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The purpose of this study is to investigate the impact of using Trigonometric 
Graphs, a teacher created web-based simulation, and asynchronous online 
discussion on students’ understanding of and performance in sketching 
transformation of trigonometric curves.  The participants of the study were 29 
Grade 9 students from a Singapore school.  The students worked in groups of 
three or four in experimenting with the web-based simulation to learn to 
sketch stretches and translations on trigonometric curves.  The students also 
learned to decipher the concept behind each transformation through an online 
discussion forum.  A diagnostic quiz was used to assess the students’ abilities 
of sketching transformations, and an oral examination was administered to 
evaluate their understanding of the concepts behind the transformations.  The 
findings show that self-experimentation with the web-based simulation and 
online discussion forum helped improve the students’ abilities of sketching 
singular/combined transformations and explaining the concept behind each 
transformation. 
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Use Web-based Simulation to Learn Trigonometric Curves 
 

Introduction 
 

Trigonometry is commonly taught via the expression of algebra.  While only a 
very small percentage of 13 to 15-year olds are able to consider a letter as a 
generalised number (Kieran, 1992), many students find algebra abstract and difficult 
to understand.  Traditional algebra instruction addresses interpretation implicitly 
(Kinzel, 1999).  Students are required to consider a letter as a generalised number, 
that is a letter is seen as representing, or at least as being able to take on, several 
values rather than just one.  In addition, students are expected to consider a letter as a 
variable, representing a range of unspecified values and a systematic relationship 
existing between two such sets of values.  Failure in interpreting letters hinders 
students’ understanding of transformation of trigonometric curves (Küchemann, 
1978). 

The common instructional approach to trigonometry has been expository 
deductive teaching.  To sketch dcxbay +!= )(sin , a teacher would make as many 
as four to five sketches on a single diagram to illustrate the steps for sketching 
transformations.  When sketching transformed curves by freehand, the teacher  might 
need to re-sketch portions of the curve, which is time consuming.  Furthermore, 
displaying all intermediate sketches together with the final sketch on a single diagram 
is sometimes too cluttered for some students to digest.  Frequent re-sketching by the 
teacher disrupts the transformational flow of the sketches, giving students a disjointed 
or interrupted pattern.   

In trying to understand the concepts behind trigonometric curves, students 
would also work through algebraic steps.  In class, they would sketch trigonometric 
curves, each comprising more than one transformation.  It is a common problem that 
some students cannot recognise transformations comprising more than two 
transformations.  As a result, they cannot differentiate and sketch compositions of 
transformation systematically.  Some would mix up amplitude change with scaling.  
Others would do phase change first, then get lost in finishing scaling.  Still others 
would plot instead of transforming trigonometric curves.   

At the completion of teaching of trigonometry using the direct teaching 
method, the first author administered a diagnostic quiz on sketching transformation of 
trigonometric curves to two cohorts of students in two separate years.  Of the 29 
students of the first cohort, 11 students (38%) failed the quiz, and 8 of 26 (31%) of the 
second cohort failed the same quiz.  It appears that new ways of teaching sketching 
transformation of trigonometric curves must be sought.  This paper reports on the first 
author’s effort in exploring a web-based simulation to teach trigonometry and its 
impact on student achievements.  

 
Theoretical Framework 

 
Numerous studies have been reported on math educators’ efforts in 

experimenting with computer simulations to help students understand abstract 
concepts.  Simulation is convenient and controllable, and it can monitor learners’ 
performance, identify their errors and give them immediate feedback.  By providing 
learning experiences normally not available in traditional teaching, simulation 
motivates and provides for transfer of learning for learners (Alessi & Trollip, 1985).     
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In a study of  students taking calculus (Porzio, 1995), it  was found that those 
who used Mathematica, a visualising computer program,  were better at connecting 
numerical, symbolic and graphical representations than those who learnt by traditional 
non-simulation methods.  While the students who learnt calculus by the traditional 
approach focused on procedures, the students who used Mathematica solved calculus 
problems using a conceptual approach (Roddick, 1995).  Jonassen (2000) suggests 
that being able to inter-relate numerical and symbolic representations with their 
graphical output helps learners to understand trigonometric transformation more 
conceptually.   

