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H3.2 Klein Cube

H3.3 Box for Klein Cube

H3.4 Tube for Klein Cube

Notes and Solutions (1 page)
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ACTIVITY H3.1 Equal Area Polygons

The American mathematician, David Hilbert (1862–1942), was the first person to prove that

Any polygon can be changed into any other polygon of equal
area by cutting it into a finite number of pieces and rearranging.

Unfortunately, the proof of this result does not tell you how to do it, just that it can be done!

Here are some easy examples.

1. How can an equilateral triangle be changed
into a rectangle which has one of its sides equal
to the height of the triangle?

2. How can an equilateral triangle be changed
into a rectangle which has one of its sides equal
to the length of a side of the triangle?

3. How can you change the equilateral triangle
into a parallelogram which has a base height
equal to three quarters of the length of a side
of the triangle?

A more difficult problem is to change an equilateral triangle into a square of the same area.

4. (a) Start with any equilateral triangle, ABC, and follow accurately these construction steps:

Step 1 Bisect AB at D and BC at E.

Step 2 Extend line AE to F, making EF equal to EB.

Step 3 Bisect AF at G.

Step 4 With G as centre and radius AG, draw an arc which cuts EB extended at H.
(EH is the length of the square).

Step 5 With centre E, radius EH, draw the arc of the circle until it cuts AC at J.

Step 6 K is on AC between J and C so that  JK = BE.

Step 7 Drop perpendiculars from D and K to EJ, cutting at L and M respectively.

Step 8 Cut out the pieces  BELD,  MECK,  JADL,  JMK and mix them up.

(b) (i) Put the pieces back together to make your original equilateral triangle.

(ii) Make a square from the pieces.

⇒

⇒

⇒
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ACTIVITY H3.2 Klein Cube

A Klein Cube is a three-dimensional version of a Mobius Strip (August Mobius was a pupil
of the great mathematician Carl Friedrich Gauss (1777-1855)), and is named after its
inventor, the German mathematician Felix Klein (1849-1928).  He designed the Klein Bottle
which is a three dimensional shape with only one surface; the model given here is based on
the design of the Klein Bottle.

When you have constructed it, imagine that you start to paint the outside blue and continue
painting along any joining surface.  You will eventually find the whole shape (inside and
outside) has been painted blue; hence it has only one surface.

Instructions for making the Klein Cube

Activity pages H3.3 and H3.4

1. First cut out around the solid line of the edge of the net on sheet H3.3.  Score
and crease all the dotted lines to make tabs A, B and C.

2. Cut along solid lines in X, Y and Z and score along the dotted lines.

2. Fold up to make a box. Glue tabs A and B but NOT C.

3. Push tabs X and Y to outside of box and tab Z inside.

4. Next make the Tube for Klein Cube using the nets and instructions on sheet H3.4.

5. Now push the longer piece of the tube through the Y-opening of the box and into
the Z-opening.

6. Glue the X, Y and Z tabs to the tube. The X and Y tabs go on the outside of the
tube; the Z-tab goes inside the tube.

7. Glue tabs C to complete your Klein Cube.
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Box for Klein
Cube

ACTIVITY H3.3
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ACTIVITY H3.4 Tube for Klein Cube

Tube for Klein Cube

Using the nets on this sheet,

1. Cut out around the solid line of the edge of the larger net.

2. Cut along solid lines PQ and QR.

3. Score and crease all dotted lines to make tabs D, E, P, Q and R.

4. Fold up and glue tabs D and then tabs E.

5. Cut out, score and crease the smaller net.

6. Fold it and glue tabs P, Q and R to complete
the tube.
(It is easiest to do P and Q first, then R.)

Finished Tube
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⇒

ACTIVITY H3.1 Notes and Solutions

Notes and solutions given only where appropriate.

H3.1 1.

2.

3.

4. (a) (b)

⇒

⇒

A

B

C


