Chapter 9 Matrices and Transformations

9 MATRICES AND
TRANSFORMATIONS

Objectives

After studying this chapter you should

» be able to handle matrix (and vector) algebra with confidence,
and understand the differences between this and scalar algebra;

e be able to determine inverses2% 2 matrices, recognising
the conditions under which they do, or do not, exist;

* be able to express plane transformations in algebraic and
matrix form;

» be able to recognise and use the standard matrix form for less
straightforward transformations;

e be able to use the properties of invariancy to help describe
transformations;

e appreciate the composition of simple transformations;

* be able to derive the eigenvalues and eigenvectors of a given
2x 2 matrix, and interpret their significance in relation to an
associated plane transformation.

9.0 Introduction

A matrix is a rectangular array of numbers. Each entry in the
matrix is called arlement Matrices are classified by the
number of rows and the number of columns that they have; a
matrix A with m rows andn columns is amxn (said m by n")
matrix, and this is called tharder of A.

Example
Given

a 4 20

ATB a off

thenA has orde2 x 3 (rows first, columns second.) The elements
of A can be denoted bg; , being the element in thénh row and

jth column ofA. In the above case,; =1,a,; =0, etc.

235



Chapter 9 Matrices and Transformations

Addition and subtraction of matrices is defined only for matrices of
equal order; the sum (difference) of matridéeandB is the matrix
obtained by adding (subtracting) the elements in corresponding
positions ofA andB.

Thus

M 4 20 1 2 30

A B a1 of*™PTHa 3 =3[

_® 6 50 .02 2 -1Q
O A-FB-_E% > _3[}and A B-_E%l 4 :3H

However, if

2 30

““h 4B

thenC can neither be added to maubtracted froneither ofA or B.

If you think of matrices as stores of information, then the addition
(or subtraction) of corresponding elements makes sense.

Example

A milkman delivers three varieties of milk Pasteurised (PA), Semi-
skimmed (SS) and Skimmed (SK)) to four houses (E, F, G and H)
over a two-week period. The number of pints of each type of milk
delivered to each house in week 1 is given in matrpwhile N
records similar information for week 2.

PA SS SK PA SS SK
Em 4 30 EM 7 8
Fi2 o %:M Fdo o %:N
G2 7 60 GO 8 7O
HBs 9 o HHE 10 of

Then
M2 11 11
0
M+N:%2 0 8
2 15 131
Ha 19 of

records the total numbers of pints of each type of milk delivered to
each of the houses over the fortnight,
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Chapter 9 Matrices and Transformations

and
04 3 53
0 0
Ny o2 0 2
32 1 10
B 1 of

records the increase in delivery for each type of milk for each of
the houses in the second week.

Suppose now that we consider the2 matrix, P, giving the prices
of each type of milk, in pence, as charged by two dairy companies:

1 2
PA [B5 363

SS 32 30=P

SK B7 27

What are the possible weekly milk costs to each of the four
households?

Define the cost matrix as

1 2

E®y ¢,0

O
F %’21 022 D: C
Gl 632%
H®s Cao[

Now c, is the cost to household E if company 1 delivers the milk
(in the week for which the matriM records the deliveries)
and so
C; =8x35+4x32+3x27
=489p

Essentially this is the first rof8 4 3 of M 'times’ the first

850
O
column %BZDOT P.

275

Similarly, for exampleg,, can be thought of as the 'product’ of the

860
third row ofM, [2 7 6], with the second column &, %OEi S0

275
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Chapter 9 Matrices and Transformations

that C;, =2%x36+7%x30+6%27
=444p

This is the cost to household G if they get company 2 to deliver
their milk.

Matrix multiplication is defined in this way. You will see that
multiplication of matriceX andY is only possible if

the number of column¥ = the number of rows of

Then, ifX is an(axb) matrix andB a (cxd) matrix, the
product matrixXY exists if and only iftb=c andXY is then an
(axd) matrix. Thus, folP = XY,

P=(p;).

where the entryp; is the scalar product of thth row of X

(taken as a row vector) with thh column ofY (taken as a
column vector).

Example
Find AB when
02 50
a2 4 20 5.0, (O
B -1 o ~ O 0
B1 3H
Solution

A is a2x3 matrix,B is a3x2 matrix. Since the number of
columns ofA = the number of rows d8, the product matriXAB

exists, and has ordé@rx 2.

(P11 PO
P=AB=
B)Zl pzzH

020
_ 0,0 _
pu=[1 4 2. g2 F2+8-2=8, etc

E1H

giving

[EEN

M
PV
e
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Chapter 9 Matrices and Transformations

The answers to the questions in the activity below should help you
discover a number of important points relating the matrix
arithmetic and algebra. Some of them are exactly as they are with
ordinary real numbers, that is, scalars. More significantly, there
are a few important differences.

Activity 1

(1) In the example above, suppose tQat BA. What is the
order ofQ? Comment.

(2) (a) TakeC= 1o andD o1 080 What is the
% 2 H2 5 70

order ofCD? What is the order dC? Comment.

(b) TakeE = E_S 2Eand F= g _i% What is the order

of FE? Work outEF andFE. Comment.

(c) (i) Work outCE andFC
(il) Work out CExF and CxEF. Comment
(iii) Work out FxCE and FCxE. Comment.
(3) Using the matrices given above, work out
CF, C+F, E+F.

Answer the following questions and comment on your
answers.

(a) Is CE+CF=C(E+F)?
(b) Is CE+FE=(C+F)E?
(c) Is CE+EF=E(C+F)?
(d) Is CE+EF=(C+F)E?

Summary of observations

You should have noted that, for matriddsandN, say:

e the product matriMN may exist, even iINM does not.
« even ifMN andNM both exist, they may have different orders.

» even ifMN andNM both exist and have the same order, it is
generally not the case thaIN = NM . (Matrix multiplication
does not obey theommutative law. Matrix addition does:
A+B=B+A provided thatA andB are of the same order.)

e when multiplying more than two matrices together, the order in
which they appear is important, but the same result is obtained
however they are multiplied within that order. (Matrix
multiplication is said to obey th&ssociative law)
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Chapter 9 Matrices and Transformations

e A matrix can be pre-multiplied or post-multiplied by another.
Multiplication of brackets and, conversely, factorisation is
possible provided the left-to-right order of the matrices
involved is maintained.