When learners have the opportunity to experiment with an interactive 
simulation, their learning is constructed through knowledge discovery, focusing on 
the processes of assimilation and accommodation of new and prior knowledge 
(Bruner, 1990).  As such, interactive simulation can serve as a cognitive, knowledge-
construction tool that is essential in a constructivist learning environment (Jonassen, 
Peck & Wilson, 1999).  

For the studying of trigonometry, simulations can be used to highlight how a 
numerical output is linked to certain unknown symbolic representations through a 
graphical approach.  This is because motion can bring to the learners’ attention the 
critical features and their relation to other components that might not be easily 
grasped in an abstract system (Park, 1994).  Simulations can also illustrate procedural 
relationships (Park, 1994).  For example, while transforming trigonometric curves that 
involve four transformations, learners can see the sequential steps to achieving the 
end result. 

Finally, simulations can act as a facilitator of mental model formation (Park, 
1994).  It helps learners to visualize a dynamic process that is difficult or impossible 
to visualize, thus facilitate learning tasks (Rieber, 1990; Lee & Boling, 2000).  In 
addition to the ability of explicitly representing highly abstract and dynamic time-
dependent concepts (Lee & Boling, 2000; Park, 1994; Reiber, 1990), simulations 
allow learners to explicitly see how variables are related to one another.  Through 
repeated inputs and outputs, learners can better construct a mental model (Gentner & 
Steven, 1983; Johnson-Laird, 1983) of how a variable affects another variable, which 
may be difficult with static displays or verbal explanations.  

This study was inspired by the promises of computer simulations discussed 
above and it intended to investigate the impact of a Trigonometric Graph, a teacher 
created simulation, on students’ understanding of trigonometric curves.  Furthermore, 
the study took the notion of socialcultural theories, which postulate that learners learn 
through socially mediated activities where learners discuss and discover concepts 
from different perspectives under teacher’s facilitation (Vygotsky, 1978).   

In the environment of computer simulation, learner interactions are realised 
via synchronous or asynchronous online discussions in which individual learners post 
their opinions online, view and respond to other learners’ postings in discussion 
forum.  Online discussion allows discussions and reflections to take place beyond 
physical time as well as proximity constraints, thereby extending learning space 
(Williamson & Nodder, 2001).  With an extended learning space, online discussion 
increases opportunities for learners’ active participation by allowing them to 
participate in discussions 24 hours a day at any place of their convenience, crossing 
time and space (King, 2001).  Online discussion also provides opportunities for more 
reserved and less-articulate group members to finally gain access to discussions and 
decision-making.  As a result, the entire class is encouraged to participate in the 
learning process and evaluation without the fear of embarrassment.  The sense of 
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community may increase as well, as students participate in collective reflection, 
evaluating their collective responses (Krussel, Springer & Edwards, 2004).  

This study attempts to answer two questions:  
(1) To what extent does self-experimentation with web-based simulation 

Trigonometric Graphs help students learn sketching of transformations 
of trigonometric curves?  

(2) To what extent, does an asynchronous online discussion forum help 
students to explain the concepts behind such transformations? 

 
Description of Trigonometric Graphs 

 
Trigonometric Graphs, a web-based simulation, was created by the first author 

for the purpose of teaching sketching of transformations of trigonometric curves. 
Web-based instruction was adopted because it allows students to learn wherever and 
whenever they prefer, and it makes it possible for the teacher to change the content 
easily and inexpensively.  

Discovery learning is used as an instructional approach to achieve the stated 
goal.  More specifically, students learn the new concepts by attempting to complete 
four online activity sheets.  The activity sheets require students to investigate the 
transformation of graphs of Sine functions by using a Graphing Simulator in 
Trigonometric Graphs.  Although a Graphing Simulator uses degrees as units of 
measurement of angles, students are also required to sketch trigonometric functions in 
terms of radians.  Activity Sheet 1 to 3 contains five questions each, and Activity 
Sheet 4 consists of nine questions.  Of the nine questions in Activity Sheet 4, three 
require students to learn as a learning community via an online discussion forum.   

