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Abstract 

 This paper integrates technology, in the form of a physics simulation; science concepts, 

via image formation by lenses; and a mathematics apparatus, in the form of rational functions. 

All constituents merge into an instructional unit that can be embedded into a high school or 

undergraduate mathematics or physics course. The cognitive purpose of the paper is to show how 

to generalize the process of determining image characteristics by using a lens equation converted 

to an algebraic function. The unit, supported by a simulated experiment, is intended to enhance 

the traditional methods of determining image characteristics used commonly in physics courses. 

By implementing limits applications into the analysis, the paper intends to enrich the traditional 

physics approach and offer insight into the phenomenon of image production. Its far-reaching 

goal is to ignite learners’ curiosity of interpreting natural phenomena through employing more 

extensive mathematical embodiments.  
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Introduction 

 Mathematics plays a central role in quantifying scientific phenomena. It provides a 

computational system, reflects a physical idea, or conveniently encodes a rule (Bing & Redish, 

2008). Science, in turn, provides mathematics with interesting problems to investigate 

(Rutherford & Ahlgren, 1990). This integration is also reflected by the design of science and 

mathematics curriculum objectives. A detailed study conducted by Bossé, Lee, Swinson, and 

Faulconer (2010) revealed that the standards and processes in the National Council of Teachers 

of Mathematics’ (NCTM’s) Principles and Standards for School Mathematics (NCTM, 2000) 

and the five E’s—engagement, exploration, explanation, elaboration, and evaluation—developed 

by the National Research Council (NRC, 2000) exhibit significant similarities. Despite the many 

advantages of immersing students in an integrated learning environment (Frykholm & Glassson, 

2005), a need for more investigation into integrated subject matter instruction and learning 

processes is foreseen (Bossé et al., 2010). This paper emerged on these premises.  

Proposed Instructional Unit 

Prompts for the Topic Selection 

In their math classes, students spend a substantial amount of time learning the processes 

for graphing and analyzing functions (NCTM, 2000). Students evaluate function limits, 

determine domain and range, and describe the function behavior. Unfortunately, it seems that 

this wealth of techniques of graph analyses is not sufficiently applied in sciences. Currently, 

quantification of experiments in science is mostly furnished through formulas or equations, for 

example, E = Blv and pV = nRT (Giancoli, 2005; Tipler & Mosca, 2004). While working on 

these formulas, students’ roles are reduced to identifying given quantities and applying 

respective mathematical algorithms to compute an unknown quantity. The processes of 
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expressing the formulas as mathematical functions and using those representations to generalize 

outcomes are not emphasized. However, there exist many potential areas, especially in physics, 

where mathematical apparatuses can be applied more extensively to enhance these types of 

scientific analyses. Determining image characteristics using the graph of lens function is one 

such area. 

Image characteristics are usually concluded using the thin lens equation: 
1 1 1

.
i of d d

  Yet, 

due to the high multiplicity of the possible image characteristics—real versus virtual, upright 

versus inverted and diminished versus enlarged—they are not easily generalizable. It is 

indisputable that the lens equation provides a sound method for computing the characteristics, 

and a corresponding ray diagram further supports the findings. However, both these processes 

are applied to conclude specific, isolated cases; they do not provide direct access to summarizing 

image characteristics at large. In order to help students generalize the phenomenon of image 

production, a need for using a more general mathematical apparatus emerged. It seemed that 

converting the lens equation into an algebraic function and then analyzing the characteristics of 

the images using corresponding graphs provided the necessary mathematical basis. The process 

revealed that by using the lens graph and by applying a more sophisticated mathematical 

analysis, such as limits, image characteristics were concluded in a more conveyable fashion. 

Moreover, such analysis of image function opened opportunities for inducing a more insightful 

physical interpretation of images, normally unreachable by using the traditional lens equation.  

The goal of constructing this instructional unit is twofold: (a) to help students with image 

classification and generalization, and (b) to show students how the tools that they study in math 

courses can enrich their understanding of natural phenomena. Research shows that integrated 
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curricula provide for more relevant and stimulating experiences for learners (Frykholm & 

Glasson, 2005). This instructional unit is indented to serve as an example of such experience.  

Necessary Student Mathematical Background 

It is advised that participants be familiar with the processes of sketching rational 

functions and interpreting asymptotes to move smoothly through this activity. According to 

Principles and Standards for School Mathematics (NCTM, 2000), these cognitive math concepts 

are primarily studied in Algebra 2 and are further explored in pre-calculus and calculus courses. 

If learners face difficulties with these processes, a graphing calculator can assist. The presented 

analysis is substantially enriched by applying various types of function limits: sided and at 

infinity. As general image characteristics can also be concluded from the lens function without 

applying the concept of limits, it is at the instructor’s discretion to determine the extent of this 

support. 