For a sensible matrix algebra to be developed, it is necessary to
ensure thaMN andNM both exist, and have the same ordeMas
andN. That is,M andN must be square matrices. In the work
that follows you will be working witi2 x 2 matrices, as well as

with row vectors {x 2 matrices) and column vector2&1
matrices).

Exercise 9A

1. Work out the values of andy in the following 3. The transpose oA = & b is the matrixAT
cases: H: dH

obtained by swapping the rows and columns of
10 0 50O

@ H—lg -5 HZZH HH A; i.e.ATzﬁl ZE Find the conditions
10 x0 0 50 necessary for it to be true thAA™ =ATA.
() H—lg =H BH He2H 4. (a)Find the value ofi for which
# 10 do Ij.D

2g 0 g8 g 5 18 B

3
-1 8
Hl H BH Bf H (b) Find the values o& andb for which

=50 xO_ 200

5
of R IREE ;R

©) 01 -70 xO_o40o 5. (@) Find a matrix8 such that
Hs 21 BH HaH 02 50012 300
Comment on your responses to parts (d) and (e). H—4 QH H—24 545
-10 (b) Find two2x2 matricesM andN such that

2. A= . FindA2 andA3. If we sayAl=
2 1f Y

0
) ) MN = ® Dwithout any of the elements in
is there any meaning ta°? ® of

M or N being zero.

9.1 Special matrices

0
The2x2 matrix| = % lﬁ has the property that, for arx 2

matrix A,

IA=Al =A

In other words, multiplication by (either pre-multiplication or
post-multiplication) leaves the elementsfofinchanged.
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Chapter 9 Matrices and Transformations

| is called thedentity matrix and it is analogous to the real
number 1 in ordinary multiplication.

0
The2x2 matrixZ = 0 Dis such that
® of

Z+A=A+Z=A
and ZA=AZ =7,

that is,Z leavesA unchanged under matrix addition, and itself
remains unchanged under matrix multiplication. For obvious
reasonsZ is called thezero matrix.

Next, although it is possible to define matrix multiplication
meaningfully, there is no practical way of approaching division.
However, in ordinary arithmetic, division can be approached as
multiplication by reciprocals. For instance, the reciprocal of 2 is

4, and 'multiplication by} ' is the same as ‘division by 2'. The
equation2x =7 can then be solved by multiplying both sides;by

1x2x=4x70 x=3x%x5

It is not necessary to have division defined as a process: instead,
the use of the relation(§) x2=1 and 1x x = x suffices.

In matrix arithmetic we thus require, for a given matixthe
matrix B for which,

AB=BA=1.

B is denoted byA™ (just as 27' = 1) and is called thaverse
matrix of A, giving

AAL= ATA = |

Activity 2 To find an inverse matrix

@ bo . . e fo
Let A= You need to find matriB, of the form
& dd B h

say, such thaAB =1.

Calculate the product matrikB and equate it, element by element,
with the corresponding elementslof This will give two pairs of
simultaneous equations: two equation® sndg, and two more
equations irf andh. Solve fore, f, g, hin terms ofa, b, ¢, d and

you will have foundA™ (i.e.B). Check thaBA =1 also.
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Chapter 9 Matrices and Transformations

Summary

a 1 0Od -bg

- (ad-bc)Hc  a
and ATA=AAT=].

The factor &d—bc) present in each term, is called the
determinant of matrixA, and is a scalar (a real number),

denoteddetA .

=1, which is not defined. In this case,
ad-bc O

A! does not exist and the matexis described asingular
(non-invertible). 1fA™ does exist the matrik is described as
beingnon-singular (invertible).

If ad =bc, then

For A= E ZE we write

a b
detA = =ad-bc.
c d

So a matrixA has an inverse if and only if dét# 0.

Example

4
Find the inverse ofX = 2 m
5 -1H

Hence solve the simultaneous equations

2x+4y=1
5x— y=8

Solution
detX =2x(-1)-4x5=-22.

So xiz- L0 =40
2Hs5 2

_ 3 A0

_Ds _1D

Gz —#i0
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The equations can be written in matrix form as

2 40 xo_do

5 - BERES Y

Chapter 9 Matrices and Transformations

XO FiN .
whereu andv are the column vectorg/H and @H respectively.

(Pre-) Multiplying both sides bX™ gives

X Xu =X
0 lu =X
0 u =X

- xg_ 1 40 4O
© BH 26 -2H BH
_103+320

" 2205-16H

OO
-0 ]_D
020
so that x=3, y=3%
Exercise 9B
. . ) 02 30 5
1. Evaluate the following determinants 5. GivenX = 5-2 15 show thatX<-3X+8l =Z.
12 5 36 -9 4
b Deduce thatX™ =1(31 -X).
@, 4 ® | 7 5(31-X)
[Note: 3X =(31)X, for instance.]
X+2 4-X
() }

2. Find the inverses o4&, B andC, where

6. TakeA:E ZE and B=Erp :EI Prove that

det{AB) = detA detB.

vy 190 05 10 @ —-40
A= BZ 65 B= %0 2% C= Hl 35 7. Show that all matrices of the form
3. Find all values ok for which the matrix ba+b ag
B 3a bB
M 03 k+20. . |
= is singular. i
H‘k k—ZH g commute with
2 1
70° A=
4. By findingg Gﬁ solve the equations & '45
3+ 7v=9 [A and B commute ifAB =BA]
X+7y=
X+6y=5
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1o . . @ bO.
find AB 10. (a) Show that th@x2 matrix M = is
1H ® df

8. Given Azg ;E and B=E_; -

and(AB)—l_ singulgr if and only if one row (or column) is
a multiple of the other row (or column).
(a) Show thaf{AB)™#A™B™. (b) Prove that, if the matriM - A1) is singular,
where A is some real (or complex) constant,
(b) Prove that(AB) ™ =B™A™ for all 2x2 non- then A satisfies a certain quadratic equation,
singular matrice#\ andB. which you should find

@ bOo M 10 0l 0Q

I L o R L

s kis X

Describe the effect on the rows Afof pre-
multiplying A by (i) B, (ii) C, (iii) D, (iv) E,
(v) F. (That is,BA, CA, etc).

9.2 Transformation matrices

Pre-multiplication of & x1 column vector by & x 2 matrix
results in a2 x1 column vector; for example,

03 40 o/0 070

H1 28 B Hef

7
If the vectorﬁ_lﬁis thought of as a position vector (that is,
representing the point with coordinates (7, —1), then the matrix
has changed the point (7, —1) to the point (17, —=9). Similarly,

the matrix has an effect on each point of the plane. Calling the
transformationT, this can be written

1.0 XD
b
T maps point{x,y) onto image point$x',y').

Using the above matrix,

X0 03 40 XO
BH B 28 By
[Bx +4y[]

" Bx+2y
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Chapter 9 Matrices and Transformations

and the transformation can also be written in the form
T:X'=3x+4y,y'=-x+2y.