In the design of Trigonometric Graphs, the teacher designer attempted to use 
the model developed by Vrasidas and Harris (1995) which is based on the 
instructional design models of Dick and Carey (1990) and Smith and Ragan (1993).  
Efforts were also made to incorporate interactive multimedia treatments (Park & 
Hannafin, 1993; Schwier & Misanchuk, 1993).  Instructional strategies employed 
include (1) advising an order of learning on different transformations so as to support 
cognitive learning; (2) providing an advanced organiser and hyperlinks to support 
active and self-directed learning; (3) supplying a simulation tool to help learners to 
construct meaning and discover the links between symbols and dynamic 
transformations; (4) offering opportunities for practice; and (5) using an asynchronous 
discussion forum to support social construction of the concepts behind 
transformations. 

Figure 1 shows an example of the interface design of Trigonometric Graphs.  
The content column on the left frame is shown all the time to enable students to 
navigate the Hypermap and Graphing Simulator and to send the teacher 
emais(Brickell, 1993; Kommers, Gabinger & Dunlap, 1996).  Clicking on a button in 
the content column would lead students to an information page displayed at the right 
frame.    
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Figure 1 Sine Graphs and Transformations 

In designing the content column, efforts were made to make texture cues and 
signals consistent so as to ensure legibility of instructions (Apple Computer Inc, 1989; 
Faiola, 1989; Garner, 1990).  Students could choose to start from any of , , 

 and , and they are allowed to move around the lessons in any direction that 
is meaningful to them.  The   button would lead students to the Graphing 
Simulator, while the  button enables students to send the teacher an email.  

Clicking on the  button would lead students to the “Sine Graph” page.  
The center piece is a java applet that would animate sine curve upon student’s input 
(Figure 2).   

 
Figure 2 Static Display of a Sine Curve 

Clicking on the  icon would lead students to the “ siny a x= ” page, 
which describes the performance objectives of the simulation, that is to learn 
sketching of transformations of trigonometric curves by means of completing four 
activity sheets with the aid of the Graphing Simulator (Figure 3).  Clicking on  
and  would lead students to two screens where they could download Activity 
Sheet 2 and 3 for “scaling” and “phase change” respectively with the help of 
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Graphing Simulator. By clicking , students would learn to sketch a combination 
of transformations and to complete Activity Sheet 4. 

 

 
Figure 4 Graphing Simulator 
 

Methodology 
 

Participants 
Twenty-nine Grade 9 students from a Gifted Education Program (GEP) in a 

Singapore school participated in this study.  All the students were between 14 and 15 
years of age and 12 of them were girls.  At the time of the study, the students had 
been introduced to the definition of trigonometric ratio and had learnt how to 
represent linear and quadratic relations on a graph.  However, they had not learned 
trigonometric curves. 

In the Singapore context, GEP students are identified at Grade 4 through a 
volunteer screening in which the top 1% of the participants are identified as gifted by 
their test scores in English and Mathematics. The labelling of gifted at an early age 
does not necessarily guarantee academic success for the GEP students. By the time of 
Grade 6, some GEP students fall below the 10th percentile of the cohort.  Nonetheless, 
GEP students generally outperform other students in their cohorts academically. 
Instruments 

A five-item surprise quiz (Appendix 1) was used at the end of the learning 
activities to evaluate the students’ overall learning.  In addition, the students were 
given an oral examination (Appendix 2) in which they explained the concepts behind 
transformation. 
Procedures  

Twenty-nine students from two classes were divided into eight groups, three 
or four students in each group.  On Day 1, the students spent 70-minutes in the 
computer lab to learn trigonometric curves by completing four online activity sheets 
with the help of Trigonometric Graphs.  The four activity sheets were used as both a 
means of instruction and formative evaluation.  The students were given the choice of 
learning the new content by themselves or with other group members.  In either case, 
they were required to help their group members, and a group score was given which 
was the average of all group members’ marks of the four activity sheets.  Those who 
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could not complete the activity sheets in the 70-minute session were given four days 
to complete them outside curriculum time. 

On Day 2, the students spent 35-minutes in the computer lab to learn how to 
sketch transformations by using Trigonometric Graphs.  At the end of the session, the 
students took a 5-item quiz.  

