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Learning objectives

The work in this unit focuses on the foundations of algebra and is crucial for developing your
mathematical understanding.

After completing Unit F2 you should

• be confident in simplifying algebraic expressions, including multiplying and working with
brackets

• understand how to solve equations in one unknown

• be able to translate problems in context into equations

• understand how to manipulate algebraic expressions.

• be confident in adding and subtracting algebraic fractions of the form  
1 1

1x x
+

−
,  etc.

Introduction

Primitive algebraic methods began to emerge about 1700 BC in Babylon and in Egypt.  However,
these methods remained largely dependent on words and so developed very slowly until about 1600 AD,
when a suitably flexible symbolism was developed.  This flexible use of symbols then gave birth,
during the next 70 years, to a truly remarkable flowering of new mathematics –  first coordinate
geometry (about 1630) leading to the representation of functions and the differential and integral
calculus (around 1670).

These few historical details should suffice to underline the fact that

 algebra is the natural language of mathematics

a fact that is understood in most countries.  In reality, algebra holds the key to subsequent progress for
anyone who may one day need to use their mathematics – on no matter how lowly a level. This unit of
work is important because solving equations provides a very natural way of introducing students to
this key skill.

Mathematics is the science of exact calculation.  Its methods are not just the result of accumulated
wisdom: they are dictated by the exact, inescapable nature of numbers, symbols and equations.  For
many youngsters, the art of solving equations should give them their first real glimpse of the power of
this 'science of exact calculation'.  There should be no guesswork!  Also students should understand
that there is no approximation involved; thus, for example, fractions should never be replaced by
decimals, and when learning the principles of solving equations all calculation should be exact (hence
limited use of calculators!).  It is also important to present successive equations in a calculation in a
standard way, with the corresponding justification given in brackets (on the right, say).

If the problem to be solved is given in the form of a 'word problem', then before any of this can be
done it is necessary first to translate, or interpret, the information given in the 'word problem' into the
form of an equation.  There are all sorts of potential pitfalls here – not least the fact that one is at the
mercy of the students' skill at comprehension.  We restrict ourselves here to just two comments on this
stage of the equation solving process.

(1) There are good reasons for keeping word problems short, and for being aware of the danger that
students often respond to particular 'cue' words, rather than thinking about what the  problem
actually says.

*

*
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(2) When choosing an unknown (say x)  it is important to insist that x should always represent a
pure number (rather than a length, or a weight, or a distance).  Thus the solution should always
start:

'Let x be the unknown number of marbles', or

'let the unknown length be x cm', or

'let the unknown weight be x g', or

'let the unknown distance be x km'.

One can then safely calculate with expressions such as '3 4x − ', since these represent numbers
(though one should remember to re-insert the units at the end of the solution).

Once the unknown has been given a name, and the given information has been written in the form of
an initial equation, one is faced with quite a different problem – namely how to 'solve' the equation to
find the unknown.

The art of solving equations is rooted in a single fundamental property of real numbers.

The Product Property
The only way that a product,  p . q . r . . . . . z  can be (exactly!) equal to 0
is if one of the factors p, q, r, ..., z is (exactly!) equal to zero.

Examples:

(a) If the unknown number x satisfies the equation

 x x−( ) +( ) =1 2 0

then either  x −( ) =1 0 ,  so  x = 1

or x +( )2   =  0,  so  x = −2

Similarly,

(b) if the unknown number x satisfies the equation

 3 2 7 4 2 0x x x+( ) −( ) −( ) =
then one of the factors must equal zero:  so

3 2 0x + = ,  or  7 4 0− =x ,   or  x − =2 0

Of course, if in the original equation the unknown x represented the number of children in a family, or
the width (in cm) of a rectangle, then negative solutions would be discarded.

The Product Property implies that our general strategy for solving equations must have two parts:

(1) Given an equation in any form, we must first collect all terms (by doing all sorts of elementary
algebra – carefully and correctly) on one side of the equation (say LHS), with ZERO on the
other side.

(2) We must then write the expression on the LHS as a product; in other words we need to be able
to factorise.
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Key points and principles

• Equations must always balance, that is, the right hand side must be equal to the left hand side.

• Whatever operation you do to one side of an equation must also be done to the other side, e.g.
adding, subtracting, multiplying or dividing by a number.

Facts to remember

•
1 1
a b

a b

ab
+ =

+

• a x b a x ab+( ) = +

Glossary of Terms

Simplifying expressions

This means collecting like terms together;

e.g. 2 5 3 4 4 1x x x x+ + − − = +

Removing brackets
Multiplying through an expression to remove the brackets;

e.g. 4 5 2 4 5 4 2 20 8−( ) = × + × −( ) = −x x x

Equation

This relates an unknown quantity to known quantities, and can be solved to find the value of the
unknown quantity: this is called the solution.

e.g. 4 1x + = 9 (take 1 from both sides)

4 x = −9 1

4 x = 8 (divide both sides by 4)

x =
8
4

i.e. x = 2

So x = 2 is the solution of the equation  4 1 9x + = .
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Balancing equations

For any equation, the right hand side (RHS) must equal the left hand side (LHS) and any operation
you do to one side must be done to the other side (see example above).

Algebraic fractions

These are similar to number fractions except that either the numerator or the denominator (or both)
includes an unknown quantity;

e.g.
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,   etc.


