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Abstract: 

The study of function transformations helps students understand the function concept which 

is a basic and main concept in mathematics, but this study is problematic to school students 

as well as college students, especially when transformations are performed on non-basic 

functions. The current research tried to facilitate grade 9 students' learning of these 

transformations through engaging in exploration activities by using GeoGebra. Nineteen high 

achieving grade 9 students (around 15 years old) participated in 10 lessons (45 minutes each), 

where they used GeoGebra to solve exploration activities related to translations, reflections 

and stretches. We used the APOS theory to analyze these students' understanding and 

performance of function transformations. The results of the research indicate that the 

participating students differed in their APOS understanding of function transformations 

where almost sixty percent were approaching the object level and the rest were approaching 

or arrived at the process level. Furthermore, the participating students held sub-level 

conceptions of function transformations; which indicates the continuity of the APOS levels of 

mathematical understanding. 

Introduction: 

The study of function transformations has become important in pre-calculus courses at higher 

education institutions because it gives students new opportunities to use and reflect on the 

concept of function (Lage & Gaisman, 2006). This topic is taught at different grades and 
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levels  (Bingham, 2007; Zazkis, Liljedahl & Gadowsky, 2003), where students find some of 

its components difficult to absorb and work with (Eisenberg & Dreyfus, 1994; Zazkis, 

Liljedahl & Gadowsky, 2003). This made us want to try teaching the whole subject of 

function transformations in the middle school, specifically to grade 9 students. Our attempt 

seemed to us interesting because it involved working with transformations of functions which 

are not usually taught in the middle school, as the cubic and the quartic functions. The 

transformations of these functions are far less accessible to students than the basic ones – the 

linear and quadratic functions (Eisenberg & Dreyfus, 1994), where the cubic function was 

specifically mentioned as thus (ibid). Being aware of this situation, we expected that a 

technological tool would help middle school students access the transformations of non-basic 

functions – in our case, the cubic, quartic, absolute and rational functions. This expectation is 

due to the dynamic potentiality of GeoGebra, where it enables students to manipulate 

functions, and thus watch their transformations, what helps to arrive at mathematical relations 

related to transformations. Moreover, the availability of representations in GeoGebra 

interface is expected to help students advance their understanding of transformations (Duval, 

1999).   

Different means are suggested today to teach the topic of function transformations, for 

example modern dance (Bingham, 2007), toothpicks (PBS MATHLINE, 2013), and 

technology (Consciência & Oliveira, 2011). We decided to use technology, specifically 

GeoGebra, as a tool in the hands of grade nine students, in order to help them investigate the 

different concepts of function transformations. We intended from the beginning to engage our 

students with transformations where they build with the help of exploration tasks and 

GeoGebra each of the transformations. It was expected that students’ knowledge would be 

developed due to the exploration tasks, where these tasks are enabled by dynamic 

environment of GeoGebra (Yip-Cheung, 2013).  

Students' conceptions of and difficulties with function transformations 

Researchers have been interested in students' conceptions of function transformations for 

approximately two decades now (Eisenberg & Dreyfus, 1994; Consciência & Oliveira, 2011). 

Generally, researchers examined students' conceptions of basic functions, usually the 

quadratic function. Doing so, they tried to characterize students' learning and difficulties 

when learning function transformations, comparing usually between students learning of the 

vertical translation to their learning of the horizontal one. They usually pointed at students' 
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ability to cope with the vertical translations and at their difficulties in conceiving the 

horizontal translation (Borba & Confrey, 1996; Eisenberg & Dreyfus, 1994; Zazkis, Liljedahl 

& Gadowsky, 2003), where the results in Borba and Confrey (1996) showed that the 

interpretations of the horizontal translation of a parabola that the student gave were 

problematic. Further, Zazkis, Liljedahl and Gadowsky (2003) showed that the horizontal shift 

of the parabola is, at least at the beginning, inconsistent with the participants' expectations 

and counterintuitive to most participants. Further, Eisenberg and Dreyfus (1994) found that 

after six lessons on function transformations using computer software, the students' were not 

successful in dealing with higher order polynomials, nor in visualizing a horizontal 

translation in comparison to a vertical one. They suggested that the reason for the difficulty 

could be the more complicated visually processing of the horizontal transformation.  

Some researchers used a specific cognitive theory of learning mathematics to analyze 

students' conceptions of function transformations. Especially, researchers used the cognitive 

theory Action-process-object-schema (APOS) to analyze these conceptions (Baker, 

Hemenway & Trigueros, 2000; Hollebrands, 2003; Lage & Gaisman, 2006). These 

researchers attributed students’ difficulty with function transformation to students' incomplete 

understanding of the function concept. Baker et al. (2000) pointed at the object conception of 

function as a condition for effective understanding of function transformations. Furthermore, 

Lage and Gaisman (2006) examined university students' solving of problems involving 

transformations of functions. The results showed that most students could not work 

confidently with transformation problems, probably because they did not interiorize the 

processes involved in transformations, or did not encapsulate those processes into objects. 

The current research also utilizes the APOS theory to analyze middle school students' 

conceptions of function transformations, after they learned a unit on function transformations 

using GeoGebra.  