No curriculum time was spent on Trigonometric Graphs from Day 3.  Instead, 
the students were asked to participate in an online discussion forum to learn to explain 
the concepts behind the transformations.  Again, they were given four days to 
complete the task.  Throughout the period, the teacher mediated the online discussions 
from home at least twice each night.   

An oral examination was held during curriculum time on Day 7 and Day 10 
respectively for the two classes (because of weekend).  In the oral exam, the students 
were asked to explain the concepts behind transformations.  Two teachers acted as the 
examiners and a maximum of 10 minutes was allocated to each student.   

 
Findings 

 
Quiz 

At the end of the computer lab session on Day 2, the students were given a 
quiz on the concepts of (1) vertical stretch, (2) horizontal stretch, (3) horizontal 
translation, and (4) combined transformation.  There were five items in the quiz and 
the full marks were seven.  Table 1 shows the results of the quiz.   

Table 1 Students’ Performance in the Quiz 
Question Item 1 2 3 4 5 

Type of Question 
Vertical 
Stretch 

Horizontal 
Stretch 

Horizontal 
Translation 

Vertical 
Stretch 

Horizontal 
Stretch 

Horizontal 
Stretch 

Horizontal 
Translation 

No. of correct answers 26 22 9.5 28 23 15.5 15 
% of correct answers 90% 76% 33% 97% 79% 53% 52% 

Of the 29 participants in the study, 25 (86%) passed the quiz.  The passing rate 
was higher compared with the results of two identical quizzes by the two previous 
cohorts when the instruction was delivered in traditional teacher-centred teaching.  
For those two cohorts, only 62% and 69% of the students passed the quiz respectively.  
It appears that Trigonometric Graphs helped produce better aggregate quiz results. 

An analysis of the quiz reveals that 90% of the students managed to sketch 
vertical stretch, and 76% managed to sketch horizontal stretch, comparable to the 
performances demonstrated in the activity sheets.  However, only 33% of the students 
managed to sketch horizontal translation in the quiz, a percentage drastically lower 
than what was found in the similar tasks in the four activity sheets (79%).  More 
specifically, 12 of the 18 students (67%) who could not sketch horizontal translation 
in the quiz were able to accomplish the same tasks correctly in their activity sheets 
just one day earlier.  Similarly, while 79% of the students could sketch combinations 
of transformation in the activity sheets, only 41% could perform the same tasks in the 
quiz.  This seems to imply that gains from Trigonometric Graphs is short-lived.   
Oral Examination   

The majority of the students (66%) passed the oral examination.  All the 
students were able to explain the concept behind )(xaf , and 52% were able to explain 
the concept behind ( )f ax  and the concept behind ( )f x a+ .  Those who passed the 
oral exam were able to derive one valid explanation for )(xaf , three valid 
explanations for ( )f ax  and three valid explanations for ( )f x a+ .  The passing rate 
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was much higher compared with the results from two previous years when only about 
10% of the students answered the same three questions correctly. 
Asynchronous Online Discussion Forum 

The students learned to explain the concepts behind transformations via two 
modes, (1) repeated use of Trigonometric Graphs, and (2) participation in an 
asynchronous online discussion forum.  There are apparent advantages of using an 
online discussion forum to facilitate students’ learning.  Observed benefits of the 
online discussion forum may be summarized as the following   

Convenience.  Most of the students participated in the online discussion forum 
between eight and midnight during weekdays.  At weekends, the students contributed 
to the online discussion round the clock.  This suggests that an online discussion 
forum is a convenient platform for the students to engage in learning activities.  

Increased opportunities for all.  Twenty-four of the 29 participants contributed 
to the discussion, generating a total of 178 postings by the two groups in four and six 
days respectively (because of the weekend for one group).  The most encouraging 
observation is that some reserved and less-articulate students found courage to 
contribute to the online discussions and even initiated the discussions in some cases. 
This shows that the online discussion forum provided opportunities for more students 
to join in the discussion and express their views. 

Self-paced reflective learning.  The online forum allowed the students to have 
ample time to reflect on their learning.  For example, one student asked her group 
members, “Why is siny a x=  a vertical stretch?”  Fifteen minutes later, before 
hearing from any group members, the same student replied to her own question, “So a 
will determine the maximum and minimum values because it multiplies 'sin x' by the 
value 'a'”.  Another half an hour later, the same student further commented, “When 
the value of a increases, the value of y increases - a multiplies the answer so each 
point is a times the height and hence affects the vertical stretch (max/min values)?” 