Lab Equipment  

This unit can be conducted in the form of a guided discovery utilizing an optical bench or 

a virtual lab. I suggest using a virtual lab because it provides opportunities for effective 

verifications of hypothesizing that will be frequently applied. The virtual environment utilized 

during this lesson is a physics simulation called Geometric Optics designed by the Physics 

Educational Team (PhET) at Colorado University. This simulation is open access and can be 

downloaded at http://phet.colorado.edu.  

Conversion of Lens Equation into a Mathematical Function 

A mathematical function, ( )y g x , is defined as a relation of two variables—independent 

x and dependent y—such that for each x value, there is only one corresponding y value (Stewart, 
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2006). In commonly used physics textbooks (Giancoli, 2005; Tipler & Mosca, 2004), the lens 

formula is called the lens equation and is presented as follows:  

                                             

1 1 1
(1)

i of d d
   

The equation intertwines three different quantities: f, which represents the lens focal length, 

usually given as a constant; di, which represents the distance of the image from the plane of the 

lens; and do, which stands for the distance of the object from the plane of the lens. Mathematical 

interpretation of this algebraic entity is limited. Being derived from similarity of triangles 

(Giancoli, 2005), the equation merely depicts an algebraic relation between these quantities. 

Since it is not expressed as a mathematical function, its graph cannot be produced, nor can its 

outcomes be generalized. The formula needs to be converted into an algebraic function to 

provide opportunities for its deeper interpretation. In order to accomplish this task, one needs to 

determine what algebraic dependence is sought. As each constituting quantity can potentially be 

considered a constant or dependent or independent variable, there exists a pool of options to 

accomplish this task. In a typical introductory lab on image analysis (McDermott, 1996), the 

focal length is considered constant, di is the output of the investigation, and do is the independent 

variable in the experiment. The association of variables in this unit will reflect the conduct of 

such a lab. To strengthen the algebraic dependence of the quantities and the formality of 

mathematical notation, the equation’s variables will be respectively renamed. By replacing the 

distance of the image, ,id with y , and the distance of the object, ,od with ,x  Equation (1) takes the 

following form: 

                                                        

1 1 1
(2)

f y x
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It is important to note that the primary variables of interest are the distances of the object and its 

image, not their heights. For the purpose of graphing the function, the formula needs to be 

further rearranged so that its equation explicitly presents y in the function of x, which can be 

accomplished by applying simple mathematical algorithms:

                                                                                                                                             

 (3)
fx

y
x f




 

The quantity considered a constant is the focal length, f, which can be assigned positive 

or negative values depending on the type of lens used in the experiment. According to 

established convention, a converging lens having a real focal length is characterized by a positive 

value, while a diverging lens having a virtual focal length is characterized by a negative value. In 

order to further enrich the mathematization of the function, the focal length can be interpreted as 

a covariate. A covariate is a secondary variable used more often in statistics (Moore, 2000). It 

can affect the relationship between the dependent and independent variables of a primary 

interest, or it may be a confounding variable (Everitt, 2002). From a physics standpoint, the focal 

length depends further on the index of refraction of the lens as well as from the curvatures of the 

lens. The dependence encompassing these variables, expressed as
21

1 1 1
( 1)n

f R R

 
   

 
, is called 

the lensmaker’s equation (Giancoli, 2005). To gain more insight into the phenomenon, more 

covariate variables have to be identified. Due to the defined objectives of this paper, the concept 

of covariate will not be used, and the factors affecting lens focal length will not be discussed. 

The exploration of covariates could constitute an independent student assignment, however.  

http://en.wikipedia.org/wiki/Confounding
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Since magnification of the image will be discussed, there is a need to express the ratio for 

magnification, which is i

o

d
M

d


 , in terms of y and x. By replacing the variables, the 

magnification formula takes the form of a ratio of corresponding coordinates of the lens function:  

                                                                          

(4)
y

M
x


  

Equation (4) can also be expressed as a function by combining Equations (3) and (4): 

                                                                   

(5)

fx

y f fx f
M

x x x f f x


 

   
   

The analysis of the magnification, i.e., Equation (5), is discussed in the appendix. 

Scientific Environment 

The scientific environment is available at http://phet.colorado.edu/sims/geometric-

optics/geometric-optics_en.html. Figure 1 shows a general view of the simulation. 

 

Fig. 1. General view of the simulation Geometric Optics. Source: http://phet.colorado.edu. 