GeoGebra as a teaching and a learning tool of mathematics 

Several researchers examined students’ learning using GeoGebra. These researchers pointed 

at GeoGebra positive contribution to different aspects of students’ learning of mathematics. 

These aspects included students’ achievement (Bhagat & Chang, 2015; Saha, Ayub & 

Tarmizi, 2010;  Zengin, Furkan & Kutluca, 2012), students’ understanding of mathematical 

concepts (Adams & Muilenburg, 2012; Bayazit & Aksoy, 2010), students’ visualization of 
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mathematical relations (Adams & Muilenburg, 2012), and students’ development of their 

geometrical imagination (Guncaga & Majherova, 2012).  

In more detail, Bayazit and Aksoy (2010) claim that GoeGebra supports operational and 

structural conceptions of functions, and thus illustrating factual knowledge, and helps 

constructing graphical models for mathematical problems. Moreover, Bhagat and Chang 

(2015) found that GeoGebra influenced positively 9 grade students’ achievement in learning 

theorems in circles. Furthermore, Zulnaidi and Zakaria (2012) found that students who 

worked with GeoGebra to learn functions had a higher level of conceptual knowledge in 

functions than students who did not use GeoGebra.  

Theoretical Framework 

The theoretical framework used for this study is the APOS (action, process, object, and 

schema) theory. Following is a description of the components of the original theory according 

to Asiala et al. (1996) and Weller, Arnon and Dubinsky (2009). A transformation is 

conceived as an action, when it is a reaction to stimuli which a learner perceives as external. 

It requires performing each step of the transformation explicitly. When the learner repeats an 

action and reflects on it, the action could be interiorized into a mental process. It could be 

said that at the process level, the learner performs the same operation as the action, but in the 

mind. Thus, the individual can imagine performing the transformation without having to 

execute each step explicitly. When the individual becomes aware of a process as a whole, 

realizes that transformations can act on that whole and can actually construct such 

transformations explicitly or in the mind, the process is encapsulated into a cognitive object.  

Learning a mathematical topic involves different actions, processes, and objects that need to 

be organized and linked into a coherent framework, called a schema. It is coherent in that it 

helps the learner decide whether the schema applies in a particular mathematical situation. 

Dubinsky, Arnon and Weller (2013) extended the theory to include an additional level and 

sub-levels. The level added was totality, and the following sub-levels were added to the 

levels: the start and the progress sub-levels for the two levels: totality and object; and the 

emerging sub-level for the three levels: process, totality and object.  

Specifically for this research, the categorization of the concept of function transformation is 

based on Lage and Gaisman (2006) who themselves refined a previous one developed by 

Baker and her collaborators (Baker, Hemenway & Trigueros, 2001). In addition, we took into 
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consideration the new framework of APOS theory suggested by Dubinsky, Arnon and Weller 

(2013). This new framework fitted the analysis of our data, for we also arrived at sub-levels 

of students' mathematical conceptions. Furthermore, we used this framework as a mechanism 

to assess the development of students’ understanding and performance in carrying out 

function transformations as a result of the GeoGebra-based instruction. Doing so, we 

followed Dubinsky, Arnon and Weller (ibid) who assessed the development of students’ 

understanding and performance of the infinite repeating decimal    ̅. 

Research rationale and goals 

Lage and Gaisman (2006) pointed at the need for research on students' understanding of 

function transformations, saying that research on students’ understanding of function 

transformations is important for three reasons: it is a topic in many pre-calculus courses, it 

provides an opportunity to analyze students’ ideas on functions and variables, including their 

use of different representations of function, and the research could be used as a guide for the 

design of teaching materials and strategies that foster students’ understanding of both 

functions and their transformations. The need and reasons pointed at by Lage and Gaisman 

(ibid), and which could be categorized as theoretical and practical, were behind our intent to 

study middle school students' understanding of function transformations with the help of 

technology, and specifically to describe how students arrive at the concepts of 

transformations on absolute value, cubic and quartic functions in GeoGebra environment. 

Our choice of middle school students and not high school students or college students comes 

from our intention expectation that GeoGebra, which is a tool for mathematical constructions, 

can facilitate students' understanding of transformations on absolute value, cubic and quartic 

functions. 

We thought that the APOS cognitive framework could help us analyze students' 

understanding and performance of function transformations, for it was used by previous 

researchers as a tool for analyzing students' mathematical conceptions, understanding and 

performance, when learning mathematical concepts. 

Research questions 

1. What are the characteristics of the understanding and performance of grade 9 high-

achieving students' of function transformation after working in a constructive 

technological environment? 
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2. How would grade 9 high-achieving students develop their understanding and 

performance of function transformation after working in a constructive technological 

environment? 

Research methodology 

In this section, we will describe the research context, participants, and data collecting and 

analyzing tools that served us to arrive at the participants' conceptions of function 

transformations after working with GeoGebra to solve explorative tasks.  

