding the reason for this multiplication, it can be 

understood that there is no indication of their understanding behind the logic of multiplying 

three edges as presented in the previous studies (Battista & Clements, 1996, 1998; Olkun, 

2003). In this regard, it can be deduced that since the students had not understood the 

structure of a rectangular prism based on its layers, columns and unit cubes, teaching volume 

formula might direct students to memorization.  

Moreover, the analysis of the strategies developed by each grade level for the first and 

third problems showed that, apart from one 6th grade student used volume formula for the 

third problem, none of the 6
th

 graders applied the volume formula for the first problem. 

Instead, they used the layer multiplying strategy. Thus, it appears that the 6
th

 graders 

conceptualize rectangular prism according to its layers. Those findings led us to conclude that 

6
th

 grade students have spatial structuring ability since they are able to establish relationship 

between unit cubes, layers and rectangular prism.  On the other hand, the 7
th

 grade students 

only used volume formula to solve the first and the third problems. The reason for this could 

be that 7
th

 graders tend to use volume formula without understanding the reason for the 

multiplication of the edges of the rectangular prism or they do not perceive rectangular prism 

in terms of its layers. Lastly, the analyses revealed that the 8
th

 grade students use both layer 

multiplying and volume formula for the first and third problems. Thus, it could be deduced 

that some of 8
th

 graders understand the structure of rectangular prism as its layers and some 

only apply volume formula with no indication of their understanding as to the multiplication 

of three edges of the rectangular prism. Besides, some 8
th

 grade students used both the layer 

multiplying and volume formula. These students might notice that the reason for 
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multiplication of three edges emanates from the layer structure of the rectangular prism. For 

this reason, it could be interpreted that 8
th

 grade students have an adequate spatial structuring 

ability.  

When we analyzed the strategies used for the second problem, the results revealed that 

students developed two different strategies. In this problem, the number of unit cubes in a 

rectangular prism was not directly requested; thus the students did not apply the layer 

multiplying or volume formula directly. They need to develop different strategies, and it can be 

realized that these strategies were more complex than those developed for the first and third 

problem.  In fact, both strategies developed by the students for the second problem require 

complex spatial structuring since the students should establish a relationship between the units. 

For instance, in the first strategy, students might think that there are some common unit cubes 

on the two adjacent faces. While solving the problem, they may take these common unit cubes 

into consideration. As Battista and Clements (1996) stated, the students might consider “how 

they are placed in relation to each other” (p. 282). In this way, they might recognize that they 

are common unit cubes. 

The strategies that middle school students developed to solve second problem were also 

analyzed based on their grade level. Sixth and eighth grade students used the same strategies of 

calculating the number of unit cubes on the outer faces (first strategy) and imagining a new 

cube inside the large cube (second strategy). Although the 7
th 

graders solved the second 

problem using only the first strategy, the 6
th 

and 8
th 

graders also applied the second strategy. 

This shows that all students consider that there are common unit cubes on the two adjacent 

faces. In other words, they were able to establish a relationship between the unit cubes and 

faces which requires a spatial structuring ability. However, the 7
th 

grade students were not able 

to develop the second strategy. In a sense, they were not able to perceive that there will be a 

new cube inside if the outer faces were removed from the 10 x 10 x 10 large cube. The reason 

for this might be that the 7
th 

graders did not understand the spatial structure of a rectangular 

prism based on its layers. Instead, they might conceptualize the structure of rectangular prism 

as its faces.  

Based on the literature and our findings, students have difficulties in calculating the 

volume of a rectangular prism. Even though the students were at different grade levels, their 

difficulties were same for three problems. First, the students counted the number of unit cubes 

on the visible faces and doubled that number; that is they counted all outside cubes while 

enumerating the number of unit cubes in a rectangular prism. One of the reasons for this 



21 

 

difficulty as stated by Hirstein (1981) is that students might confuse the area and volume 

concept meaning that students might not know meaning of the volume concept. They might 

assume that the volume of a rectangular prism can be calculated by counting the number of 

unit cubes on outer faces. Another reason for this difficulty might result from the students’ 

conceptualization of a rectangular prism as an uncoordinated set of faces since students may 

be unaware of the structure of a rectangular prism. They might think that the rectangular 

prism is like an empty box. Based on this approach, students might only calculate the unit 

cubes on the outer faces. A further reason for this difficulty might be that students may not 

consider the rectangular prism as two-dimensional. This difficulty was also identified by Ben-

Chaim et al. (1985) and they concluded that “dealing with two dimensions rather than three is 

related to some aspects of spatial visualization ability” (p. 406). So, it may be interpreted as 

the students who have this difficulty have inadequate spatial visualization ability because of 

not being aware of three-dimensionality and two-dimensionality. Another difficulty based on 

the students’ lack of understanding related to three-dimensionality is not being able to 

associate the given numbers with the depth, width and height of a rectangular prism. 