[The handling of either form may be required.]

Activity 3

You may need squared paper for this activity.

Express each of the following transformations in the form
xX'=ax+hy, y'=cx+dy

for some suitable values of the constamtb, c andd (positive,
zero or negative). Then re-write in matrix form as

X0 @ bo O

YH B dof BH

You may find it helpful at first to choose specific points (i.e. to
choose some values farandy).

(a) Reflection in the-axis.

(b) Reflection in they-axis.

(c) Reflection in the lingy = x.

(d) Reflection in the lingy = —x.

(e) Rotation through90° (anticlockwise) about the origin.

(f) Rotation through180C° about the origin.

(9) Rotation through 90° (i.e. 90° clockwise) about the origin.
(h) Enlargement with scale factor 5, centre the origin.

9.3 Invariancy and the basic
transformations

An invariant (or fixed) point is one which is mapped onto itself;
that is, it is its own image. Amvariant (or fixed)line is a line

all of whose points have image points also on this line. In the
special case when all the points on a given line are invariant — in
other words, they not only map onto other points on the line, but
each maps onto itself — the line is callelih@ of invariant points

(or a pointwise invariant line).

The invariant points and lines of a transformation are often its key
features and, in most cases, help determine the nature of the
transformation in question.
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Example
Find the invariant points of the transformations defined by

(a) x'=1-2y, y'=2x-3

Rl
yH 2 20 B4
Solution

(a) For invariant pointsx'=x andy'=y.
Thus
x=1-2yandy=2x-3
giving x=1-2{2x-3}
0 X=1-4x+6
0 bx=7 andx=£,y=-1
The invariant point is{l,—%).

(b) x'=x,y'=y for invariant points
O x=%x+8y and y=2x+3y
0 5x = 21x +8y S5y =8x+9y
0 y=-2X y=-2X

and all points on the ling =-2x are invariant.

Example

Find, in the formy = mx+c, the equations of all invariant lines
of the transformation given by

a7 240 xO

X0
g 24 74 BH

Solution
Firstly, note that ify = mx+c is an invariant line, then all such

points &, y) on this line have image points,(y') with
y'=mx+c also.

Now X'= TX + 24y = 7x + 24(mx+ ¢) = (7 + 24m)x + 24c

and y'=24x -7y =24x - 7(mx+c) = (24~ 7Tm)x - 7c
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Chapter 9 Matrices and Transformations

Therefore, ag/'=mx +c, we can deduce that
(24~ 7m)x~7c = m[(7+24m)x + 24c] + ¢
0 0=(24m? +14m-24)x +(24m+8)c

Sincex is a variable taking any real value whiteandc are
constants taking specific values, this statementocey be true if
the RHS is identically zero; whence

24n? +14m-24=0 and( 24n+8)c=0.
The first of these equations
O 2(4m-3)(3m+4)=0

U m=y or —

N[V
Wl

The second equation
O m=-}orc=0.
Clearly, thenm# -1 since in this case the coefficientgf
24m? +14m- 24, would not then be zero.
There are, then, two cases:
(i) m=2,c=0 giving the invariant liney = 3 x;
(i) m=-%,c=0 giving a second invariant ling=-%x.

Note that a transformation of the plane that can be represented by

a 2x 2 matrix must always include the origin as an invariant
point, since

Ag% gﬁfor any matrixA.

Therefore clearly not all transformations are matrix representable.

The six basic transformations, together with their respective
characteristics and defining features, are given below. You will
return to them again, and their possible matrix representations, in
later sections.

Translation

Under atranslation each point is moved a fixed distance in a
given direction:

0 xg @O
H HH B
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Chapter 9 Matrices and Transformations

The vector@ﬁis called thdranslation vector, which completely

defines the transformation. Distances and areas are
. @0, . .
preserved, and (provided th@'ggﬁ E’ there are no invariant

points. Thus a non-zero translation is 26¢2 matrix
representable. Any line parallel to the translation vector is
invariant.

Stretch

A stretch is defined parallel to a specified line or direction.

Any line parallel to this direction is invariant, and there will be
one line of invariant points perpendicular to this direction.

Points of the plane are moved so that their distances from the
line of invariant points are increased by a factok.oDistances

are, in general, not preserved and areas are increased by a factor
of k.

Example
The transformation

T:X'=X, y'=2y

is a stretch of factor 2 in the direction of tr@xis. The line of
invariant points is the-axis.

Enlargement

Under anenlargementof factork and centre C, each point P is
movedk times further from point C, the single invariant point of

the transformation, such the&P = kCP. Any line through C is
invariant. Distances are not preserved (unles4); areas are
increased by a factor d&f.

Example
The transformation

T:x'=2x-1,y'=2y
is an enlargement of factor 2 with centre (1, 0). For dacly),

(x,y)-(1 09=2((x y)-(1 0).
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Projection

A trivial transformation whereby the whole plane is collapsed
(projected) onto a single line or, in extreme cases, a single point.

Example
The transformation

T:x=0,y=y

projects the whole plane onto thexis.

Reflection

A reflection is defined by its axis or line of symmetry, i.e. the
‘mirror' line. Each point P is mapped onto the point P' which is the
mirror-image of P in the mirror line; i.e. such that PP" is
perpendicular to the mirror and such that their distances from it are
equal, with P and P' on opposite sides of the line. Thus all points
on the axis are invariant, and any lines perpendicular to it are also
invariant. A reflection preserves distances and is area-preserving.

Example
The transformation
T:X'=2-X,y=y

is a reflection in the linex =1.

Rotation

A rotation is defined by its centre, C, the single invariant point
and an angle of rotation (note that anticlockwise is taken to be the

positive direction: thus a clockwise rotation@d° can simply be
described as a rotation @70°). Points P are mapped to points P’
such thatCP'= CP and PCP'= 6, the angle of rotation. There are
no invariant lines, with the exception of the case 28& (or
multiples of180°) rotation, when all lines through C will be

invariant: note that 480° rotation is identical to an enlargement,
scale factor —1, and centre C. Distances and areas are preserved.

