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Abstract 

This paper explores sixty-six students’ personal meaning and interpretation of the vertex of a 

quadratic function in relation to their understanding of quadratic functions in two different 

representations, algebraic and word problem. Several categories emerged from students’ personal 

meaning of the vertex including vertex as maximum or minimum (highest or lowest point), 

vertex in relation to symmetry, vertex as a starting point or turning point, vertex as an intercept, 

vertex as an intersection, and miscellaneous. These categories are explored in relation to how the 

students were able to solve two problems, one an explicit computation, and the other a real world 

application problem of the vertex. The students’ responses were analyzed according to the 

action-process-object-schema (APOS) theoretical framework (Asiala et al., 1996). Results 

indicate that it may be useful to explore students’ personal meanings of the vertex to help them 

overcome conceptual obstacles, as well as to emphasize the use and application of the vertex of a 

quadratic function in real world problems.   
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Students’ Understanding of the Concept of Vertex of Quadratic Functions 

in Relation to their Personal Meaning of the Concept of Vertex 

 The concept of function is one of the most foundational concepts in mathematics. While 

most are introduced to the idea at a very young age, a formal definition is usually not introduced 

until a student reaches middle school or high school. Once a formal definition is introduced, 

many students have trouble with the study and understanding of what exactly is a function 

(Abdullah, 2010; Clement, 2001; Dubinsky & Wilson, 2013; Sajka, 2003). Students’ difficulties 

are not surprising as the current idea of a function took many years to evolve, and the definition 

of a function has evolved and changed as well (Jones, 2006; Kleiner, 1989; Ponte, 1992).  

 In particular, involved in some students’ struggles with understanding the concept of 

function are difficulties with grasping the ideas and concepts with quadratic functions 

(Afamasaga-Fuata’i, 1992; Eraslan, 2005; Eraslan, 2008; Kotsopoulous, 2007; Metcalf, 2007; 

Sevim, 2011; Zaslavsky, 1997). Misconceptions stem from transitioning between graphical and 

algebraic representations of a quadratic function, the connection between the different 

expressions of the algebraic forms of a quadratic function, and variable misconceptions. Mesa 

(2007) and McCulloch (2011) suggest that using a graphing calculator may help students 

overcome some of their obstacles; however, problems with understanding of functions and 

quadratic functions still exist in the classroom.  Involved in some of the struggles of the 

quadratic function are misconceptions of the vertex of the graph of the quadratic function 

(Borgen & Manu, 2002; Ellis & Grinstead, 2008). It is important to study how students 

understand quadratic functions since a quadratic function is the most basic polynomial of degree 

greater than one, is studied in the majority of algebra courses, and the concepts and properties are 

building blocks to students’ understanding of the concept of function (Eraslan, 2005; Even, 
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1990; Metcalf, 2007; Zaslavsky, 1997). If a student understands quadratic functions and its 

properties and applications it may be easier for them to build and develop a good understanding 

of more complex and different types of functions and concepts (Even, 1990; Metcalf, 2007). The 

purpose of this paper is to fill this gap in the literature and to gain insight into the connection 

between students’ personal meaning of the vertex of a quadratic function and its relationship to 

students’ understanding of the concept of vertex of quadratic functions in two particular 

representations, algebraic and word problem.  

Background of the Study 

As literature confirms students’ difficulties with functions, and in particular, quadratic 

functions (Afamasaga-Fuata’i, 1992; Eraslan, 2005; Eraslan, 2008; Kotsopoulos, 2007; Metcalf, 

2007; Zaslavsky, 1997), it does not come as a surprise that as a mathematics instructor, we have 

encountered student struggles with these concepts. We have taught classes and worked with 

students from varying mathematical backgrounds, ranging from little understanding of 

mathematical concepts to more sophisticated ways of thinking of mathematical concepts. Despite 

the differences in abilities of students, the one issue that seems to be common to all is that 

students have trouble and difficulties generalizing a mathematical concept in order to apply it to 

real world problems when they are not explicitly instructed regarding the specific tools they need 

to use (Dubinsky & Wilson, 2013; Rebello, Cui, Bennet, Zollman, & Ozimek, 2007). That is, 

problems for which a student would have to use his or her own understanding of a concept to 

know when, where, and how to use that particular concept to reach a solution in different 

contexts. In particular, we have noted that students have trouble generalizing the concept of 

vertex to know when to use it. For example, given the problem “find the vertex”, students are 

able to correctly compute; however, when they are asked to “maximize the revenue of the 
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company” students do not recognize and relate this to the concept of vertex.  They do not realize 

that this is a similar question of finding the vertex, just in words.  It is very important to explore 

and research the cause of disconnect for these students to better understand students’ thoughts 

and patterns in how they learn.  