Research context and participants 

The research was conducted in a middle school, and specifically with grade 9 high achieving 

students. The function transformations' unit was taught by the second author to grade 9 

students using GeoGebra, which is a technological tool for teaching and learning several 

mathematical topics. The unit was composed of ten lessons, where each lesson consisted of 

45 minutes. The first two lessons reviewed the use of transformation in real life contexts, as 

well as the main characteristics of the three non-basic functions: y=|x|, y=x4 and y=x3. The 

next four lessons treated the horizontal and the vertical translations respectively. The seventh 

and eighth lessons treated the reflection transformation, while the ninth and tenth lessons 

treated the stretch and compression transformations. Each two lessons, starting from the third 

lesson, were built to enable the advancement of students’ APOS level of a transformation that 

the students learned in the previous two lessons.  

Carrying out the transformation tasks, the students were asked to describe the relations 

between the three representations of the transformations (the algebraic, the graphical and the 

verbal), specifically when the algebraic expression of a function was given or when the graph 

of a function was given.  

The students were engaged in different tasks, but the emphasis was on the algebraic and 

graphical representations of function transformations, where few tasks involved the verbal 

representation. The students worked in a computer lab, using GeoGebra when required by the 

task or when they chose to do so.  

The participants were 19 high achieving grade 9 students who had individual differences in 

their conceptions of function transformations in terms of APOS. The group of students 

participated in a workshop on the use of ICT in mathematics learning, so their teacher 
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welcomed gladly our initiative. The decision to work with high achieving students was taken 

due to previous researches' results regarding the difficulties students confront when learning 

transformations, even when they learn basic functions like the quadratic function. This made 

us expect that these students would articulate the difficulties they encounter with function 

transformations.  

The instructional method: 

All the activities were following the exploration strategy, i.e. designed to encourage the 

students discover the properties of function transformations, as well as the relations between 

their components, with the help of technology, in our case GeoGebra. To carry out a task, 

students were requested to conjecture regarding the mathematical situation (composed of 

phenomena, concepts, relations, etc.), work with this situation to discover the appropriate 

mathematical relations with the help of GeoGebra, make generalizations regarding them and 

justify those generalizations. One question about the horizontal translation is given in 

appendix 1. This question exemplifies students' gradual exploration of the horizontal 

transformation and their use of GeoGebra to do so. Moreover, each activity built on previous 

activities to encourage students’ advancement to higher APOS levels. For example, to 

encourage the advancement from the process level to the object level, the activities included 

questions that required the students to perform transformations on new functions, in our case 

the rational function.  At the same time, an activity on a specific transformation included all 

transformations learned by the students before. This property was expected to increase the 

participating students' familiarity with the previous transformations and help them advance to 

the object level.  

In addition, students' work with GeoGebra enabled them to explore the function 

transformations dynamically, not only manipulating the algebraic representation of the 

function but its graphical representation too. GeoGebra enables this graphical manipulation 

because it enables the learner to drag the graph of the function, for example to translate it, 

and watch the resulting change in the function algebraic expression. In addition, during 

performing the tasks, the teacher worked as a facilitator of students' learning, directing them 

and requesting them to justify their answers. It could be claimed that the exploration tasks 

enabled by GeoGebra, together with the teacher’s facilitating role helped the students build 

their knowledge of transformations (Alfieri, Brooks, Aldrich & Tenenbaum, 2011).  
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Data collecting tools 

The data was collected from students' written answers on two questions before and after the 

experiment. Following is an example on a question, where the two questions and their 

answers are given in appendix 2.  

Question 1: 

i. For each of the following three algebraic expressions of functions we want to draw the 

graph of the function, using transformations on the original function. 

(a) f(x)=-(x-4)4+7, (b) f(x)=4|x-3|+8, (c) f(x)= -2(x+3)3+4 

ii. The graph of the function  

    
 is given below: 

 

We want to draw the graph of the following function by performing transformations on 

the above function. 

 ( )  
  

  (   ) 
 

iii. For each of the four functions given in part i and part ii of the question, we want to write 

verbally the transformations made on the original function to arrive at the graph of the 

given function. 

 

In both questions and both administrations of the task including the two questions (before and 

after the experiment), three of the four functions were ones that the students had worked 

before with, but the fourth function was new to them. In the first administration, the known 

functions were quadratic while the new function was the absolute function, whereas in the 

second administration, as described above, the known functions were a quartic function, an 

absolute function and a cubic function, while the new one was a rational function. 

In both administrations of the tasks, the students solved the questions without GeoGebra and 

wrote their solutions on paper, while their work during the experiment was with GeoGebra. 

The students, in the first administration, did not use GeoGebra because they had not worked 
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with it before, so we wanted to do the same in the second administration, to let the students 

have the same means in both administrations, and thus the comparison with the first 

responses of the students will be fair.   

Data analyzing tools 

To analyze the collected data we used deductive content analysis, where we performed 

constant comparisons between the units of the gathered data (verbal sentences, graphs, 

algebraic expressions or a combination of them) in order to categorize them into the 

components of the APOS theory. Here we mean by the verbal sentences the sentences the 

writing of the students  when describing the transformations. Specifically for this research, 

we depended on Lage and Gaisman (2006) and on Dubinsky, Arnon and Weller (2013) to 

categorize the participants' conceptions of transformations into the components of analysis 

framework. The operational definitions of APOS levels and sub-levels are described in 

appendix 3. 