According to Olkun(2003) without understanding three-dimensionality it is not possible for 

the students to mentally configure the prism easily. In this sense, it could be concluded that 

the 2D representation may be the key for them to comprehend the three-dimensionality of the 

rectangular prism. 

In our study, students were not ability to identify that there are common unit cubes on 

the two adjacent faces which is another difficulty related to calculating the volume of 

rectangular prism. Namely, they may not know how the unit cubes are placed in a rectangular 

prism. The reason for this difficulty could be the students’ inadequate spatial structuring which 

prevents them from establishing the relationship between units as Battista and Clements (1996) 

stated.   

Conclusion 

The results of this study show that some students could not calculate the volume of a 

rectangular prism correctly and they had difficulties in calculating the volume of rectangular 

prism. Our data revealed that if middle school students know the volume formula, they focus 

on applying it. However, they do not try to solve the problem by using different strategies even 

if we asked whether they could solve the problem in a different way. For this reason, the 

effective way to teach the volume of prism appears to be with a great deal of activities with the 

manipulative before teaching the volume formula as claimed by Olkun (2003). With the help of 
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the manipulative, students might be better able to discover the spatial structure of the 

rectangular prism based on its layers, columns and unit cubes. By this way, students can easily 

understand that rectangular prism does not just consist of its faces. So, they will not focus only 

on its faces when solving problems related to the volume of a rectangular prism. In this way, 

the students’ difficulties in calculating the volume of a rectangular prism could be resolved.  

Finally, this research has implications and recommendations for future studies. The 

study gives information about middle school students’ performance, solution strategies, 

difficulties and the reasons for these difficulties in calculating the volume of a rectangular 

prism. This information may be useful for mathematics teachers while teaching the volume of a 

rectangular prism. First, teachers and curriculum developers should recognize that this topic 

can be taught without explicitly teaching the volume formula. In this regard, the students’ 

solution strategies may give a clue to the teachers and curriculum developers about the 

alternative solution strategies to find the volume of a rectangular prism. Moreover, the 

difficulties that students encountered and the reasons for these difficulties in finding the volume 

of a rectangular prism may also help teachers become aware of the students’ incorrect 

understanding about the volume of a rectangular prism.  

 Based on the literature review given in this paper, it can be deduced that there were a 

limited number of studies concerning the students’ understanding related to the volume of a 

rectangular prism. We suggest that students’ performance, solution strategies, difficulties and 

the reasons for these difficulties related to the volume of a rectangular prism should be 

explored further and in detail to create a better picture of students’ understanding about the 

volume of a rectangular prism. In this way, the researchers, the teachers and the curriculum 

developers may get idea about the development of students’ understanding about the volume of 

a rectangular prism when their grade level increases. Finally, this study was limited to a 

rectangular prism, further could be undertaken to discover students’ understanding regarding 

the volume of other solid figures.  
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Appendix A 

Table 3. 

Students’ Performance, Solution Strategies, Difficulties and the Reasons for the Difficulties in Calculating Volume of Rectangular Prism for Each 

Problem of RPVQ 

Problem   Performance 

(%) 

Strategies Difficulties The reasons for the Difficulties 

6
th

 7
th

 8
th

 6
th

  (14 students) 7
th 

 (7 students) 8
th

  (14 students) 

1 50 85.7 64.3  Layer 

multiplying 

(7 students) 

 

 Layer multiplying  

(1 student) 

 Volume formula  

(5 students) 

 

 Layer multiplying  

(4 students) 

 Volume formula 

(3 students) 

 

(2 students used both 

strategies) 

 Counting all outsides 

cubes  

 

 

 

 

 

 

 

 Students’ conceptualization of 

a rectangular prism as two-

dimensional (having 

inadequate spatial 

visualization ability) 

 Students’ conceptualization of 

a rectangular prism as an 

uncoordinated set of faces 

 Confusing area and volume 

concept 

2 28.6 57.1 71.4  Calculating the 

number of unit 

cubes on the outer 

faces  

(3 students) 

 Imagining a new 

cube  

 Layer 

multiplying  

(1 student) 

 

 Calculating the 

number of unit 

cubes on the outer 

faces  

(4 students) 

 

 

 Calculating the 

number of unit 

cubes on the outer 

faces  

(7 students) 

 Imagining a new 

cube  

 Layer multiplying  

   (2 students) 

 Volume formula  

   (1 student) 

 

 Not realizing 

  common unit    

cubes on two        

 adjacent faces 

 Students’ having inadequate 

spatial structuring 
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3 28.6 71.4 64.3  Layer multiplying  

  (3 students) 

 Volume formula  

(1 student) 

 

 Volume formula 

(5 students) 

 Layer multiplying  

(2 students) 

 Volume formula  

(4 students) 

 

(3 students used both 

strategies) 

 Not being able 

  to give meaning    

to the numbers that was 

given in the problem 

 Students’ lack of 

understanding related to three-

dimensionality 

 

 