The objective of this study is to fill this gap, and in particular to determine how students’ 

personal meaning of the concept of vertex relates to their ability to find the vertex in an algebraic 

and in a real world problem situation and to determine how students perceive and understand the 

concept of vertex of a quadratic function.  

Research Questions 

(1) How do students perceive and understand the concept of the vertex of a quadratic 

function?  

(2) How does students’ understanding of the vertex of a quadratic function shape their ability 

to apply the concept of vertex in two different situations, algebraic and real world? 

Research on Quadratic Functions  
 

Several themes come up in the literature on student difficulties with quadratic functions, 

including misconception of variable, student difficulty moving between representations, and 

student difficulty with the relationship between the different expressions of the algebraic forms 

of a quadratic function (Borgen & Manu, 2002; Ellis & Grinstead, 2008; Eraslan, 2008; Eraslan, 

Aspinwall, Knott, & Evitts, 2007; Kotsopoulous, 2007; Vaiyavutjamai & Clements, 2006; 

Zaslavsky, 1997).  One of the most thorough studies on quadratic functions is Orit Zaslavsky’s 

(1997) study that based on analysis of students’ responses identified five main obstacles in 

student understanding of a quadratic function: graphical interpretation, relation between a 

quadratic function and a quadratic equation, analogy between a quadratic function and a linear 
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function, change in form of a quadratic function, and the over-emphasis on only one coordinate 

of special points.  She collected data through classroom observations and written responses to 

problems from over eight hundred 10th and 11th grade students in 25 mathematics classes from 

eight high schools in well-established areas in Israel.  The problems presented were mostly 

multiple-choice, with a majority of the tasks dealing with the translation between graphical and 

algebraic representations of quadratic functions. Besides the five obstacles identified, it was also 

evident that students preferred translating from an algebraic equation to a graph rather than vice 

versa and that students preferred to work with the standard form of a quadratic function rather 

than other forms, such as vertex form.  

While there are studies on quadratic functions, there is a lack of in depth studies in 

particular on students’ understanding of the vertex of quadratic functions.  Ellis and Grinstead 

(2008) have a small component in their study which relates to finding the vertex of a quadratic 

function. By use of video observations from an Algebra II/Trigonometry class of 34 students, and 

two sets of semi-structured interviews, they looked for students’ connections between 

coefficients  ,  , and   in the standard form of a quadratic function ,           , and 

what they believed these coefficients do to the graph of the quadratic function. Many responses 

were incorrect, and there was an unexpected finding that students believed the coefficient   to 

represent the slope of a quadratic function.  There were also students who believed that the 

coefficient   impacts the location of the vertex, a false understanding, as well as students who 

believed that the vertex was not impacted by the coefficient  , again a false understanding.  

In the article What do students really understand?, Borgen and Manu (2002) also have a 

component on the vertex of a quadratic function. They illustrated the idea that even those who 

perform well in class and appear to have some understanding of quadratic functions in reality 
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may not.  By videotaping two students working together on a problem to find the stationary point 

for a quadratic function and to determine if the point is a maximum or minimum, it was evident 

that even though the paper answer was correct, the students’ understanding of these concepts was 

weak. One student was reliant on the calculator and there was also confusion between the 

standard form and the vertex form of a quadratic function, which led to improper imaging.  

While there are some studies on quadratic functions, in particular, there is a lack of in 

depth studies relating to student understanding of the concept of the vertex of quadratic 

functions.  More specifically, there appears to be no study which explores students’ personal 

meaning of the vertex and their ability to apply this concept in an explicit and real world 

problem.  

Methodology 

For this qualitative study (Bogdan & Biklen, 2003; Lincoln & Guba, 1985), data 

collection took place at a large public research university in the southeast during the Fall 2012 

semester. Participants were recruited from students who were enrolled in two different sections 

of the course Introduction to Math Modeling. Both sections met twice a week and there were 45 

students enrolled in each section. Participation in the study was voluntary and in total there were 

sixty six participants in the study. All participants were given pseudonyms. 

The course Introduction to Math Modeling is an undergraduate terminal mathematics 

course and is not a pre-requisite for any other course. Thus, all students were enrolled in an 

undergraduate program, with the majority taking this as a terminal course to meet their 

mathematics requirement.  For the majority of these students, it is the only math course they will 

take during their entire undergraduate college career. The students are non-math majors, also 

with no prior college mathematics course.  
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Topics covered in Introduction to Math Modeling include linear functions, linear 

equations and models, quadratic functions, quadratic equations, transformations and composition 

of functions, and exponential and logarithmic functions. The textbook used for the course was 

College Algebra in Context with Applications for the Managerial, Life, and Social Sciences by 

Harshbarger and Yocco (2010). Chapter 3, Quadratic and Other Nonlinear Functions, contains 

material about quadratic functions and the vertex of the quadratic function. The problems used 

for data collection were based off of this chapter.   