Peer teaching.  The students helped one another in learning new knowledge 
by offering different viewpoints and generating multiple perspectives of the same 
transformation.  For example, one student shared “ siny a x= !  y = a times of sin x.  
So point on y axis !  a times of point on y axis when y = sin x”.  This was followed 
by another student’s comments “ siny a x=  is a vertical stretch. sin x  is constant. 
a k!  (constant).  Therefore y value gets bigger!  Therefore it is a vertical stretch.” 
Then, the third student came in saying, “Hey, our final explanation is that sine is a 
constant ratio and x is the unknown, thus cannot be counted, while a multiplies the 
whole equation and changes the graph vertically.  Everyone agree?”  Finally, the first 
student commented “ siny a x= .  sin x is the constant, therefore only a affects the 
sketching of the graph.  Therefore y value gets bigger! a = max and min heights of y 
axis therefore it is a vertical stretch.” 

Extension of the teacher’s help beyond the classroom.  The asynchronous 
online discussion forum made it possible for the students to access the teacher’s help 
beyond regular curriculum time.  The teacher’s comments and hints assisted the 
students’ in improving their explanations.  For example, one student shared that “The 
value of b is the number of cycles in a sine graph for 0 < x < 360.  Therefore, the 
length of a cycle is divided by the value of b, thus changing the horizontal stretch.” 
The student was able to get the teacher’s comment before seeing him in the classroom 
the following day, “your explanation for sin( )y x c= !  is ok, but siny bx=  needs 
improvement.  Need to explain why b is the number of cycles in a sine graph for 0 < x 
< 360.”  About half a day later, the student replied “1 cycle of siny x=  cuts the x-
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axis for the 3rd time when x = 360.  But 1 cycle of siny bx=  will cut the x-axis when 
x = 0, 180/b, 360/b.  Since 1 cycle of siny bx=  completes by 360/b degrees, there 
will be 360/(360/b) = b cycles for 0 < x < 360.”  The teacher accepted this explanation 
as “a clearer explanation”. 

 
Discussion and Conclusion 

 
Skemp (1971) argues that there are two kinds of mathematics knowledge: (1) 

knowledge that enables one to recognize symbols and follow procedures; and (2) 
knowledge that enables one to symbolize mathematical concepts.  While the first kind 
of knowledge, procedural knowledge, is used in solving mathematical problems, the 
second kind of knowledge describes mathematical concepts and their relationship to 
each other.  This study reports the implementation of a teacher-created web-based 
simulation on a small sample of students and evaluation of its impact on the students’ 
understanding of and performance in sketching transformation of trigonometric 
curves.  With more students passing the quiz and oral examination at the completion 
of the web-based simulation and online discussion, there are reasons to believe that 
Trigonometric Graphs could illustrate procedural relationships and facilitate the 
development of conceptual knowledge.  

Online discussion forums provided opportunities for students to actively 
engage in mathematical discourse in cooperative settings (NCTM, 2000).  The 
possibility of being able to continue their discussions outside their classrooms 
anytime of the day allowed the students to engage in self-paced learning (Althaus, 
1997) and to reflect (Bates, 1995).  The fact that the 178 postings were viewed 2883 
times confirms that the transcendental nature of the forum gave the students 
opportunities to share varied viewpoints, which in turn helped them to gain in critical 
thinking and make collaboration more fruitful (Blanton, Moorman & Trathen, 1998).   
This seems to confirm the notion that learners will achieve greater cognitive 
development working together than they would working individually (Sharan, 1980, 
1994).  Using computers is likely to have the most significant effect on students 
involved in learner-controlled tasks where the computer has the potential to increase 
motivation, promote deeper learning and encourage cooperation and knowledge 
exchange between students (Barak, 2004).   