The current research uses the APOS framework to explain levels of students’ mathematical 

understanding of and performance regarding function transformations. This use of the 

analysis framework follows other studies' use of this theory for explaining levels of students' 

mathematical understanding and performance. Among these studies are studies of Dubinsky; 

the founder of the theory (see for example Dubinsky, Arnon & Weller, 2013). In more detail, 

Dubinsky, Arnon and Weller (ibid) used the APOS theory to analyze the development of 

students’ understanding and performance regarding the infinite repeating decimal    ̅. 

Furthermore, the this analysis framework is used here to analyze students' written responses 

on questions involving function transformations. This use goes in alignment with what we 

mentioned above regarding the use of this theory by other studies for explaining levels of 

students' mathematical understanding and performance. 

Using the APOS framework to analyze students’ performance in transformations requires 

making genetic decomposition. Table 1 describes a preliminary genetic decomposition of 

function transformations (the identifiers that we used for each level and sub-level) for 

concept process level. The whole genetic decomposition is in appendix 3.  
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Table 1: identifiers of the APOS levels and sublevels in the case of function transformations 

(Sub) Level identifiers 

Start process Performs all types of transformations step-by-step in more than one 

representation (for example drawing each transformation or writing down each 

one to arrive at the last transformation), but not on all known functions. In 

addition, there is difficulty in performing at least one of the transformations. 

Progress 

process 

Performs all types of transformations step-by-step in all representations just on 

known functions. In addition, there is difficulty with performing at least one of 

the transformations. This difficulty is represented in the missing of one of the 

following components: the type, magnitude and direction of the 

transformations.   

Emerging 

process 

Performs all types of transformations step-by-step in all representations just on 

known functions. In addition, there is difficulty in coordinating between the 

different representations.  This difficulty is represented in missing or not 

correctly mentioning one of the following components: the original function, 

the reflection axis and the order of transformations. 

Process:  Performs mentally all types of transformations in all representations just on 

known functions (Algebraic, graphical and verbal), but not on new functions. 

In addition, there is difficulty in coordinating between the different 

representations. This difficulty is represented in not correctly mentioning one 

of the following components: the original function, the reflection axis and the 

order of transformations.  

 

The identifiers in table 1 indicate that to determine the APOS levels of the function 

transformation understanding and performance, we did not consider a specific function, for 

example the quadratic function, but we considered students' understanding and performance 

on known as well as on new ones. Students at the object level performed transformations on 

new functions. This consideration of performing transformations on new functions as an 

indicator of the object level agrees with the description Asiala et al. (1996) of the movement 

from the process level to the object level, as reflecting on the mathematical process and as 

considering it a totality. We considered the ability to perform transformations on new 
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functions as a sign of reflecting on the function transformations as processes, and thus 

moving towards the object level.  Our assumption also agrees with the comment of Weller, 

Arnon and Dubinsky (2011) that full understanding of a mathematical concept and its 

relations requires that processes be encapsulated into objects. We considered the students' 

work on new functions, in addition to their accurate work on known ones, as an indicator of 

their advance into full understanding of the topic, and thus acquiring the object level.   

Furthermore, though the preliminary decomposition implies linearity of the levels, an 

individual’s thinking may not proceed linearly, nor the development of one level eliminates 

another. So, an individual may deal with a mathematical concept as in a specific level, but 

moves back to treat it as in an earlier level when necessary (Dubinsky, Arnon & Weller, 

2013). Taking this fact into consideration, the preliminary decomposition takes into 

consideration the understanding and performance of the participants when performing 

transformations on known as well as new functions. As the following results show, the 

participants tended to move back to earlier stages when performing transformations on new 

functions. This fact justifies the consideration of sub-levels for each of the three levels 

considered by the theory. 

 

Results: 

The current research wanted to examine students' learning of transformations performed on 

non-basic function using a technological tool, in our case GeoGebra. We examined this 

learning utilizing the APOS theory that describes the following levels of mathematical 

understanding: Action, process, object and schema.  

Using the analysis framework to characterize the nineteen students' conceptions of basic 

function transformations before the experiment, we arrived at the following levels of 

understanding and performance: one student could not work with transformations, twelve 

students performed at the action level, two students performed at the process level, three 

students performed at the process-object level and one student performed at the object level.  

Analyzing students' solutions of two questions given to them after experimenting with 

function transformations using GeoGebra, no student performed at the action level, but they 

performed starting from the emerging–process sub-level. Below we will describe the 

participating students' understanding and performance on function transformations at the end 

of the experiment. Doing so, we describe the understanding and performance of students at 

each APOS level.  
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The emerging–process level: 

Three students performed after the experiment at the emerging-process sub-level. These 

students, before the experiment, were in the action level, but after the experiment, advanced 

to the emerging-process sub-level. Some of those students' transformations, after the 

experiment, are shown in Figure 1, when they performed transformations given the algebraic 

expression of the function, and in Figure 2, when they performed transformations given the 

graph of the function.  

 

 

The given function: f(x)=-(x-4)4+7 The given function: f(x)=4|x-3|+8 

  

The given function: f(x)=-2(x-3)3+4  

Figure 1: Transformations of students performing at the emerging – process sub-level given the algebraic 

expression of the function  

When students at the emerging–process sub-level were given graphs of function, and asked to 

write their algebraic expressions, they used graph transformations, putting signs on the graphs 

to indicate some of their features, which helped them arrive at the algebraic expression of the 

given function. Figure 2 shows the drawings of such students. 
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Figure 2: Transformations of students performing at the emerging – process sub-level given the graph of 

the function 

When describing verbally the transformation made on the original function to arrive at the 

given function, students at the emerging – process level missed more than one of the 

transformations components: the original function or the reflection axis, as well as did not 

keep the right order of transformations.  