Data Collection 

Data collection was based on student written work, which was collected during class time 

of two sections of the Introduction to Math Modeling course. The student written work consisted 

of two questions from Exam 2 and one question from Exam 3 (Figure 1).  

 
Exam 2 Questions 
 
1. Answer the following for the function  ( )            and its graph. 

 
a. The graph of this equation is a parabola that is _______________(concave up, concave 

down). 
 

b. The vertex is (                      ,                     ) and is a ___________________(maximum, 
minimum) 

 
2. The profit for a product can be described by the function  ( )                  dollars, 

where x is the number of units produced and sold. 
 

a. To maximize profit, _________________________ units must be produced and sold.  
 

b. The maximum possible profit is $_________________________. Round to the nearest cent. 

Exam 3 Question 

3. What does it mean to find a vertex? i.e. What is a vertex? Where does it appear? 

 
 

Figure 1. Instrument for data collection 

Question 1 from Exam 2 is an explicit algebraic approach to finding the vertex of a 

quadratic function. Question 2 from Exam 2 is a real world application problem of the same 
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concept used in Question 1.  The student was to find the number of units that would maximize 

profit and the maximum possible profit for a company. Question 1 and Question 2 were 

presented in back to back order on Exam 2, with the explicit question asked first. These two 

questions from Exam 2 were given mid-fall after instruction on Chapter 3 about quadratic 

functions had taken place. The purpose of these questions was to gain insight into patterns 

students may have in answering different types of problems pertaining to finding the vertex of a 

quadratic function.  

The question from Exam 3 served as a follow up to the previous written data collected.  

Exam 3 took place about three weeks after Exam 2.  The question was based on the meaning of 

the vertex, and served to gain insight into students’ personal understanding of the vertex of a 

quadratic function.  

Theoretical Framework and Data Analysis  

 Data gathered from student written work on Exam 2 and Exam 3 were the basis for data 

analysis. All of the written work was copied, analyzed, and coded based on the way students 

responded to the given questions. Based on the students’ ability to work different problem types, 

their level of understanding according to the action-process-object-schema (APOS) framework 

was used (Asiala et al., 1996).  

APOS theory is an extension of Piaget’s ideas of reflective abstraction, and is based on an 

action-process-object-schema framework of student understanding of mathematical knowledge. 

The first step toward understanding a mathematical concept is an action, which is an externally 

driven transformation of a mathematical object (or objects). An action could be recalling a fact 

from memory, or needing a step by step algorithm to follow.  For example, a student performing 
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at an action level of understanding when working with the quadratic function would need and be 

reliant on the formula     

  
  in order to calculate the vertex.  

Once the actions have been interiorized and reflected upon, then it becomes a process, 

which, unlike an action, is internally driven. An individual is now able to reflect and describe all 

the steps in a transformation, without having to actually perform them. Once constructed, a 

process can then be reversed, coordinated or linked. In continuation of the above example, the 

process would be that an individual can now find the vertex of any quadratic function, without 

the need of an explicit formula to follow.   

The process is then encapsulated into an object once the individual reflects on the actions 

applied to a particular process, becomes aware of the process as a totality, realizes that 

transformations can act on it, and can actually construct these transformations. It is often 

important and necessary to de-encapsulate the object back to the process from which it came. 

Again, in continuation from above, for example, an individual that can compare and relate two 

vertices of a quadratic function, and can create linkage between concepts is at an object level of 

understanding for that particular concept.  

Lastly, a schema is formed by the collection of actions, processes, objects, and other 

schemas, along with the connections between them brought to a mathematical problem situation. 

Schemas develop and are constructed and reconstructed as new associations between actions, 

processes, and object conceptions form (Asiala, Cottrill, Dubinsky, & Schwingendorf, 1997; 

Cottrill et al., 1996).  

APOS was most appropriate to analyze student perception and understanding of the 

concept of vertex of the quadratic function because of the theory’s ability to describe student 

understanding on different levels of conceptual understanding. By describing and coding the data 
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based on the action, process, and object levels of understanding according to APOS, this gave a 

very specific methodology for which to interpret student performance.  

Results 

To explain how students perceive and understand the concept of vertex and how students’ 

understanding of the vertex of a quadratic function shapes their ability to apply the concept of 

vertex in two different situations, algebraic and real world, students’ personal meaning of the 

vertex was analyzed in comparison to the students’ understanding of the vertex when answering 

the explicit computation question, Question 1, and the real world problem, Question 2. The 

results break down the responses for the individual personal meaning of the vertex into six 

different categories: vertex as maximum or minimum (highest or lowest point), vertex in relation 

to symmetry, vertex as a starting point or turning point, vertex as an intercept, vertex as an 

intersection, and miscellaneous. Those whose personal meaning fell into the categories of vertex 

as maximum or minimum or vertex in relation to symmetry and who had a stronger association 

of the correct meaning of the vertex appeared to possess a higher ability to perform and were 

more likely to exhibit at least an action level of understanding, if not a process level of 

understanding of the vertex according to APOS. Those whose personal meaning of the vertex 

contained misconceptions, such as the vertex as an intercept or the vertex as an intersection, were 

more likely to not be capable of even an action level of understanding of the vertex in the explicit 

and real world problem and were less likely to answer the problems correctly.  