It is fair to conclude that transformation of Trigonometric curve could be 
better learnt through personal discovery than through processing of knowledge and 
strategies transmitted by the teacher.  Interactive simulation is a suitable instructional 
technology for the topic as it supports learners in formulating and testing hypotheses, 
interpreting simulated results and constructing modified hypotheses.  For this reason, 
teachers should be encouraged to incorporate interactive simulations into more 
mathematics topics where students learn by discovery and experimentation rather than 
through simulations demonstrated by teacher. 

However, further research is needed on how to sustain the procedural 
knowledge gained from the web-based simulation.  As found in this study, only 38% 
of the students could sketch horizontal translations in the quiz compared with 79% 
being able to so the same tasks while working with the simulations.  One of the 
possible explanations for the short-lived achievement lies in the design of 
Trigonometric Graphs.  If the objective is to enable students to explain concepts 
behind transformation of trigonometric curves, ample opportunities should be 
provided for them to use concept-based simulations.  The key to concept-based 
simulation is to ask students to explain "why" but not "how" questions.   In the current 
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design, concept-based simulation is used only when students need it to explain a 
simulated phenomenon.  If there is no such need, they can just skip concept-based 
simulations. In other words, the improvement of Trigonometric Graphs should be 
focused on improving learning tasks and design of presentations.  

Furthermore, efforts must be made to solve logistic problems accompanied 
with the implementation of web-based simulation and online discussion forum.  First 
of all, it was time consuming for the teacher to monitor and respond to the students’ 
input.  In spite of the teacher’s effort, his response time to the students’ questions 
ranged from three minutes to about 16 hours.  As a result, some students got the 
teacher’s comments almost instantaneously while the others had to wait almost an 
entire day to hear from the teacher.  Wrong concepts were slower to be resolved 
(Brown, 1998).  Delayed responses from the teacher might have frustrated some 
students and made some students less motivated to join in the forum discussion.  
Secondly, the student- initiated discussions sometimes deviated from the topic of the 
studies, especially at the beginning of a discussion topic when not all group members 
joined in the forum.  Ways need to be found to better monitor and facilitate online 
discussion forums.  Finally, online discussion requires self-discipline which some 
students obviously do not have.  As a result, a handful of students procrastinated their 
participating to the last minute.  In one instance, 10 of a group’s 14 postings were 
posted within three hours before the forum was closed.  Evidently, not much thought 
could be put into the discussion in such haste.  

The study may also shed light on the design of asynchronous online discussion 
forums and activities supporting constructivist as well as social constructivist 
learning.  Of course,  this study is not without limitations.  The small sample of 29 
students is not representative of the target population.  Even if they are, the sample is 
too small.  Therefore, the conclusion drawn from this study may not be generalized, 
and a larger sample would be needed to improve the validity of the findings. By 
reporting on what a classroom teacher can achieve, it is hoped that this study may 
encourage more teachers to experiment with computer simulations for the purpose of 
supplementing, complementing or even replacing the traditional expository method of 
teaching on certain topics. 
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Appendix 1 

MATHEMATICS QUIZ 
 
 

Marks: 7
7

 

Duration: 7 min 
   
Name:________________________ Class:______(______) Date:__________ 
 
Team members:_________________________________________________ 
 
1 Sketch the following graphs for 0 360x° ! ! ° : 

(a) 3siny x=          [-1] 

(b) 1
sin
2

y x=          [-1] 

(c) sin( 30 )y x= ! °         [-1] 

(d) 1
3sin

2
y x=          [-2] 

(e) sin 2( 45 )y x= ! °         [-2] 
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Appendix 2 

Oral Examination: Trigonometric Graphs 
 

Marks:_______/10 
Duration: 10 min 

 
 
Based on Diagnostic Quiz (Appendix 1): 
 
For each question, 1 mark for being able to describe transformation, and 1 mark for 
being able to explain the concept behind the transformation.  
 
 
1(a). What is the effect of the digit 3? Why does it have such an effect? 

1(b). What is the effect of the digit 1
2

? Why does it have such an effect? 

1(c). What is the effect of the °! 30 ? Why does it have such an effect? 
1(d). Describe the steps to sketching this question. Why do you follow such 

ordered-steps? Can we have other ordered-steps? How? 
1(e). Describe the steps to sketching this question. Why do you follow such 

ordered-steps? Can we have other ordered-steps? How? 
 