Example
The transformation

T:X'=-y, y'=X

is a rotation 090° with centre the origin.
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Exercise 9C

1. Find the invariant points of the following 2. A transformation of the plane is given by the

transformations:
(a) x'=2x+1,y'=3-2y;
(b) X0 x+y-10g
HH Hi-2x B
X0 08 -150 O

BT H e B

(d) xX'=x,y'’=2-y

(e) 5x'=9x+8y-12
5y'=8x+21ly-24

0 B'D:% —%E X0 20
HH 8 5 HH B

(g) x'=bx+6y-1,
y'=2x+4y-4

matrix
a 40
A=
B 1
Find the invariant lines of the transformation.
A transformation of the pland,, is given by
X'=5-2y,y'=4-2x.

Find the invariant point and the invariant lines
of T.

A transformation of the plane is given by the
matrix

2 2g

H s
Find all the invariant lines of the transformation.
Determine any fixed lines of the transformation

given by

— 1 1 " — 1
X=3X+zY,y=X+t3Yy

Describe the transformation geometrically.

9.4 The determinant

If a plane transformatiof is represented by 2x 2 matrix A,
thendetA, the determinant oA, represents the scale factor of
the area increase producedby

To illustrate this, consider the effect of the transformation given
by the matrix

@ bo

AR df

on the unit square, with vertices at (0, 0), (1, 0), (0, 1) and (1,1

(a+b,c+d)

and of area 1.

The images of the square's vertices are on the diagram at (0, 0),
(a ¢), (b, d) and(a+b, c+d) respectively. You will see that the
square is transformed into a parallelogram.

D

By drawing in rectangles and triangles it is easily shown that the
area of this parallelogram is

(b, d)

(ac

0
(a+b)(c+d)-2[bc+%bd+}ac]

=ad-bc
= detA
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Note that if the cyclic order of the vertices of a plane figure is
reversed (from clockwise to anticlockwise, or vice versa) then the

area factor is actually detA . Strictly speaking then, you should
take| —detA |, the absolute value of the determinant.

Activity 4

Write down the numerical value of some determinants of matrices
which represent

(a) a stretch; (b) an enlargement; (c) a projection;
(d) areflection; (e) a rotation.

9.5 The rotation and reflection
matrices

Rotation about the origin

Let O be the origin (0, 0) and consider a poR(,y) in the plane,

Pk Y

with OP=r and angle between OP and thaxis equal top.

[Note thatr =+ x*+y? andx=rcosg, y=rsing.]

Let the image of P after an anticlockwise rotation about O through an
angle 6 be P(x,y).

Then, x'=rcog6+ ) Py
=r(cosfcosp-sindsing)

=r cos@cosd - r singsing

6+¢

=xcosf-ysin@

Also, y'=rsin(6+ ¢)
=r(sinfcosp+ cosdsing)
=r cos@sin@ +r sin@cosd
= Xxsin@ +ycosf

X'J] [©cos@ -sinf[] xXO

Thus O Hine  cossH BA
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For a clockwise rotation through about O either

(i) replace8 by -6 and usecoq-6) = cosf,
sin(-6) = —sin@ to get the matrix

gcosf sindQ
H—sin@ cos@H

or

_ mosH -sinegt
find
(i) fin Bsine cos@H

cosf@ -sinf
sin@ cosf

be, since rotating plane figures leaves area unchanged), and
the above matrix is again obtained.

=cos 6 +sin? 8 =1 (which it clearly should

Check the following results with your answers to parts (e) — (g)
in Activity 3.

. o 0 -10
Putting 6 =90° gives the matn)El OB

. 1 0O
6 =18C gives the matr|>E0 ‘1H

0
6=-90° or 270 gives E‘l ;E

Reflection in a line through the origin

Consider the point R(y), a distancel from the liney = xtang

(where 8 is the angle between the line and the posixhaxis),
and its image PX(, y) after reflection in this line.

Method 1
Using the formula for the distance of a poink,Bf from the |
line mx-y=0, wherem=tan8, the distance y
g=_Mx-y
\1+m?
_ Xtanf-y
\1+tar? 0

x,y)
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_ Xxtanf-y
secd

since 1+tar? 8 =sec 6

= Xxsinfd-ycosb.
Then,
X'=x-2dsin@
= X —25sinf(xsin6 - ycosd)
= x(l— 2sir? 9) +yx2sinfcosh
=XcosB+ysin20.
Also, y'=y+2dcosf
= y+2cosf(xsin6 - ycosd)
= x x 2sinfcosh + y(l— 2cog 6)

=Xxsin20-ycosP.

Thus

X'0 [cosP sin26[] X0

B/‘Ez Esinze —cos%E B/H

This method is somewhat clumsy, and certainly not in the spirit
of work on transformations. The following approach is both
useful and powerful, requiring a few pre-requisites which cannot
be quickly deduced. You should make note of it.

Method 2

Write the reflection as the composition of three simple
transformations, as follows

(i) rotate the plane throug8 clockwise about O, so that
the line is mapped onto theaxis. Call thisT;

(i) reflect in this newx-axis. Call thisT,;
(iii) rotate back through® anticlockwise about O, so that
the line is now in its original position. Call thTs.

T, has matrix [cosd  sinbg
! H-sing coss
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. L 0O .
T, has matrix H) 1H (see Activity 3 part (a)),and

L [cosf -sinf
T, is given by Eﬁine COSGH

Now, the application of these three simple transformations
correspond to pre-multiplication of the position vec@ﬁ by

these three matrices in turn in the orderT,, Ts.

Applying T, first gives Tl@ﬁ
. L L X xXg
Appl T, to th T, 0. =(T,T
pplying T, to this gives Jugto)en (T 1)5,5

. . X! xgd
Applying T, then gives TsE(TZTl)B’EE: (T3T2T1)B,H.

In this way, you will see that it is the produlfT, T, that is

required and not the produ€iT,T,: it is the order of application
and not the usual left-to-right writing which is important.

The transformation is then given by the matrix

[cos@ -sinf] 1 O [pgcosf sinf[

Epine cos@H E) —1H H—sin@ cos@B

[CosO sin@[] [Jcos@ sinf[]

:Bsine —COSBH H—sin@ cos@H

_[€o$0-sirFo cosfsin6 +sin6cos6
%in@cos@+cos@sin0 sif@-cog6 E

[CcosY sin 207

= as before.