Vertex as maximum or minimum (highest or lowest point) 

 Overall, the most common response to Question 3, students’ personal meaning of the 

vertex, was to refer to the vertex as the “maximum or minimum” or as finding the “highest or 

lowest” point on the graph. Thirty six of the sixty six students identified this as their personal 
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meaning of the vertex.  Out of these thirty six, only fifteen of them carried this idea over and 

were able to solve all parts of both the explicit and real world problem correctly. The majority of 

the remaining twenty one students had trouble transferring the concept of the vertex from the 

explicit problem to the real world problem, and struggled to find a solution to the real world 

problem.  The most common mistake of those who had trouble with the real world problem was 

the urge to solve the original quadratic function set equal to zero. Students would automatically 

start trying to use the quadratic formula or factoring techniques to try to come up with a solution, 

when in fact they needed to find the vertex, not the  -intercepts of the graph.  

One of these students, Sasha, had this problem.  Her personal meaning of the vertex was 

that it is “either the lowest point or highest point”. However, to find how many units will 

maximize profit and to find the maximum profit, she resorted to using the quadratic formula to 

try to solve the original quadratic function set equal to zero (Figure 2).   

 
 

 

 

 

 

 

Figure 2. Sasha’s written work 

1

. 

2

. 
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Sasha was able to correctly compute in Question 1 using the formula for the vertex, but 

was not able to carry the idea over to the real world problem. For the real world problem, the 

formula for the profit was not written in the exact standard form of a quadratic function,     

    , which might be what caused her confusion. She appeared to have a need to change the 

sign of the coefficient by    and it might be that she knew that the only time she can freely 

change that sign is if she had an equation. According to her computation and her answers for the 

real world problem, her personal meaning of the vertex changed to possibly mean a zero of a 

function. She was not able to deal with a new situation in which she needed to separate 

coordinates of the vertex giving each of them a particular meaning;  -coordinate representing the 

number of units that must be produced and sold and  -coordinate representing the maximum 

profit.  

According to APOS, in the explicit Question 1, when she was given a standard formula 

of a quadratic function, she demonstrated an action conception of the vertex.  For her, the vertex 

was the lowest or highest point [on the graph]; she remembered the formula for finding the  -

coordinate of the vertex, was able to find the  -coordinate by plugging   into the formula and 

calculating it, and she knew that concavity is determined by the sign of the coefficient of   . 

However, it appears that the action conception of the vertex that Sasha exhibited in Question 1 

was not sufficient to transfer it to the real world situation described in Question 2. This problem 

required more than an action conception of the vertex. It required a student to reverse the process 

of obtaining a vertex as an ordered pair with  - and  -coordinates where each one of them was 

calculated according to a specific procedure [formula for  ; evaluating  ( ) for  ] to actually 

give specific meaning to the coordinates based on the context of the problem. Because of her 
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inability to make this connection for the real world problem, Question 2, she was not even at an 

action level for this problem type.  

Besides those whose personal meaning of the vertex was the maximum or minimum and 

who were not able to answer both Question 1 and Question 2 correctly, Rachael was one of the 

15 within this category who was able to answer all parts to both questions correctly. Rachael’s 

personal meaning of the vertex was “the maximum or minimum of a quadratic graph”, and she 

correctly proceeded through Question 1 and Question 2 (Figure 3).    

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. Rachael’s written work 
 

For the explicit Question 1, Rachael demonstrated at least an action level of 

understanding of the vertex as it is evident that she could be reliant on the vertex formula for 

computation of the  - and  -coordinates of the vertex. Her picture of the parabola and her 

circling the coefficient of    also suggests that she has perhaps memorized that a positive 

coefficient implies the parabola opens up. For the real world Question 2, Rachael also appears to 

be at least at an action level of understanding. Her “need” to rewrite the equation in decreasing 

power order,  ( )                , may indicate that she might have memorized the 

procedure for finding a vertex of the standard quadratic form  ( )          .  However, 

2

. 

1

. 
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because of her ability to transfer the idea of the vertex from the explicit problem to the real world 

problem correctly, it is possible that these actions have been interiorized and she has a process 

level of understanding of the vertex in the real world problem.  By being able to correctly apply 

the concept of vertex to the real world problem, she was able to reverse the process of obtaining 

the vertex as an ordered pair.  She was able to separate and give meaning to each coordinate of 

the vertex;  -coordinate representing the number of units that must be produced and sold, and  -

coordinate representing the maximum profit. Rachael’s conceptual understanding allowed her to 

accurately describe what the vertex is, and to transfer the idea of the vertex from the explicit 

problem to the real world problem to correctly answer both questions, a sign of at least a process 

level of understanding of the vertex in the real world context. 