 

The simulation allows for a variety of investigations. For the purpose of this unit, the curvature 

of the lens is set at 30 cm, and the resulting focal length is f = 15 cm. The index of refraction is 

http://phet.colorado.edu/sims/geometric-optics/geometric-optics_en.html
http://phet.colorado.edu/sims/geometric-optics/geometric-optics_en.html
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set at n = 1.4, and the diameter is 1.00 m. Other arrangements of the index of refraction and focal 

length are also possible; however, the lens might produce an image that is too large to be 

observable on the computer screen. There is one variable—the distance of the object—whose 

properties are unparalleled between the simulation and function values. This quantity is 

considered positive, and it will be located on the positive side of the x-axis. The simulation and 

most of the ray diagrams place the object on the left side of the lens, which students might 

interpret as representing negative distances. This is not an obstacle, but the instructor might want 

to highlight this lack of coherence for students. The final form of the rational function used in the 

analysis is the 

following:
                                                                                                                                    

15
(6)

15

x
y

x



 

The instructor should underline the physical interpretations of the variables: x as representing the 

distance of the object from the lens, and y as describing the distance of the image from the lens. 

In this unit, all dimensions will be expressed in centimeters.  

Generating a Graph of the Lens Function 

Since the purpose of constructing the function is to learn the characteristics of the images 

from reading a corresponding graph, some attention should be given to the process of sketching. 

In mathematics, the process of sketching is supported by identifying the so-called parent 

function, its domain, and its possible asymptotes.                                                                                   
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Identifying the parent function. The lens function,
15

15

x
y

x



, resembles

( )
( )

( )

g x
f x

k x
 , 

which classifies it as a rational function (Stewart, 2006) and its corresponding graph as 

hyperbola. 

Determining the domain. Function domain determines acceptable inputs of the function.  

15
For , 15 and . There will be other restrictions imposed on the domain due 

15

to physical constraints, a discussion of which follows.

x
y x x R

x
  



  

Finding function asymptotes. This function contains two asymptotes: vertical at x = 15, 

due to the restriction on its domain; and horizontal at y = 15, due to 
15

lim 15
15x

x

x



. Since x 

represents the object distance from the plane of the lens and x can take only positive values in 

this experiment, the lens function contains an additional restriction on x: x > 0. In sum, the graph 

is restricted to 0, 15, and .x x x R   A general graph of the lens function is shown in Figure 2, 

and its restricted version is shown in Figure 3.
 

  

15 15
Fig. 2. Graph of . Fig. 3. Graph of restricted due to a

15 15

physical constraint, 0.

x x
y y

x x

x

 
 


                              

 

 



 10 

For generalizing the inferences from the graph, students need to realize that all graphs of 

lens function with a converging lens (as well as for concave mirrors) will be similar to the graph 

shown in Figure 3. The emerging difference will result from choosing focal lengths of different 

magnitudes. The graph will resemble these variations by generating different positions of the 

vertical asymptotes, yet on the positive side of the x-axis. Varying positions of vertical 

asymptotes could be explored using graphing technology. The graph for a diverging lens (and, 

respectively, a graph of a function for a concave mirror) will differ due to the negative value of 

the focal length, as shown in Figure 4. Its restricted version is shown in Figure 5. The focal 

length chosen for these graphs is −15 cm.   

 

 

15 15
Fig. 4. Graph of . Fig. 5. Graph of restricted due to a

15 15

physical constraint, 0.

x x
y y

x x

x

 
 

 



 

 

The analysis that follows refers to the graphs in Figure 3. Once the process of using a graph to 

determine image characteristics for a converging lens is conveyed to students, they can explore 

the graph for a diverging lens as an independent assignment. 

Determining Image Characteristics Referring to the Graph of the Lens Function 



 11 

During this part of the unit, the learners, guided by the instructor, will predict the 

characteristics of the image by referring to the graph of the lens function shown in Figure 3. 

They will verify their predictions by using the outcomes of the virtual lab. The analysis, 

organized by cases, will progress systematically considering the increase of the distance of the 

object from the lens. This mode of progression intends to help students with the generalization. 

Case 1. The object is placed at x = 0, and its distance increases to x = 15 cm: 0 15.x   

When the object is placed within the length of the focal point and the plane of the lens, the 

function values, and thus the image distances, are negative, indicating that the image, according 

to conventional interpretations (Giancoli, 2005) is virtual. Students will conclude that the image 

is also enlarged within this distance because y x , which consequently leads to 1.M   A 

detailed analysis of the magnification function is attached in the appendix. 

The observations of the image produced by the simulation support the calculations. By 

placing the object close to the lens and then moving it to the left, the height of the virtual image 

increases, as illustrated in Figure 6. 

 

Fig. 6. Production of virtual image. Source: http://phet.colorado.edu. 