Hsin 20 —cosZBH
By substituting in values of, you can check the matrices
obtained in Activity 3 parts (a) — (d). (Parts (a) and (b) are so
straightforward they hardly need checking: in fact, we used (a)
in Method 2 in order to establish the more general result.) The

line y=x is given by8 =45’ andy =-x byf =135 or -45°.
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Example

Find a matrix which represents a reflection in the yre2x.

Solution

In the diagram shown opposit@né =2 :% Drawing a right-

angled triangle with anglé@ and sides 2 and 1, Pythagoras'

/
V5 2
theorem gives the hypotenus® whencecosf :% and
,»\‘J
. 2 VA A
sing=——. 1
N
_ _ 1 _ 3
Then c0329—2c0§0—1—2><% _1__§
and sin26:25in90036:2xix/i:ﬂ.
V5 5 5

The required matrix is thus

¢ 40
O O
0% 20
[Alternatively, the well knownt =tané (or t =tani A)
_ 42
substitution, givesos 20 = 1 t2 =-3 andsin29 = 2t2 =4
1+t 5 1+t 5
immediately.]
Example
23 10
A plane transformation has matrix 21 §D Describe this
8-z —=20
transformation geometrically.
Solution
[cosf -sinfQ 3

The matrix has the for herecosf = -—
X Msing W 2

cosBH’

andsing = —%, in which casef =210%°. The matrix then

represents a rotation about O throfi® anticlockwise.
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Exercise 9D

1. Describe geometrically the plane transformationg.
with matrices
-L10 0z L
@of 25 O O 70
ﬂ?; Vs B QJE vs8
O-14 450 00.6 0.8]
(C) 0 \% TD .

; d
B 40 @ Hos od

+0.28 —-0.967
©) Hoos 0.28

Write down the matrices representing the
following transformations:

(a) Reflection in the line through the origin
which makes an angle @&0° with the
positivex-axis;

(b) Rotation through35® anticlockwise about O;

<010

(c) Rotation throughcos lay clockwise

about O;
(d) Reflection in the liney =-3x.

9.6 Stretch and enlargement

matrices

A stretch parallel to thg-axis, scale factork, has matrix

k 0O
0 1

x0

X
Thus B/H: E(y Eand points X,y) are transformed into points

with the same/-coordinate, but witkx-coordinatek times further

from they-axis than they were originally.

Similarly, a stretch parallel to theaxis, scale factork is

represented by the matrix

!

0O
0 kH

An enlargement, centre O and scale fa&dras matrix

tk 00 M 0O;

B kT B T

so thatx'=kx andy'=ky.
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9.7 Translations and standard
forms

Having obtained matrix forms for some of the elementary plane
transformations, it is now possible to extend the range of simple
techniques to more complex forms of these transformations. The
method employed is essentially the same as that used in the second
method for deriving the general matrix for a reflection; namely,
treating more complicated transformations as a succession of
simpler ones for which results can be quoted without proof.

Rotation not about the origin

A rotation through@ anticlockwise about the poina,(b) can be
built up in the following way:

a
(i) translate the plane bgbﬁso that the centre of rotation
is now at the origin;

(i) rotate about this origin throug8 anticlockwise;

(iii) translate the plane back béiﬁto its original position.

This leads to

[cosd -sinf] x-—-ad @0

X0
H Bsine  cossH H-bH BH

or

X'—a[f] [¢osf -sinf[] [X-—a

H-bH Fsine  cossH B/—bﬁ

The second form is more instructive, since it maintains the notion
of a straightforward rotation with the poirg, 0) as centre. This is
the standard form of this (ostensibly) more complicated
transformation.

Reflection in a line not through the origin

For a reflection iny = xtan@ +c,

0
(i) translate the plane b%_cﬁso that the crossing point of

the line on they-axis is mapped onto the origin;
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(i) reflect in this line through O;

(iii) translate back byﬁ@ to get the standard form

Ox [0 [gosd sin200 O X [
Hr-cH Fsin2o -cos®H H-cH

The one case that needs to be examined separately is reflection in a
vertical line,x = a, say:

a
(i) translate the plane bg—oﬁso that the line becomes tixe
axis;

(i) reflect in they-axis;

@0
(iii) translate byB)H to get

X'-ag_x1l 00 x-ap

Hy HHo HHy B

Enlargement, centre not the origin

An enlargement, centre,(b) and scale factdk, has standard form

X'-ag_ [k 00 x-

B/bHB)kHB/bH

in the same way as above.

9.8 Linear transformations of the
plane

If a point P, y) is mapped onto point R'(y") by a transformation
T such that

X'=ax+by+c, y=dx+ey+f,

for constants, b, ¢, d, e andf, then T is said to belmear plane
transformation.

Such a transformation can be written algebraically, as above, or in
matrix form (possibly in the translated 'standard’ form discussed
above),

xX-ag D(GD

Br-pH " B-pH

whereM is a2 x 2 matrix.
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Example
Express algebraically the transformation which consists of a
reflection in the linex +y=1.

Solution
Line is y=-x+1 with gradienttan135.

A reflection in this line can then be written as

X' [ [©o0s270 sin2700 X 0O

Hr-10 Bsin270 -cos270 H-10

00 -1o x 0O

“H1 o] B

[y +10

“Hx B

and this is written algebraically as=1-y, y'=1-X.

Example
A transformationT has algebraic form

4 3

3 4
X'==—X—-—y+6, y=—x+—-y-2.
5 5y y 5 5y

Give a full geometrical description of.

Solution
Firstly, find any invariant (fixed) points df, given by
X'=X, y=y: ie.

3, 4
X=—X-—Yy+6,
5 5y

4 3
=—X+—-y-2.
y 5 5y

Solving simultaneously givel,y) =(5,5).

T can be then written in standard matrix form

x'-50 2 -40 x-50
34 B-sf

Vs
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and the matrix is clearly that of a rotation, with

c039=§, sin9=ﬂ,
5 5

giving 6 = cost B0 (=53.13).

50
HenceT is a rotation through an angle o@s‘lgg
anticlockwise about (5, 5).
Example

Show that the transformatidsx'=21x +8y, 5y'=8x+9y is a
stretch in a fixed direction leaving every point of a certain line
invariant. Find this line and the amount of the stretch.

Solution

Firstly, X'=x, y'=y for invariant points, giving
5x =21x +8y and 5 =8x+9y.

Both equations givey = —2x and so this is the line of invariant
points.

Next, consider all possible lines perpendiculayto-2x.