Vertex in relation to symmetry 

Another common trend in the responses of the personal meaning of the vertex was 

students relating the vertex to the axis of symmetry. The students who made this connection that 

the vertex of a quadratic function is the point where graphically there exists an axis of symmetry 

were able to relate more than one graphical concept of the quadratic function. However, for some 

students, despite relating the concepts, they were not able to perform on both the algebraic and 

real world problem.  

Natalie stated that “the vertex is the point in the middle of a graphed line that shows the 

axis of symmetry”.  Her work even exhibits that she related the idea of the concept of symmetry 

to her attempted solutions for Questions 1 and 2 (Figure 4).   
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Figure 4. Natalie’s written work. 

Natalie attempted to draw a sketch of the parabola for the function  ( )           

and even included a dotted line going through the middle, representing the axis of symmetry. She 

correctly found the vertex by computation; however, she did not correctly plot the vertex, 

identify the graph as concave up, or identify the vertex as a minimum.  Even further, she left 

Question 2 blank. She did not attempt an answer to the real world problem, as the cognitive jump 

which requires more than an action conception of the vertex as it entails a student being able to 

reverse the process of obtaining the vertex as an ordered pair with a specific procedure to find 

each coordinate may have been too difficult.  

Since Natalie was able to correctly find the vertex on the explicit problem, this suggests 

that she is at an action level of understanding for finding the vertex algebraically. This is further 

supported by her use of the formula on her work and by the fact that she was unable to correctly 

sketch the graph of the quadratic function.  Memorization of how to find the vertex is likely as 

she was also not able to recognize the concavity of the parabola or whether the vertex would be a 

maximum or minimum.  All of this further supports that she is at an action level of understanding 

for finding the vertex of a quadratic function algebraically. For the real world problem, Natalie 

1

. 

2

. 
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was not able to give separate meaning to each coordinate of the vertex and could not reverse the 

process of obtaining the vertex as an ordered pair by a specific procedure, which could have been 

why she left it blank. Her action level of the understanding of finding the vertex of a quadratic 

function explicitly was not sufficient to transfer to the real world problem, which prevented her 

from even being at an action level for this problem type.   

Vertex as a starting point or turning point 
 

A few of the sixty six students referred to the vertex as the “starting point of the graph” 

(Figure 5). One such student, Shar, drew two pictures to explain her idea of the vertex as a 

starting point. 

 
 
Figure 5. Shar’s written work 
 
The first drawing (the one on the left) illustrates the starting point as the maximum point on a 

graph. The second drawing (the one on the right) illustrates a sideways V shape, with the starting 

point as the west most point on the graph.  While the first picture does represent a quadratic 

function, the second picture does not. Shar’s misconception could possibly be related to an 

inaccurate conceptual understanding of quadratic functions and their corresponding graphical 

representation. This drawing also suggests she may lack some foundational understanding of not 

only a quadratic function, but functions in general.  

Despite this, Shar was able to correctly answer for Question 1 that the parabola was 

concave up and that the vertex was a minimum, however, when she attempted to find the vertex 

algebraically, she could only find the  -coordinate by use of the formula and she left the place 

3

. 
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for the  -coordinate blank.  This suggests an action level of understanding of finding the  -

coordinate of the vertex algebraically because of a memorization of the formula with no 

connection to any conceptual meaning of the vertex.  Memorization of concavity based on the 

sign of the coefficient of    is also likely. Furthermore, on the real world problem, Question 2, 

Shar left it blank. She was not even at an action level of understanding of the vertex concept as 

she was not able to transfer or apply her action level conception of the vertex to a real world 

context.   

 Another student, Zee, wrote that the vertex is “where the parabola starts”. She correctly 

answered the explicit problem, Question 1, however, for the real world problem, Question 2, she, 

like many others, tried to use the quadratic formula to solve the quadratic function set equal to 

zero (Figure 6). 

 
Figure 6. Zee’s written work 
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Zee’s ability to answer Question 1 in an explicit situation suggests she is at least at an 

action level of understanding for finding the vertex in an algebraic situation. However, her urge 

to solve and use of the quadratic formula for Question 2 suggests that she was not able to reverse 

the process of calculating each coordinate to give them a particular meaning depending on the 

context, which prevented her from applying her conception of the vertex to the real world 

problem. Her reliance for a formula on Question 1 and her memorization of the explicit problem 

could be hindering her ability to recognize when to use the concept of vertex in different 

contexts.  

