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ACTIVITY  C4.1.1 Klein Cube

A Klein Cube is a three-dimensional version of a Mobius Strip: see information at

http://en.wikipedia.org/wiki/M%C3%B6bius_strip

August Mobius was a pupil of the great mathematician Carl Friedrich Gauss (1777-1855).

The Klein Cube is named after its inventor, the German mathematician Felix Klein (1849-
1928).  He designed the Klein Bottle which is a three dimensional shape with only one
surface; the model given here is based on the design of the Klein Bottle. You can find
details of the Klein Bottle at

http://en.wikipedia.org/wiki/Klein_bottle

When you have constructed your Klein Cube, imagine that you start to paint the outside
blue and continue painting along any joining surface.  You will eventually find the whole
shape (inside and outside) has been painted blue; hence it has only one surface.

Instructions for making the Klein Cube

Activity pages C4.1.2 and C4.1.3

1. First cut out around the solid line of the edge of the net on page C4.1.2.  Score
and crease all the dotted lines to make tabs A, B and C.

2. Cut along solid lines in X, Y and Z and score along the dotted lines.

2. Fold up to make a box. Glue tabs A and B but NOT C.

3. Push tabs X and Y to outside of box and tab Z inside.

4. Next make the Tube for Klein Cube using the nets and instructions on page
C4.1.3.

5. Now push the longer piece of the tube through the Y-opening of the box and into
the Z-opening.

6. Glue the X, Y and Z tabs to the tube. The X and Y tabs go on the outside of the
tube; the Z-tab goes inside the tube.

7. Glue tabs C to complete your Klein Cube.



ACTIVITY Klein Cube
C4.1.2
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ACTIVITY C4.1.3 Klein Cube

Tube for Klein Cube

Using the nets on this page,

1. Cut out around the solid line of the edge of the larger net.

2. Cut along solid lines PQ and QR.

3. Score and crease all dotted lines to make tabs D, E, P, Q and R.

4. Fold up and glue tabs D and then tabs E.

5. Cut out, score and crease the smaller net.

6. Fold it and glue tabs P, Q and R to complete
the tube.
(It is easiest to do P and Q first, then R.)

Finished Tube
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ACTIVITY C4.2 Dipstick Problem

Petrol stations very rarely run out of fuel.
This is due partly to efficient deliveries
but also to precise stock control.

Each type of fuel (regular, premium,
diesel) is stored in an underground tank
and the amount left in each tank is
carefully monitored using some form of
dipstick.

It is easy to measure the height, say h, left in the tank.  However, the volume will be
proportional to the cross-sectional area – not the height.  Suppose the cross-section is a
circle (it is in fact elliptical, but a circle is a good approximation).  We will find the
relationship between area, A, and height, h, and so provide a ready reckoner to convert
height to area.

For simplicity, we will take  r = 1 m .  For values of

h from 0 to 1, we will find the angle θ  and the area
of fuel.

1. Show that  cosθ = −1 h .

2. Show that the area of the sector OAB is given
by

3. Show that the area of the triangle OAB is

    1 −( )h sinθ

4. Deduce the area of the cross-section of fuel and express this as a fraction, A', of the
complete cross-sectional area of the tank.

5. (a) Using the equation in problem 1, find
the value of θ  for each value of h in the
table opposite.

(b) Use the formula deduced in problem 4
to find the area fractions.

6. Plot a graph of A' (vertical axis) against
height h (horizontal axis).

7. Use your graph to estimate the height that
corresponds to an area fraction of

(a) 0.05 (b) 0.10

Extension
Construct a dipstick for this problem, from which you can read off the area fraction against
height value.

h θ Area fraction

0 0 0

0.1 25.84

0.2 ... ...

... ... ...

... ... ...

1.0 90 0.500

θ

O

A B

1
1–h

h

π θ
180
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Notes and solutions given only where appropriate.

C4.2 4. A
h

' sin= −
−( )θ
π

θ
180

1

5. (a) / (b)

 7.    (a)  about 0.2     (b)   about 0.32

ACTIVITIY C4.2 Notes for Solutions

h θ Area fraction

  0 0 0
0.1 25 84. ° 0.019
0.2 36 87. ° 0.052
0.3 45 57. ° 0.094
0.4 53 13. ° 0.142
0.5 60 00. ° 0.196
0.6 66 42. ° 0.252
0.7 72 54. ° 0.312
0.8 78 46. ° 0.374
0.9 84 26. ° 0.436
1.0 90 00. ° 0.500