These will be of the forny=%x+c (for constant). Now for

any point on the Iinq:%x+c,

x‘=2—1x+§y=2—1x+§mlx+cm=5x+§c
5° 5 5 5 D 5"

and y'=§x+gy:fx+f —x+co=——+=c,
5 2

1, . .
whencey =EX +c also. Hence all lines perpendicular to

y =-2x are invariant and the transformation is a stretch.

' % io
Finally, @ﬁz A@ﬁwhereA =0, .pgand
s 50
21 8
detA= 5 5 -189_64_ 5, so the stretch has scale factor 5.
8 2 25 25
5 5
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Exercise 9E

1. Determine the standard matrix forms of 4. Describe geometrically the single
(a) an enlargement, centre, (0) and scale transformations given algebraically by
factork; (a) 5x'=-3x+4y+12,  (b) 5x'=3x-4y+6,
(b) a rotation of45° anticlockwise about the Sy'=—-4x-3y+16; Sy'=—4x-3y+12;
point (1,0). (c) 5x'=9x+8y-12,
2. Give a full geometrical description of the plane 5y'=8x+21ly-24.
transformations having matricés andB, where
5. Express each of the following transformations in
A _1a mandB:iD' _1D. the form x'=ax+by+ p,y'=cx+dy+q, giving the
N2 B, —lH V2 B, 1B values ofa, b, ¢, d, p andq in each case:
Determine the product matricés8 andBA. (a) a reflection in the linex+y=0;

Give also a full geometrical description of the
plane transformations having matric&B
andBA. (c) a rotation througt®0° anticlockwise about
3. (a) The transformatiof of the plane is defined the point (2,-1);
by x'=x,y'=2-y. Describe this
transformation geometrically.

(b) a reflection in the linx-y=2;

(d) a rotation througt60° clockwise about the
] ) point (3,2).
(b) Express algebraically the transformatisn ) ) )
which is a clockwise rotation throughs® Find the matrix which represents a stretch, scale

about the origin. factork, parallel to the liney = xtan8.

9.9 Composition of
transformations

If a transformation of the plang is followed by a second plane
transformationT, then the result may itself be represented by a
single transformatio which is the composition of, and
T,taken in that order. This is writtéh=T,T,.

Note, again, that the order of application is from the right: this

is in order to be consistent with the pre-multiplication order of
the matrices that represent these transformations.

Example (non-matrix composition)

The transformatiofM is the composition of transformatioiis
andT,, taken in that order, where

T x'=2x+1, y'=3-2y
and T, X'=x+y-1 y=1-2x

ExpressT algebraically.

261



Chapter 9 Matrices and Transformations

Solution

As T, is the 'second stage' transformation, write,
T, X'=x'+y'-1, y'=1-2x",

wherex' andy' represent the intermediate stage, afiehmas been
applied.

Thus T,Tp X'=(2x+1)+(3-2y)-1=2x-2y+3

y'=1-2(2x+1)=-4x-1
and we can write
T: X'=2x-2y+3, y'=-4x-1.
The inverse of a transformatidncan be thought of as that
transformatiors for which TST=TS=1, the identity
. 1 oo _.
transformation represented by the ma%x 1ET Sis then

denoted byT ™.

Example (non-matrix inversion)
Find TY, whenT: x'=x+y-1, y=2x-y+4.

Interchangingk for x' andy for y' gives
X=X'+y'-1, y=2x'-y'+4.

These can be treated as simultaneous equations and solwed for
y' in terms ofx, y.

Adding X+y=3x'+30 X'=%x+%y—1;

substituting back

m .1 .0 2.1
X= = X+=-y-1-+y'-10 y=—Xx-=-y+2

_ 1 1 2 1
Therefore, Tk X==x+=y-1, y=Sx-=y+2.
3 3y y 3 3y

Finding a composite transformation when its constituent parts
are given in matrix form is easy, simply involving the
multiplication of the respective matrices which represent those
constituents. Inverses, similarly, require the finding of an
inverse matrix, provided that th&'s matrix is non-singular:

only a projection has a singular matrix.
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Example

The transformatiof is defined byT = (CBA), whereA, B and
C are the transformations:

A: a rotation about O throug®0® anticlockwise;

B: areflection in the line through O that makes an
angle of120° with thex-axis;

C:. arotation about O throughl(® anticlockwise.

Give the complete geometrical descriptionTof

Solution

ros30 -sin30Cg 10/3 -10
A has matrlx =0 0
Hsin3¢  cos30H 271 /37

while B has matrix

[r0s240 sin240Q 10 -1 -30O
in240 -cos240H 2533 17

andC has matrix

[€0s210 -sin210Q 1B— 3 10
Hin210  cos210H 25 -1 - 37

ThusT =CBA has matrix

1[-!-\/3 lD D -1 -30 /3 -10
g O g
8D -1 — 3D ['r\3 19 g1 V3g

M 40 0/3 -10
"8 oHH1 3o

OO\H

\3D [Cos60 sSin6C [
—E EﬁlnGO’ —cosGOH

1
0
N~

Eiﬂa

andT is a reflection iny = xtan30; i.e. y:%.
N
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Example
Describe fully the transformatioh given algebraically by

X'=8x—-15y—-37
y'=15x+8y -1

Solution

For invariant points, sek'=x andy'=Yy, giving
0=7x-15y-37

and 0=15x+7y-1.

Solving simultaneously gives the single invariant point
(x,y)=(L-2). T can then be written as

X'-10_08 -150 x-1[

2l Hs & B+2f

¥ -$0 x-10

“UHs gH Heof

. . 1080
andT is a rotation througleos 2.
900s -0

about the point (1,-2) together with an enlargement, centre (1,—
2) and scale factor 17.

(=61.93) anticlockwise

Note that the two matrices involved here commute (remember: if

AB =BA thenA andB are said to commute) so that the two
components of this composite transformation may be taken in
either order. This rotation-and-enlargement having the same
centre is often referred to aspiral similarity .

Exercise 9F

1. Write down the2x2 matrices corresponding to: Describe geometrically the resultant
(a) a reflection in the line through O 6€° to (i) of (a) and (b);
the positivex-axis, (i) of (a), (b) and (c): taken in the given
(b) a rotation anticlockwise about O throu§@°, order.
and

(c) a reflection in the line through O &42¢° to
the positivex-axis.
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2. Give a full geometrical description of the Transformationd) andV are defined by

transformationT, given by U=BCA andV =AC™'BC. ExpressU andV
algebraically. Show tha¥ has no invariant
points, and thatl has a single invariant point.