Vertex as an intercept  

The most common misconception of the personal meaning of the vertex was the vertex as 

an intercept. Three of the students who identified the vertex as an  -intercept were Eddie, 

Jeremy, and Clue.  Eddie stated that the vertex is “where the graph will cross the  -axis”, Jeremy 

stated that the “vertex is where the line crosses the  -axis”, and Clue stated that “to find the 

vertex is to find the point where it crosses the  -axis”.  Interestingly, all three of these students 

were able to correctly find the vertex on the explicit algebraic problem type, Question 1.  They 

all wrote down the formula, and then they all plugged in the  -coordinate they found from the 

formula into the function  ( ) to find the corresponding  -coordinate.  Based on their step by 

step procedure and use of a formula to come up with a correct answer, despite their 

misconception of what the vertex really means, suggests that they are all at an action level of 

understanding of finding the vertex on an explicit algebraic problem. Their misconceptions of the 

vertex as a  -intercept did not impact their ability to perform on the explicit problem, Question 1.  

However, on the real world application based problem, Question 2, none of the three 

could correctly answer.  Jeremy tried to use the quadratic formula, and Eddie and Clue showed 
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no work.  Because of their inability to answer the real world problem this confirms their action 

conception of the vertex, exhibited when answering Question 1. This could possibly be because 

of their incapability to break down an ordered pair into an  - and  -coordinate with separate 

meaning based on the context of the problem.  Their inability to reverse the process of finding 

the vertex coordinates by a specific procedure and their action conception of the vertex for the 

explicit problem prevents them from being capable of transferring the knowledge to the real 

world problem.  

The one student, Amy, who identified the vertex as the  -intercept, rather than the  -

intercept, was not able to compute to find either coordinate for the vertex.  When asked for the 

meaning of the vertex, she even drew a picture and an arrow to the spot on the parabola where 

her graph crossed the  -axis and labeled it “vertex” (Figure 7).   

 
 
Figure 7. Vertex as a  -intercept 
 
This incorrect assumption supports the conclusion that she does not have any level of 

understanding. Since she did not exhibit even an action conception of the vertex, we classify her 

as having a pre-action conception of the vertex. This is also evident by her inability to find the 

vertex on either problem, algebraic or real world.   
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Vertex as an intersection 

The next misconception was the idea that the vertex is an intersection of the  - and  -

axes. Most of the students who identified the vertex this way were not able to find the vertex 

explicitly in Question 1, and none of them could correctly answer the real world problem, 

Question 2.  Because those who possessed this misconception as their personal meaning were 

more likely to not be able to perform on either question, they are not even at an action level of 

understanding of the vertex.  

Sandy was one student who wrote that the vertex is “where the   and   axis meet on the 

graph.” Her response did not even make sense, as where the   and   axis meet on the graph is 

the origin.  When she attempted to find the vertex for Question 1, Sandy tried to factor the 

quadratic function as well as use an erroneous form of the quadratic function,    (     

 ) to find the vertex (Figure 8).   

 
 

 

 

Figure 8. Sandy’s written work 

Sandy was not able to accurately make the transition between forms, and factored only to 

get stuck.  She did not even show an action level of understanding, except for the memorization 

of whether the parabola is concave up or concave down and whether the vertex is a maximum or 

minimum. It is also possible that Sandy has an underdeveloped foundational understanding of the 

quadratic function, which could be preventing her from being able to answer the questions 

correctly. 

1

. 
1 
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Drea was another one of these students whose personal meaning of the vertex was that 

the vertex is an intersection.  Her personal meaning was that “to find the vertex means to find the 

point where   and   intercept [on] the graph”.  Although with this kind of statement it seems as 

if the student has no understanding, she correctly answered all parts of Question 1 (Figure 9).   

 
 
Figure 9. Drea’s written work. 
 

Because of Drea’s ability to perform on Question 1, without even understanding what the 

vertex means, she is at an action level of understanding for finding the vertex algebraically.  

Because the real world problem, Question 2, requires more than an action conception of vertex, 

her action level of understanding of the explicit problem type could be hindering her from being 

capable of correctly answering the real world problem, Question 2. She is another example of a 

student who attempted to plug in the coefficients of  ( ) into the quadratic formula to come up 

with a solution. By not being able to apply the concept of the vertex into an application based 

problem, Drea was not able to ‘de-compose’ an ordered pair into its components to give each of 

them a specific meaning depending on the context.  This could be in part due to her erroneous 

2

. 
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personal meaning of the definition of a vertex and her action level of understanding of the 

explicit problem, which is not sufficient to transfer the idea of the concept of vertex to the real 

world problem, Question 2. 

Miscellaneous  

 Out of the sixty six participants, nine students’ responses did not fall into any of the 

previous specific categories.  Six of these nine students did not give an answer for their personal 

meaning of the vertex, and out of the three that did, they gave miscellaneous responses.  One of 

the three students described the vertex as the “point where [the] line begins”, which is an 

erroneous conception as the graph of a quadratic function is not a line, it is a curved parabola. 

