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Learning objectives

This unit introduces the important topic of vectors. Vectors are used in many applications in more
advanced studies in, for example, engineering and astrophysics; for example, fluid flow. After
completing Unit J3 you should

• be able to understand the concept of a vector and add and subtract vectors

• be able to use vectors in 2-dimensional geometry to prove geometric results.

Introduction
The parallelogram (or triangle) law for the addition of vectors is so intuitive
that its origin is unknown. It may have appeared in a now lost work of
Aristotle (384-322 BC), and it is in the Mechanics of Heron (first century
AD) of Alexandria.  It was also the first corollary in Isaac Newton’s
(1642-1727) Principia Mathematica (1687). In the Principia, Newton dealt
extensively with what are now considered vectorial entities (e.g., velocity,
force), but never the concept of a vector. The systematic study and use of
vectors were a 19th and early 20th century phenomenon.

Vectors were born in the first two decades of the 19th century with the geometric representations of
complex numbers.  Caspar Wessel (1745-1818), Jean Robert Argand (1768-1822), Carl Friedrich
Gauss (1777-1855), and at least one or two others conceived of complex numbers as points in the
two-dimensional plane, i.e., as two-dimensional vectors.  Mathematicians and scientists worked with
and applied these new numbers in various ways; for example, Gauss made crucial use of complex
numbers to prove the Fundamental Theorem of Algebra (1799).  In 1837, William Rowan Hamilton
(1805-1865) showed that the complex numbers could be considered abstractly as ordered pairs (a, b)
of real numbers. This idea was a part of the campaign of many mathematicians, including Hamilton
himself, to search for a way to extend the two-dimensional 'numbers' to three dimensions; but no one
was able to accomplish this, while preserving the basic algebraic properties of real and complex
numbers.

In 1827, August Ferdinand Möbius published a short book, The Barycentric Calculus, in which he
introduced directed line segments that he denoted by letters of the alphabet, vectors in all but the
name. In his study of centres of gravity and projective geometry, Möbius developed an arithmetic of
these directed line segments; he added them and he showed how to multiply them by a real number.
His interests were elsewhere, however, and no one else bothered to notice the importance of these
computations.

The beginnings of vectors as we now know them started with the greatest of
Ireland's men of science, William Hamilton (1805-1845).  He treated
complex numbers as an ordered pair of real numbers, i.e. a bi+  (when

i = −1)  as a b,( ), and this is the starting point for vectors.  In fact,

Hamilton tried to generalise the 2-dimensional complex numbers into what
could be called hypercomplex numbers. He spent much time developing
quaterions, which correspond to 4-dimensional numbers (a, b, c, d), and
continued to spend much of his life researching quaterions in the hope that
they would solve physical problems (as, eventually, vectors did in three
dimensions).
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One of the insurmountable problems was to define 'multiplication', which was commutative, as is true
for real numbers, i.e. ab ba= .  Eventually, Hamilton realised that for quaterions, it was just not
possible to define an algebra keeping multiplication commutative.  This is also true for vectors (and
matrices) where the vector product is not commutative.

Unfortunately for Hamilton, quaterions were never found to have any particularly important
applications, whereas vectors came to be crucial in solving advanced fluid flow problems.

The development of the algebra of vectors and of vector analysis as we know
it today was first revealed in sets of remarkable notes made by Josiah
Willard Gibbs (1839-1903) for his students at Yale University in the United
States.  Gibbs was a native of New Haven, Connecticut (his father had also
been a professor at Yale), and his main scientific accomplishments were in
physics, namely thermodynamics. Maxwell strongly supported Gibbs’s work
in thermodynamics, especially the geometric presentations of Gibbs’s
results. Gibbs was introduced to quaternions when he read Maxwell’s
Treatise on Electricity and Magnetism, and Gibbs also studied Grassmann’s
Ausdehnungslehre.  He concluded that vectors would provide a more
efficient tool for his work in physics.  So, beginning in 1881, Gibbs privately printed notes on vector
analysis for his students, which were widely distributed to scholars in the United States, Britain, and
Europe. The first book on modern vector analysis in English was Vector Analysis (1901), Gibbs’s
notes as assembled by one of his last graduate students, Edwin B. Wilson (1879-1964).

Key points and principles

• Vector addition, i.e.  
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• Multiplication of a vector by a scalar
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Facts to remember

• Any vector has both magnitude (modulus) and direction, whereas a scalar has only magnitude.

• Multiplying a vector by a scalar means multiplying all components of the vector by the scalar.
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• The vector AB
→

 starts at position A and finishes at position B.
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Glossary of terms

Scalar    this means 'a number'

Vector    a quantity that has magnitude and direction; for example, velocity

Magnitude (modulus)    is the length of the vector, denoted by a ;  if
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Zero vector    0 =
⎛
⎝
⎜
⎞
⎠
⎟

0

0

Parallel vectors    vectors in the same direction but not necessarily of the same magnitude;
  for example, a a and 2

Unit vector    a vector that has magnitude 1; that is a = 1

Position vector   a vector that starts at the origin (O)
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