Express in algebraic forrf,, which is a Give a simple geometrical description Of
reflection in the liney=x+2. 5. Given T x'=1-2y, y=2x-3 and

T,: x'=1-y, y=1-x
define T; algebraically, wherdj is T, followed
by T,. Show thatT; may be expressed as a

T,=Xx'=5-y, y'=x-1.

Hence expres3;=T,T, T, algebraically and give
a full geometrical description of;.

3. Prove that a reflection in the line= xtan@
followed by a reflection in the ling = xtang is
equivalent to a rotation. Describe this rotation enlargement, and give the centre and scale factor
completely. of this enlargement.

reflection in the Iinex:% followed by an

4. Transformation®\, B andC are defined
algebraically by

A: X'=-y, y=-X
B: xX'=y+2, y'=x-2,
C: x'=-y+1, y'=x-3.

9.10 Eigenvalues and
eigenvectors

Consider the equation

XO , IXO
ApgrFA
"84
where A is a2x2 matrix andA is a scalar. This is equivalent

to

xXO_ 00

ASIFMGHe AR R

Now in the case when the matii& — A1) is non-singular (i.e.
its inverse exists) we can pre-multiply this equation by
(A-21)" to deduce that

1ljl)|] 00

AR G

In other words, if defA A1) # 0 then the only vecto@ﬁ

which satisfies the equatioh@ﬁz A @Eis the zero vecto%ﬁ
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The other cases, when dét-A1) =0, are more interesting. The

equationA@% A gﬁhas a non-trivial solution and it it easy to

[XO. . . D ¢
check that IfB/EIS a solution so is any scalar multiple @fﬁ In

other words the solutions form a line through the origin, and indeed
an invariant line of the transformation represented\by

(In the special case wheh=1, X D— XL DX and such
Y5 35 B

xgd . . . : .
vectorsB/Hglve a line of invariant points. For all other values of

A, the line will simply be an invariant line.)

Example
2

The matrix A =
5 -

w\w ulls

O o :
] represents a reflection in the line
O

y = xtan@, with cos 2 :E’ sin20 :g, giving tanB:%. Then the

line y:%x is a line of invariant points under this transformation,

and any line perpendicular to it (with gradient —2) is an invariant
line.

To show how the equation

xO_ 00

(A=A B

can be used to find the invariate lines, first calculate tiAo$er
which the matrix(A - A1) is singular; i.e. defA - A1) =0.

This gives
ER R
M _,m. 3 ,0 4
0 S A2 - Sx =
s "5 "0 5 5
0  A?-1=0
0 A=+l
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Remember that you are looking for solutiorsy) to the equation

E-A 4 0 xo o

3¢ -2-29 BH BH

Substituting back, in turn, these two valuesiof

2 .4

A=10 9 3
4 8

ix_iy:

5 5

and the solution vectors correspondingite 1 are of the form

aQDfor reala.
HH

8 4
yea o 5 3

—xt=y=

5 5

and the solution vectors correspondingite —1 have the form

ﬁﬁ_;ﬁfor real 8.

The results, then, for this reflection are tlyat%x is a line of

invariant points (signified by\ =1), and thaty =-2x is an

E 0 x=2y,

invariant line. (Here the value @f, namely —1, indicates that the

image points of this line are the same distance fwm%x as their

originals, but in the opposite direction). So this method has indeed

led to the invariant lines which pass through the origin.

Because the solutions to this type of matrix-vector equation provide
some of the characteristics of the associated transformation, the

A's are callectharacteristic values or eigenvalues(from the

German word eigenschaft) of the matrix. Their associated solution
vectors are calledharacteristic vectors or eigenvectors Each

eigenvalue has a corresponding set of eigenvectors.

Example

Find the eigenvalues and corresponding eigenvectors of the matrix

03 -10

AR o
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Give a full geometrical description of the plane transformation
determined byA.

Solution

Eigenvalues are given by dgA —A1)=0. Hence

3-A -1
-1 3-A

O (3-2)(3-2)-1=0
O A*-6) +8=0
O (A-2)(r-4)=0

andA =2 or A =4,

Xx-y=0
Now A=2 0O y ED y=X
-x+y=0Q

andA =2 has eigenvectoraaﬁ

-x-y=00

Also A=4 0O 0
-x-y=00

y=-x

andA =4 has eigenvectorﬁD 1o
) Haf

The invariant lines (through the origin) of the transformation are
y=x andy=-x (in fact there are no others).

Notice that these lines are perpendicular to each other. For

y=X, A =2 means that points on this line are moved to points
also on the line, twice as far away from the origin and on the

same side of O. Foy=-x, A =4 has a similar
significance.

The transformation represented Ayis seen to be the
composition of a stretch parallel o= x, scale factor 2,
together with a stretch parallel yo= —x, factor 4, in either
order.

The composition of two stretches in perpendicular directions is
known as d@wo-way stretch.

In general the equation

a-A»A b
c d-A
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b
is called thecharacteristic equationof the matrixA = E d%

In the 2 x 2 case the equation is the quadratic
A -(a+d)A +(ad-bc)=0.

The sum,a+d, of the entries in the leading diagonalfofs
known as itdrace, and so the characteristic equation is

A% —(traceA)A +det A =0

Example

Find the eigenvalues and corresponding eigenvectors of the
matrix

02 1o

A Ho

Determine the coordinates of the invariant point of the
transformation given algebraically by

X'=2x+y-1, y=-9x+8y-3.

Deduce the equations of any invariant lines of this
transformation.

Solution
The characteristic equation of the matrix

02 10

A o ¢

2-A 1

1
o

or

A-101 + 25=0.

1 1
traceA detA

This has rootA =5 (twice) and

=-3x+y=00Q
A=5 0 OO0 y=3x
-9x+3y=0[]
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ThusA has a single eigenvalue=5, with eigenvectorw%ﬁ
For invariant points<'=x, y'=y whence x=2x+y-1,
y=-9x+8y-3.

Solving simultaneously give$x,y)=(%,3).

Since the transformation can be written in the form

x
there is a single invariant liny - ) =3(x—-1). (This arises
from the y=3x" derived fromA =5, but they' and theX' are

G0

translated b%g in this instance this has given rise to the same
O

IN[ARN NN
O

0 [x-
=A
3 8-

Bw B

line but this will not, in general, prove to be the case!)