For the explicit Question 1, she did not find the vertex correctly, and for the real world problem, 

Question 2, she left it blank, signs that she is not even at an action level of understanding for 

either problem type.  

 Another student described the vertex as a means to “solve [the] formula –  

  
  ” She had 

memorized the formula, however, she could not apply it. In her work, she did not even know 

how to identify the   and   coefficients from the quadratic function to put into the formula she 

wrote down for the vertex.  Even though she could not find the vertex for the explicit question, 

she was able to correctly identify the parabola as concave up and the vertex as a minimum, a 

result of most likely memorization. Based on her inability to find the vertex or describe its 

meaning, she was identified to have a pre-action level of understanding of the vertex. More so, 

she was not able to answer any part of the real world problem, Question 2, correctly, as she, like 

many others tried to solve for the original quadratic function set equal to zero.  
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Overview 

  Although the six categories in relation to the students’ personal meaning of the concept 

of vertex of a quadratic function exist (vertex as maximum or minimum (highest or lowest 

point), vertex in relation to symmetry, vertex as a starting point or turning point, vertex as an 

intercept, vertex as an intersection, and miscellaneous), there was also a significant trend 

overlapping with how the students were able apply the concept of vertex of the quadratic 

function in an algebraic situation (Question 1) and in a real world problem situation (Question 2).  

Tables 1 and 2 illustrate this trend in the data. Table 1 illustrates how many students correctly 

answered parts a and b of Question 1 and Question 2. A correct answer is denoted by a C, 

partially correct answer is denoted by PC, and an incorrect answer is denoted by I. Table 1 only 

illustrates the top four trends in responses to Questions 1 and 2 and excludes consideration of 

seven other students who did not fall into any of the following four categories. 

Table 1.  
 
Student Responses to Question 1 and Question 2 
 Question 1a. Question 1b. Question 2a. Question 2b. Total Students 

Trend 1 C C I I 20 

Trend 2 C C C C 20 

Trend 3 C PC I I 14 

Trend 4 C PC C C 5 

 
One of the most common results were students obtaining a complete correct answer to 

parts a and b of Question 1 and then obtaining a complete wrong answer for parts a and b of 

Question 2. A common mistake of these 34 students who incorrectly answered Question 2a and 

Question 2b were that many of them tried to use the quadratic formula,      √      

  
, to solve 

for  , when in fact they were supposed to find the vertex to maximize the revenue for the 
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company. They plugged in the coefficients of the quadratic function for  ,  , and   only to find 

themselves stuck or with the wrong answer.  These students were searching for a solution, and 

were not able to reverse the process of obtaining a vertex as an ordered pair where each one was 

calculated according to a specific procedure (formula for  ; evaluating  ( ) for  ) to be able to 

give specific meaning to each coordinate based on the context of the problem. Table 2 illustrates 

the same data in a different way. Again, C represents a correct answer, PC, a partially correct 

answer, and I, an incorrect answer.  Unlike Table 1 which excluded seven students that did not fit 

the trends, Table 2 includes all sixty six participants.   

Table 2.  

Total Student Responses Question 1 and Question 2 
 C PC I 
Question 1a. 61 0 5 

Question 1b. 41 22 3 

Question 2a. 28 0 38 

Question 2b. 26 0 40 
 

From Table 2, it is again clear that a majority of the students could answer Question 1a 

and Question 1b correctly; however, many fell short on Question 2a and Question 2b. The 

students had difficulties in making this cognitive jump from a specific algebraic approach to an 

application problem.  While many students could correctly apply the concept of vertex of the 

quadratic function in an algebraic situation, many had trouble applying the concept with the real 

world problem in which the most common error was the resort to trying to solve for   in the 

quadratic function set equal to zero. 
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Discussion  

 Based on each students’ personal meaning of the vertex of a quadratic function, six trends 

in data arose that split results into six different categories: vertex as maximum or minimum 

(highest or lowest point), vertex in relation to symmetry, vertex as a starting point or turning 

point, vertex as an intercept, vertex as an intersection, and miscellaneous. The students whose 

personal meaning was the vertex as a maximum or minimum or who related the vertex to 

symmetry were more likely to perform well and were more likely to exhibit at least an action 

level if not a process level of understanding of the vertex according to APOS. This emphasizes 

the importance of the need for students to be able to put correct meaning to mathematical 

concepts, as those who exhibited a correct personal meaning were more likely to perform well on 

both questions. Students whose personal meaning was a misconception of the vertex, for 

example, the vertex as an intercept, exhibited a lower performance and lower ability to correctly 

answer both problem types, and were more likely to be at an action level of understanding of the 

vertex, and for some a pre-action level of understanding of the vertex. 

