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Learning objectives

The work in this unit is focused on the classification of numbers into different sets. After completing
Unit A6 you should be able to

• convert whole numbers to Roman numerals

• convert Roman numerals to whole numbers

• classify real numbers as rational or irrational

• appreciate the difference and overlap between the sets:

R real numbers

Q rational numbers

Q+ positive rational numbers

N natural (counting) numbers

Z integers

• convert base 10 numbers to/from Binary (base 2).

Introduction

This unit brings together and extends our knowledge of numbers. The key concepts covered here
involve Roman numerals, rational and irrational numbers and number bases.

We refer to the numbering system used in ancient Rome and still in use today as Roman numerals.
Letters from the Latin alphabet are used to signify values, with the numbers from 1 to ten written as

I,  II,  III,  IV,  V,  VI,  VII,   VIII,  IX,  X

This system continued after the decline of the Roman Empire and is used today, for example, on some
clock-faces, to represent dates in some instances (at the end of the credits on TV programmes); we
often refer to World War I and World War II and the preliminary pages of books are often numbered
using this system, usually in the lower case format, i, ii,  iii, etc. There are various thoughts on the
origin of the system; some think it developed from the use of tally sticks, some from counting on
fingers and others have different theories.

*

*

*
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π

e Eor( )

φ
The Golden Ratio (

1 5

2

+( )
 is an irrational number. It is often

represented by the Greek letter phi (φ ). The first few digits are

1.61803398874989484820...

Many square roots, cube roots, etc. are also irrational numbers.
Examples are

2 =  1.4142135623730950488016887242096980785696718...

3 =  1.7320508075688772935274463415058723669428052...

1

1
2

Pi is probably the most familiar irrational number (denoted by this
Greek letter). People have calculated Pi to over one million decimal
places and still there is no pattern!

The first few digits of π  are

3.1415926535897932384626433832795...

The number  e Eor( )  (Euler's Number) is another famous irrational

number. People have also calculated e to many decimal places with-
out any pattern showing. The first few digits are

2.7182818284590452353602874713527...

A rational number is essentially any number that can be represented by a fraction (this, of course,

includes integers as you can express, for example, 2
2
1

 as ). Any number that is not rational is called

an irrational number. Here are some well known irrational numbers:

The concept of irrationality was implicitly accepted by Indian mathematicians from the 7th century
BC, when Manava (c. 750 - 690 BC) was aware that the square roots of some numbers, such as 2 and
61, could not be exactly determined.

The first proof of the existence of irrational numbers is attributed to
Hippasus, a fellow of Pythagoras. He showed that the hypotenuse of
the right-angled isosceles triangle with sides of length 1 could not be
calculated exactly. It is in fact 2 .

However, followers of Pythagoras could not accept this, believing that
all numbers in geometry must have exact values. Legend has it that
Hippasus, who made his discovery while out at sea, was thrown
overboard from the ship and drowned!
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The Greek mathematicians did eventually accept that Hippasus's discovery was, in fact, correct but it
was not until the Middle Ages that it was accepted that irrational numbers could be solutions to
quadratic equations (the Egyptian mathematician Abu  Kamil  Shuja  ibn Aslam (c. 900 AD)
illustrated this). It was later still, about 15th century, that the irrational number π  was discovered.

Both solving quadratic equations and using π  in trigonometric problems are covered elsewhere in the
course; hence this unit is preliminary work for these topics.

The second theme in this unit is that of number bases. The representation of numbers in binary form
has come into general usage only comparatively recently, due to its applications in logic theory in the
19th century and in coding from the 20th century onwards.

Binary is, of course, the simplest way of representing numbers as it uses just 0 and 1, but it could be
argued that it is not very efficient.  In fact, a variety of bases and not the usual base 10 were used in
early times.  For example, the Babylonians essentially used base 60, and this has survived as the
measurement used for both time and angles.  It is not entirely clear why they used base 60, but it is
conjectured that it was because 60 is easily divisible by many small integers.

The use of binary came to prominence with the advent, during the last century (1950 onwards), of
electronic (rather than mechanical) number machines, where a particular device is either 'on' or 'off '
(i.e., '1' or '0').  Applications have grown with the development of both hardware and software,
although other bases (particularly base 16) have also found application.

Additionally, binary is the building block of both logic theory and Boolean Algebra, and, most
recently, the enormous growth in coding is in part dependent on binary type analysis, since again it
involves the concept of using just '1' and '0', i.e., 'on' or 'off'.  So, clearly, binary is a topic with key
modern applications.

Key points and principles

• Every whole number has a unique representation as a set of Roman numerals, using

I 1

V 5

X 10

L 50

C 100

D 500

M 1000

• Rational numbers are of the form 
m

n
 where m and n are integers and n ≠ 0 .

• Irrational numbers are numbers that are not rational, that is, they cannot be expressed in the

form 
m

n
 where m and n are integers and n ≠ 0 .

• Numbers can be expressed uniquely in, for example, binary, using just the digits 0 and 1.
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Facts to remember

• In Roman numerals 'I' is placed before 'V' and 'X' to make 4 (IV) and 9 (IV) respectively.
Similarly, 'X' is placed before 'C' to denote 40 (XL) and 90 (XC) respectively and 'C' is placed
before 'D' and 'M' to make 400 (CD) and 900 (CM) respectively.

• Any rational number can be written as  
m

n
  when  m  and   n  are integers and  n ≠ 0 ; if  m  and

n  are co-prime, the number is in its simplest form.

For example,  
8

6

4

3
=⎛

⎝
⎞
⎠

,   5
5

1
=⎛

⎝
⎞
⎠

,  −
7

2
,  etc.

• Any real number that is not a rational number is called an irrational number.

For example, 2 ,  3 ,  5 ,  2 2 ,  π ,  3π ,  etc.

• In Base 2, the only digits used are 0 and 1.

Glossary of terms

Real number The real number system consists of whole numbers, fractions, decimals and
irrational numbers (see below). These numbers may be positive, zero, or
negative.

The set of real numbers is denoted by Q.

Rational number Any number of the form  
m

n
  when n and m  are integers and  n ≠ 0 .

The set of rational number is denoted by Q.

Irrational number        Any real number that is not rational.

Natural (or counting) numbers     these are  1, 2, 3, ... ;  the set of natural numbers is denoted by N.

Binary number system   The number system in which any number is expressed in terms of powers of 2.

That is
   ....  2 2 2 2 2 1 2 24 3 2 1 0 1 2, , , , , , , ... .=( ) − − etc

The binary number system uses only the digits 0 and 1; for example,

  101 1 2 0 2 1 2 52 1 0= × + × + × =

Integer The positive and negative whole numbers and zero; for example,

                  ..., , , , , , , , ...,− − −3 2 1 0 1 2 3

The set of integers is denoted by Z.

Positive natural numbers     the set of positive rational numbers is denoted by  Q+ .