 

The process level 

Five students performed after the experiment at the process level. One of these students, 

before the experiment, did not try to perform transformation on known functions (quadratic 

functions), and the rest (four students) were at the action level, but after the experiment, these 

students advanced to the process level. These students, when performing transformations 

after the experiment, sometimes drew marks on the coordinate system to make sure that the 

transformed function was precise. Moreover, these students usually missed the right order of 

transformations and forgot to mention, when describing verbally the transformations, the 

original function and the reflection axis. Such students' transformations' attempts are shown 

in Figure 3, when they performed transformations given the algebraic expression of the 

function.  
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The given function: f(x)=-(x-4)4+7 The given function: f(x)=4|x-3|+8 

  

The given function: f(x)=-2(x-3)3+4  

Figure 3: Transformations of students performing at the process level given the algebraic expression of 

the function 

Process level students did not keep at least two of the three following components when 

describing verbally the sequence of transformations from the original function to the given 

one: the right order of transformations, the reflection axis and the original function. At the 

same time, these students kept rightly the direction of the transformation and its size.  

 

The start–object level 

Eight students performed after the experiment at the start-object sub-level. Five of these 

students, before the experiment, were in the action level, while two were in the start-object 

level and one in the object level.  

When these students performed after the experiment transformations on known functions (the 

cubic, quartic and absolute functions), these students performed accurately the 

transformations. At the same time, when performing transformations on the new function (the 

rational one), students at the start–object level missed or added transformations or missed 

some of the components, as can be seen in Figure 4 in the case of the function   f( )  
  

  (   ) 
   when the students were given its algebraic expression and required to draw its 

graph. For example in Figure 4 (a), the student did not recognize the reflection axis, making it 

y=1 in place of the x-axis. In Figure 4 (b) the student did not recognize the reflection axis, 
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nor the size of the horizontal translation, while in Figure 4 (c), the student made a stretch in 

place of a compression transformation. 

 

 

 

 

 

Figure 4: Transformations of students performing at the start–object sub-level in the case of the new 

function 

Students at the start – object level also tried to perform transformations on the new function, 

given the graph of the function and required to write its algebraic expression. Here too they 

missed some transformations or their components, for example the algebraic meanings of the 

vertical translation.  When describing the transformations related to the new function 

verbally, generally these students did not write accurately the order of the transformations or 

did not mention the reflection axis which could be related to the order.  

To describe the relation of 'the reflection axis' to 'the transformations order', let us look at the 

requirement of writing the algebraic expression appropriate for the function whose graph is 

shown in Figure 5, by performing appropriate transformations on the original function. 

 

 

Figure 5: the relation of the reflection axis to the order of transformations 

Two students who performed at the start-object gave the following two sequences of 

transformations beginning from the original function and arriving at the given one:  

First student: We translated the original function 4 units to the right and one unit to the top, 

and then we reflected the resulting function.   

4 (a)     4 (b)    4 (c) 
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 6 (a)    6 (b)     6(c) 

Second student: We translated the original function one unit to the bottom and 4 units to the 

right, and then we reflected the resulting function.  

It could be seen that the two sequences of transformations could be accurate or not, 

depending on the reflection axis used. This made us consider mentioning the reflection action 

crucial for being in the object level as the order of transformations.  

Students at the emerging - object level 

Three students after the experiment performed at the emerging-object sub-level. Two of these 

students, before the experiment, were in the process level, while one was in the start-object 

level.  

When these students performed after the experiment transformations on known functions, 

these students performed accurately the transformations. Performing transformations on the 

new function – given the original function's algebraic expression   ( )  
 

    
     and graph 

and asked to draw the graph of a given one, these students did that step by step with accurate 

order. This means that they were approaching the object level, but at its beginning, due to 

their step by step behavior. Figure 6 shows the step by step behavior of the emerging-object 

level students when performing transformations to get the new function. 

 

 

 

 

 

Figure 6:  Transformations of students performing at the emerging-object sub-level to arrive at the 

algebraically given new function 

As could be seen from Figure 6, students at the emerging-object level differed in their use of 

steps to arrive at the graph of the given function using transformations. In Figure 6 (a), the 

student drew the original function as well as those resulting from every transformation. In 

Figure 6 (b), the student did not draw the original function, while in Figure 6 (c) the student 

put signs in place of graphs to arrive at the graph of the given function.  

Students at the emerging-object level also tried to perform transformations on the new 

function, given the algebraic expression and graph of the original function and asked to write 



 

17 
 

the algebraic expression of a transformed function given its graph. Here too they succeeded 

to do so, but drew marks on the coordinate system to help them perform the transformations 

graphically. Their graphs in this case are shown in Figure 7. 

 

Figure 7:  Transformations of students' performing at the emerging-object sub-level to arrive at the 

graph of a new function 

Table 2 summarizes the APOS levels of students' understanding and performance of function 

transformations before and after the experiment. 