Regardless of some students’ personal meanings of the vertex as a misconception, the 

majority of students were able to appropriately apply the concept of vertex in the algebraic 

situation. For some, memorization was evident based on the use of the vertex formula for the 

explicit problem, yet the inability to describe accurately what the vertex means. Based on the 

memorization and ability to perform, these students were at an action level of understanding of 

the vertex for the explicit problem. However, even though a majority exhibited an action level of 

understanding of the vertex of a function given in standard form, this was not sufficient to solve 

the real world problem presented in Question 2.  The most common mistake when trying to solve 

the real world problem was a student immediately resorting to trying to find a solution to the 
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quadratic function set equal to zero. Many attempted to use the quadratic formula only to get 

stuck, and several others tried to factor.  

There was also an underlying overall trend of students answering the explicit question by 

finding the  - and  -coordinates of the vertex by a specific procedure, identifying the vertex as a 

maximum or minimum, and identifying whether the parabola is concave up or concave down 

correctly.  Yet the amount of students who were able to then transfer this knowledge correctly to 

a real world problem situation by giving specific meaning to the coordinates,  -coordinate 

representing the number of units that must be produced and sold and  -coordinate representing 

maximum profit, significantly decreased.  This further supports the literature on students’ 

inability to solve nonroutine problems (J. Selden, Mason, & A. Selden, 1989; A. Selden, J. 

Selden, Hauk, & Mason, 2000; J. Selden, A. Selden, & Mason, 1994) as this study found 

students possess an overall lack of connection between explicit algebraic and real world 

problems.  Students were not able to recognize that the real world problem was also computation 

for the vertex, just in words. This could be because of difficulties in coordinating information 

(Baker, Cooley, & Trigueros, 2000) or a weak conception of the quadratic function (Afamasaga-

Fuata’i, 1992; Eraslan, 2005; Eraslan 2008; Kotsopoulos, 2007; Metcalf, 2007; Zaslavsky, 1997) 

that could be preventing students from being able to apply the concept in different situations.  

According to APOS, the students who had an action level of understanding for the explicit 

problem were less likely to be able to transfer this knowledge to the real world problem. Having 

an action conception of the vertex of a quadratic function given in standard form is not enough 

for a student to be able to deal with and solve the real world problem.  

Misconceptions of the vertex were also prevalent, which could prevent some students 

from appropriately connecting ideas between questions. By not being able to identify meaning to 
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the vertex correctly, this led some students to solve the original quadratic function set equal to 0. 

Many tried factoring or using the quadratic function to come up with a “solution”.  These 

misconceptions of the vertex further support Borgen and Manu (2002) and Ellis and Grinstead 

(2008).   

Conclusion 

Based on this study, several implications for teaching are suggested. First, as many 

students are performing at an action level of understanding, which could be preventing them 

from transferring ideas between different problem types, it is important to reassess how students 

are taught.  Rather than a traditional lecture style classroom, it is suggested that students be 

pushed past an action level of understanding by requiring students to explain and talk about 

reasons behind their procedures.  ACE Teaching Cycle (Asiala et al., 1996; Dubinsky, 

Schwingendorf, & Mathews, 1995) is a pedagogical approach based on APOS theory, which 

consists of three components: team activities, in class discussion, and exercises has shown to be 

effective and useful (Weller et al., 2003). This approach gives students the chance to reflect on 

their work and possibly interiorize their actions into a process, which would then be beneficial to 

the student in approaching different problem types.   

The lack of connection shown from students between explicit and real world problems 

pertaining to the vertex of a quadratic function should be addressed by possibly emphasizing the 

connections between different problem types and allowing students more opportunities to work 

and reflect on their ideas pertaining to the vertex of a quadratic function in and out of class. 

Exploration of students’ personal meanings of the vertex may be helpful to try to help them 

overcome any conceptual obstacles and misconceptions they may have with the definition of the 
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vertex.  This could be done by small group or class discussion, allowing students the chance to 

speak and converse about their personal meaning.  Allowing the classroom to be a contextually 

rich environment by providing students the opportunity to explore these connections between 

real world problems and the flexibility of mathematical concepts is important and beneficial 

(Schwalbach & Dosemagen, 2000).   

The function concept is complex and even high performing undergraduates possess a 

weak understanding of the concept (Breidenbach, Dubinsky, Hawks, & Nichols, 1992).  In 

particular students also have trouble with the quadratic function (Afamasaga-Fuata’i, 1992; 

Eraslan, 2005; Eraslan, 2008; Kotsopoulous, 2007; Metcalf, 2007; Sevim, 2011; Zaslavsky, 

1997).  It is important to solidify the foundation of these concepts as early as possible. Future 

research is suggested to continue to improve student understanding of the vertex of a quadratic 

function in different context situations. Curriculum development could be designed and tested to 

seek out a best way to further develop student understanding of the vertex of a quadratic 

function.  Future research is also suggested to include a technological component to see if the use 

of graphing calculators and/or computers strengthens students understanding.   
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