Exercise 9G

1. Show that the transformation represented by the5. (a) Find the eigenvalues and eigenvectors of the

. 02 -20 . . . . .00 -2
matrix A = has a line of invariant points matrix .
H1 & H2 o
and an invariant line. Explain the distinction (b) A transformation of the plane is given by
b(-atween the two. ) X'=2-2y, y'=7-2x. Find the invariant
2. Find the eigenvalue(s) and eigenvector(s) of the point and give the cartesian equations of the
following matrices: two invariant lines. Hence give a full
~ geometrical description of the
5 -80 o 10 transformation.

(a) A= ' (b) =
2 -3 "h | _ |
6. Find the elgenvalues and eigenvectors of the
o2 (d) . matricesA = % 3DandB_Bl _Er Show

(C) C= =
2 -2 7 o
) ) ) ) that the plane transformations representedAby

3. Find a2x2 matrixM which mapsA(0, 2) into andB have the same line of invariant points and

Al(l, 3) and Ieaveg(l ,1) invariant. Show that state its cartesian equation_

this matrix has just one eigenvalue. 7. The eigenvalues of the matrix

@ bo

X'O_@ bo xO _H: d] (b>0,c=0)

] = d "
B/H H: H B/B are equal. Prove that=d andc=0. If T maps
Show that the condition for the transformation to  the point (2, —1) into the (1, 2), determine the
have invariant points (other than the origin) is elements ofT.

l-a-d+ad-bc=0.

4. A linear transformation of the plane is given by
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9.11 Miscellaneous Exercises

1.

By writing the following in standard matrix form
describe the transformations of the plane given

by

(a) x'=3x+4, (b) x'=2x+4y-%, 7.
y'=3y+2 y=gx-2y+¥
(c) 5x'=3x—-4y+8, (d) 5x'=13x—-4y-4,

5y'=4x+3y-6 S5y'=-4x+7y+2 3.

Find the eigenvalues and corresponding

. 02 -10
eigenvectors of the matri Deduce the
Fa off
equations of the invariant lines of the
transformation defined by

X'=2X-y, y'=-4x+2y.

Explain why one of these lines has an image
which is not a line at all. Describe this 9.
transformation geometrically.

A reflection in the liney=x-1 is followed by an
anticlockwise rotation oB0° about the point
(-1, 1). Express the resultant transformation
algebraically.

Show that this resultant has an invariant line,
and give the equation of this line. Describe the
resultant transformation in relation to this line.

10.

Find the eigenvalues and corresponding
eigenvectors of the matrices

2 -10 B 20

(a)A:H1 ZB; B:@ o1

In each case deduce the equations of any
invariant lines of the transformations which they
represent.

A plane figure F, with area 1 square unit, is
transformed by each of these transformations in
turn. Write down the area of the image of F in
each case.

(b)

Describe geometrically the two transformations.
The linear transformatiom leaves the line
y=xtan{ invariant and increases perpendicular
distances from that line by a factor of 3.

(a) Determine the2x2 matrix A representingr.

(b) Write down the eigenvalues and
corresponding eigenvectors Af

A rotation about the point (-c, 0) through an
angle @ is followed by a rotation about the point
(c, 0) through an angle&-

Show that the resultant of the two rotations is a
translation and give the andy components of
this translation in terms of and 6.

A transformationr is defined algebraically by

xX'=y-2, y'=x+\2. Find the invariant points
of T and hence give its full geometrical
description.

A plane transformatioil consists of a reflection
in the liney=2x+1 followed by a rotation

through§ anticlockwise about the point (2,-1).
(a) ExpressT algebraically.

(b) Show thafl can also be obtained by a
translation followed by a reflection in a line
through the origin, giving full details of the
translation and reflection.

A linear transformatio of the plane has one

. 0ol 0o . . .
eigenvecto with corresponding eigenvalue
Er\ 3]

130
1, and one eigenvectogvlsgwith eigenvalue-4.
a4 0

Give a geometric description df, and find the
matrix A representingr.

An anticlockwise rotation about (0,1) through an
angle @ is followed by a clockwise rotation about

the point (2, 0) through an ang®. Show that
the resultant is a translation, stating its vector in

terms of 6.

. Express each of the following transformations of

the plane in the form

X0 @ bo xO pOo

YE R of BH GO
giving the values o#&, b, c, d, p, dn each case:
(a) T,: reflection in the liney = x.
(b) T,: reflection in the linex+y=3.
(c) T;: rotation through90° anticlockwise

about the point (1,4).

(d) T,=T,T; T, that isT, followed by T; followed

by T,.
Show thatT, has a single invariant point and give

a simple geometrical description @f.
(Oxford)
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12. (a) The transformatiof, is represented by the

xaoFd 40
matrix A=g ; 0
Os s0O

(i) Find the eigenvalues and eigenvectorsfof

(ii) State the equation of the line of invariant
points and describe the transformatidn
geometrically.

(b) Find the2x2matrix B which represents the

transformationT,, a rotation about the origin

throughtan™$ anticlockwise.

(c) The transformatioM;=T,T,T,. Find the
2x2 matrix C which represent3; and hence

describeT; geometrically . (Oxford)

13. Explain the difference between an invariant
(fixed) line and a line of invariant points.
A transformation of the plane is given by the
equationsx'=7-2y, y'=5-2x.

(a) The images of A(O, 2), B(2, 2) and C(0, 4)

are A', B', C' respectively. Find the ratio of

area A'B'C'": area ABC.

(b) Calculate the coordinates of the invariant
point.

(c) Determine the equations of the invariant lines

of the transformation.

(d) Give a full geometrical description of the
transformation. (Oxford)

14. A plane transformatiom is defined by
X'=7x—-24y+12, y'=-24x-Ty+56.

Show thatT has just one invariant point P, and
find its coordinates.
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Prove thafT is a reflection in a line through P
together with an enlargement centre P.

State the scale factor of the enlargement and
determine the equation of the line of reflection.
(Oxford)

. The transformatior; has a line of fixed points

y=3x and perpendicular distances from this line
are multiplied by a factor of 4T, is represented

by the2x2 matrix A. Write down the values of
the constantsiy, A, whereA%ﬁz Alga and

Aﬁ_iﬁ: Aza—iﬁ. Hence, or otherwise, show that

A o037 090
“Hoo 14

The transformatior, is given by
X'=3.7x-0.9y+1.8,
y'=-0.9x+1.3y-0.6.

Find the line of fixed points oT, and describe
T, geometrically.
Given thatT,? is the inverse transformation of
T,, expressT,=T,;*T, in the form

x'=ax+by+c,

y'=dx+ey+f,

and describél; geometrically. (Oxford)