Table 2: Students' APOS levels before and after the experiment 

Level before the experiment Level after the experiment Number and percent of 

students 

Action level Emerging process  3 (15.8%) 

1 start-action Process 5 (26.3%) 

4 action 

5 action Start-object 8 (42.1%) 

2 start-object 

1 Emerging-object 

2 Process Emerging-object 3 (15.8%) 

1 Start-object 

 

Discussion and conclusions: 

Researchers pointed at the importance of the topic of function transformations to mathematics 

students, especially for its relation with a central concept in school and college mathematics: 

the function (Lage & Gaisman, 2006; Smith, 2009). Moreover, students have difficulties in 
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learning this topic (Katalifou, 2004), even with the presence of technology (Eisenberg & 

Dreyfus, 1994). On the other hand, GeoGebra is a technological tool for the learning of 

mathematics, especially algebra and geometry, where the topic of transformations belongs. In 

the current research, we wanted to describe how using GeoGebra, in instruction and in 

learning transformations of non-basic functions by grade 9 students, affects students’ 

learning. We expected that the construction potentiality of the tool (Bulut & Bulut, 2011) 

would help these students interiorize more easily the mathematical concepts and components 

of function transformations. Specifically, we wanted to describe students' understanding and 

performance utilizing the APOS theory, which describes the following levels of mathematical 

understanding: Action, process, object, in addition to sub-levels of each level. Usually the 

main use of an APOS analysis is to point to possible pedagogical strategies (Weller, Arnon & 

Dubinsky, 2011). Here we used it to examine students' understanding and performance in 

function transformations, but, doing so, the analysis helped us point at some pedagogical 

strategies related to the teaching of the topic.  

Analyzing the 19 participating students' understanding and performance, none of the 

participating students were in the action level, three students were in the emerging–process 

sub-level, five students were in the process level, eight students were in the start-object sub-

level and three students were in the emerging-object sub-level. Thus, the findings of the 

current research ascertain the existence of sub-levels suggested recently by one of the main 

founder of the APOS theory and colleagues (Dubinsky, Arnon & Weller, 2013).  

Almost all of the participating students advanced their APOS levels of function 

transformations, primarily due to the instruction method characterized by letting the students 

work with GeoGebra through exploration tasks. Below we elaborate the influence of these 

two components of instruction on students' learning and conceptions of function 

transformations. We will discuss not only the contribution of these components of instruction 

to the advancement of students' APOS levels, but also to their difficulties in carrying out 

transformations. In addition, a third component of instruction that influenced students' 

difficulties in working with transformations will be described: classroom routines.  

GeoGebra features and capabilities: 

GeoGebra provided different representations of transformations (specifically algebraic and 

visual representations), which, in our case, helped the participating students work with 

different mathematical representations, where this potentiality of GeoGebra has been pointed 

at in previous research  (Diković, 2009). This potentiality supported the students in advancing 

their APOS levels of understanding and performance on function transformations, as working 
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with all representations is a condition for the advancement to APOS levels higher than the 

action level. In addition, students' mental following of functions' movement in the interface of 

GeoGebra also helped them advance to the process level.  

Features of the technological tool, not only contributed to students' advancement of their 

APOS levels in function transformations, but they probably caused their difficulties in 

carrying out verbally these transformations. Specifically, the lack of verbal representation in 

GeoGebra interface are probably behind the participating students’ difficulties in describing 

the transformations verbally, as the case of students at the emerging-process level, where 

students did not develop their verbal knowledge about transformations up to recognizing all 

of their components. 

The task features: 

The advancement of the participating students' understanding and performance in function 

transformations to a higher level could also be related to their working with exploration tasks. 

These tasks enabled the participating students to work with transformation topic 

independently, through gradual investigation: making conjectures, exploring a specific 

mathematics situation related to function transformations, making generalization appropriate 

for the specific mathematics situation (the specific function), and making generalization that 

fits the general mathematics situation (any function). This gradual exploration and these 

mathematical processes helped students advance their APOS understanding and performance 

in function transformations, so all participating students were beyond the action level. 

Furthermore, the exploration tasks required the students to perform transformations through 

constructing them using the technological tool's options; i.e. they did not work with applets in 

their final state, but they drew the original as well as the transformed functions by 

themselves, comparing between the two representations of a transformation: the graphical 

and the algebraic ones. The construction process helped the students interiorize their actions 

into processes and their processes into objects. This influence of the type of exploration 

activities on students' understanding of function transformations agrees with previous 

research reports about the influence of the type of activity on students learning of 

mathematical concepts (see for example Bishop, 1993; Nunes, 1993).  

Another property of the tasks helped advance students' conceptions of function 

transformations to higher APOS levels. This property is related to a design principle, which 

we kept in the activities, where an activity on a specific transformation included all 

transformations which the students learned before. This property increased the participating 
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students' familiarity with transformations and thus could be behind the attempts of students at 

the start-object sub-level to perform transformations on an original function to arrive at a 

rational function, which they had not worked with before.  

Properties of the task, not only contributed to students' advancement of their APOS levels in 

function transformations, but also caused their difficulties in carrying out verbally these 

transformations. This is the case of the students at the process level. These students, when 

describing the transformations verbally, usually missed the right order of transformations 

and, at the same time, did not pay attention to the original function or to the reflection axis. 

This could be due to the little emphasis given to the verbal representation in the tasks. 

Consciência and Oliveira (2011) argue that using exploration tasks focusing on one 

representation of transformations leads to students' difficulties in understanding 

transformations' concepts, so the emphasis on the verbal representation in the exploration 

activities would lessen students' difficulties with this representation. 

Not only, is it needed that the tasks include substantially the verbal representation, but these 

tasks should also pay substantial attention to the order of transformations and to the reflection 

axis. The little attention given to these two components in the tasks involved with the verbal 

representation of transformations was behind the start-object difficulties with these two 

components when the verbal representation was involved. Such activities would have made 

the students discover the influence of the order of transformations on the transformed 

function in its graphical or algebraic representation. The same thing is true regarding 

students' inattention to the reflection axis. Giving students the verbal representation of 

transformations that include reflections of the same function, but with different reflection 

axes, is expected to make the students aware of the influence of the axis on the transformed 

function. 

Furthermore, the tasks included functions of three types: absolute, cubic and quartic. The 

absence of a wider variety of functions could have been behind some students' (as students at 

the process level) inability to perform transformations on new functions. It is also behind the 

difficulty of students at the start-object level with performing transformations on new 

functions. This difficulty probably stemmed from the new algebraic form of the function: the 

variable is in the denominator and the original function includes not only variables, but 

numbers too. Giving the students a wider variety of functions would lessen their difficulties 

with performing transformations on new functions (Lage & Gaisman, 2006), in our case the 

rational function.  
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Classroom routines:  

The participating students' difficulties in working with transformations can also be attributed 

to the properties of the classroom routines. One property of classrooms routines that could 

have helped students overcome their difficulties in advancing their verbal conceptions of 

function transformations to a higher APOS level is the classroom discussions that take place 

after the verbal writing of the transformations. These discussions would make such 

advancement if they touch the role of each component. In this way, the discussion gives the 

opportunity to address students' incorrect solutions, which is necessary for refining students' 

thinking in the specific mathematical topic (NCTM, 2013). 

Regarding the schema of students' conceptions of function transformations in each APOS 

level, they differed regarding the components missing from students' descriptions of 

transformations, as described in the findings. The different components of the 

transformations are linked with each other and constitute what Tall and Vinner (1981) called 

concept image of function transformations. What distinguished the schema of emergent-

object level or start-object level students is their ability to work on new functions, but 

students at the start-object level had a problem with the order of transformations. In the 

schemas of all the participating students, the transformations types, size and direction were 

present accurately, where the technology helped the students to be accurate. Giving students 

new and various functions reveal students' schemas, specifically the missing or inaccurate 

components. Working with technology to perform exploration activities helped the 

participating students recognize most of the transformations components, where appropriate 

activities could help students recognize all the needed components.           

Finally, future researches are needed to examine students' understanding and performance in 

function transformations, when our remarks regarding the properties of the task, classroom 

routines and GeoGebra interface, and which we detailed above, are taken into account.  
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1. We want to draw the function f(x)= |x| in GeoGebra. 

 

 

 

 

 

 

2. What are the properties of this function (the vertex, the reflection axis, the intersection 

with the x-axis, the intersection with the y-axis, increases/decreases) 

3. How do you expect that the algebraic expression of the function f(x)= |x| would 

change as a result of translating its graph one unit horizontally to the right? Explain. 

4. How do you expect that the properties of the function f(x)= |x| would change as a 

result of translating its graph one unit horizontally to the left? Explain. 

5. We want to translate the graph of the function f(x)= |x| in GeoGebra one unit 

horizontally to the right (by dragging the graph) and look at its algebraic expression in 

the algebra window at the left. What do you notice? 

6. We want to repeat the steps 3-5 for each of the following horizontal translationsof the 

graph of the function f(x)= |x|  : 2 units to the right, 2 units to the left, 5 units to the 

right, 5 units to the left, 'a units' to the right, 'a units' to the left. 

7. We want to write a conclusion regarding the what happens to the algebraic expression 

of the function f(x)= |x| when we translate its graph  'a units' to the right, and when we 

translate its graph 'a units' to the left. 

8. We want to repeat the steps 1-7 for the functions: f(x)=x3 and f(x)=x4. 

9. We want to write a conclusion regarding what happens to the algebraic expression of 

the function f(x) when we translate its graph 'a units' to the right, and when we 

translate it 'a units' to the left. 

 

Appendix 2: 

Question 1: 
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iv. For each of the following three algebraic expressions of functions we want to draw the 

graph of the function, using transformations on the original function. 

(a) f(x)=-(x-4)4+7, (b) f(x)=4|x-3|+8, (c) f(x)= -2(x+3)3+4 

v. The graph of the function  

    
 is given below: 

 

We want to draw the graph of the following function by performing transformations on 

the above function. 

 ( )  
  

  (   ) 
 

vi. For each of the four functions given in part i and part ii of the question, we want to write 

verbally the transformations made on the original function to arrive at the graph of the 

given function. 

 

 

 

 

Question 2: 

i. For each of the following three graphs of functions we want to write the algebraic rule of 

the function, using transformations on the original function. 

 

 

 

ii. The graph of the function  

    
 is given below: 
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We want to write the algebraic expression of the following graph by performing 

transformations on the above function. 

 

 

 

iii. For each of the four functions given in part i and part ii of the question, we want to write 

verbally the transformations made on the original function to arrive at the algebraic 

expressions of the given graph. 

Solutions:  

Solutions for Question 1: 

(i) Students could have given one of the two graphs in figure 8 (and others) as answers for 

this part regarding the function f(x)=4|x-3|+8. 

 

 

 

 

Figure 8: two possible answers for part (i) of the first question for the function f(x)=4|x-3|+8  

(ii) Students could have given one of the following two graphs in Figure 9 (and others) as an 

answer: 

   

 

 

 

Figure 9: two possible answers for part (ii) of the first question  

(iii) Figure 10 describes two of the possible answers of this part regarding the function 

f(x)=4|x-3|+8.  
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Figure 10: two possible answers for part (ii) of the first question for the function f(x)=4|x-3|+8  

 

Solutions for Question 2:  

(i) Students could have given one of the two following algebraic expressions as an answer 

to this part regarding the absolute funciton: f(x) = 3(|x + 2| +1), f(x) = 3|x + 2| +3. 

(ii) Students could have given one of the two following algebraic expressions as an 

answer to this part:                  

            ( )     

  (   ) 
  ,   ( )     (  

  (   ) 
)   . 

(iii) Figure 11 describes two of its possible answers regarding the absolute function. 

 

 

 

 

Figure 11: two possible answers for part (ii) of the second question for the function f(x)=4|x-3|+8 

Appendix 3: 

The whole genetic decomposition of the transformation concept is given in Table 3.  
Table 3: identifiers of the APOS levels and sublevels in the case of function transformations 

(Sub) Level identifiers 

Start action  Performs all types of transformations step-by-step in one representation (for 

example drawing each transformation to arrive at the last one), but not on all 

known functions. In addition, there is difficulty in performing at least one of the 

transformations. This difficulty is represented in missing one of the following 

components: the type, magnitude and direction of the transformations.   

Progress Performs all types of transformations step-by-step in one representation, but not 

First sequence: Horizontal translation of 3 units to the right on the function 
f(x)= |x|, compression by 4 times, and vertical translation of the resulting 
function 8 units to the top. 
Second sequence: performing a compression of 4 times magnitude,   Horizontal 
translation of 3 units to the right on the resulting function, and vertical 
translation of the resulting function 8 units to the top. 

First sequence: Horizontal translation of 2 units to the left on the function  
g(x)=|x|, vertical translation of 3 units to the top. 
 
Second sequence:  vertical translation of 3 units to the topon the function  
g(x)=|x|, horizontal translation of 2 units to the left on the resulting function. 
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action on all known functions, but has difficulty in performing at least one of the 

transformations. This difficulty is represented in missing one of the following 

components: the type, magnitude and direction of the transformations.   

Emerging 

action 

Performs all types of transformations step-by-step in one representation, but not 

on all known functions. Doing so, no difficulty is encountered in performing 

any transformation. 

Action Performs all types of transformations step-by-step in one representation just on 

known functions. Doing so, no difficulty is encountered in performing any 

transformation. 

Start process Performs all types of transformations step-by-step in more than one 

representation (for example drawing each transformation or writing down each 

one to arrive at the last transformation), but not on all known functions. In 

addition, there is difficulty in performing at least one of the transformations. 

Progress 

process 

Performs all types of transformations step-by-step in all representations just on 

known functions. In addition, there is difficulty with performing at least one of 

the transformations. This difficulty is represented in the missing of one of the 

following components: the type, magnitude and direction of the 

transformations.   

Emerging 

process 

Performs all types of transformations step-by-step in all representations just on 

known functions. In addition, there is difficulty in coordinating between the 

different representations.  This difficulty is represented in missing or not 

correctly mentioning one of the following components: the original function, 

the reflection axis and the order of transformations. 

Process:  Performs mentally all types of transformations in all representations just on 

known functions (Algebraic, graphical and verbal), but not on new functions. In 

addition, there is difficulty in coordinating between the different 

representations. This difficulty is represented in not correctly mentioning one of 

the following components: the original function, the reflection axis and the 

order of transformations.  

Start object Performs without difficulty all types of transformations on known functions 

(without drawing or writing down each transformation), but when performing 

transformations on new functions, this is done step-by-step (for example 
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drawing the transformations one by one), and one of the transformations is 

missing or at least one of the following components is not correctly mentioned: 

the original function; the type, the direction or magnitude of the translation; and 

the type of the stretch (stretch or compression) and its magnitude. 

Progress 

object 

Performs without difficulty all types of the transformations on known 

functions, but when performing transformations on new functions, this is done 

step-by-step, and one of the following is not correctly mentioned, but also not 

missing: the original function, the reflection axis or the order of 

transformations. 

Emerging 

object  

Performs all types of transformations on known and new functions, but on new 

functions this is done step-by-step. No component is missing or not correctly 

mentioned.  

Object:  Performs mentally the transformations on known functions and on new 

functions as well. No component is missing or not correctly mentioned. 

 

 