 

http://phet.colorado.edu/
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It is important to note that when the distance of the image is getting close to the focal point, i.e., 

when 15 ,x   the distance of the image becomes very large and takes negative values. This 

inference can be concluded also from the graph (Figure 3) of the lens function, and it can be 

calculated by evaluating the left-hand limit of the lens function using
15

15
lim .

15x

x
y

x
  


  

Case 2. The object is placed at x = 15 cm (at the focal point). The graph displays a lack of 

corresponding y-values for x = 15. Furthermore, this case is illustrated as a vertical asymptote. 

Physically, this is interpreted as an absence of image for this object distance, as shown in 

Figure 7. The simulation also supports this conclusion. Due to refracted rays being parallel, there 

is no image produced when x, the object distance, is 15 cm.  

 
Fig. 7. Object is placed at the focal point of the lens, which results in no image being produced. 

Source: http://phet.colorado.edu. 

 

It is important to note that the corresponding image magnification is also undefined when the 

object is placed at the focal point. This case can also be proven mathematically. 

15 15
Since , and = 15, then is undefined.

15 15 15
M x M

x
 

 
 A more formal and detailed analysis 

of this case is presented in the appendix. 
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Case 3. The object is moved from the focal point to the left: x > 15 cm.  For any distance 

greater than 15 cm, the corresponding y-values of the lens function are greater than zero, 

indicating that the image is real. When x is close to the value of 15 from the right side, the 

technique of evaluating the function’s right-hand limit must be applied to approximate the 

function value: 
15

15
lim .

15x

x
y

x
  


 

The physical interpretation of this result shows that the image distance is positive and that 

its magnitude is approaching infinity. Positive image distance indicates that the image is real. 

The size of the image, M = −y/x, also gets very large. The simulation supports this interpretation, 

as illustrated in Figure 8. 

  

 

Fig. 8. Production of a real image. Source: http://phet.colorado.edu. 

 

Case 4. The object is placed very far away from the lens: .x   This case usually sparks 

more students’ curiosity. When the object is being moved to infinity, the limit at infinity of the 

lens function needs to be applied to the approximate function value and the simultaneous image 

distance. This idea has already been applied when concluding the function horizontal asymptote:      
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15 15
lim lim 15 (6)

15x x

x x
y

x x 
  


 

The physical interpretation of this case tells that when the distance of the object is very large, the 

image should be located in the focal point of the lens. This conclusion corresponds to the ray’s 

behavior as well. A very distant object sends approximately parallel rays that, when refracted, 

emerge at the focal point of the lens. Students will conclude that the process shown in 

Equation (6) can also be used to determine the lens focal length. Corresponding magnification of 

the image can be approximated in this situation by taking the limit of the magnification formula: 

M = lim 0.
x

y

x


  This result shows that when the distance of the object is very large, the size of 

the image is getting close to zero. This conclusion is also supported by the output of the 

simulated experiment, as shown in Figure 9.  

 

Fig. 9. The object is located very far away from the lens. The image is located near the primary 

focal point (on the right side of the lens). Source: http://phet.colorado.edu. 

 

http://phet.colorado.edu/
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Once the analysis is complete, students might be asked to summarize their findings in a 

chart, such as the one presented in Table 1. They can select the correct adjectives describing 

respective image characteristics using the right column.  
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Table 1. Summary of Image Characteristics for a Converging Lens. 

Position of the 

Object 

Image Characteristics  

 

0 x f   

Kind (real/virtual)____ 

Orientation (upright/inverted)______________  

Magnification (diminished/enlarged)_________ 

 

x = f 

Kind (real/virtual)____ 

Orientation (upright/inverted)______________  

Magnification (diminished/enlarged)_________ 

 

 

x = 2f 

 

Kind (real/virtual)____ 

Orientation (upright/inverted)______________  

Magnification (diminished/enlarged/of the same size)_________ 

x   Kind (real/virtual)____ 

Orientation (upright/inverted)______________  

Magnification (diminished/enlarged)_________ 

 

Sample Problem for Independent Student Work 

 Following is a sample problem that instructors can assign to students to assess their 

understanding of the idea of using a graph to interpret image characteristics, as discussed in this 

unit. 

1. The graph below shows the position of the image distance versus the position of the 

object distance generated using a thin lens. All dimensions are given in centimeters. 
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Referring to the graph, answer the following questions: 

a. What type of lens is used in the experiment?  

b. What is the approximated focal length of the lens? 

c. For what object distances is the image real? 

d. For what object distances is the image upright? 

e. Approximate the image position when the object distance is 10 cm. 

f. What is the magnification of the image when the object is placed at the position of 2f? 

g. From the graph, approximate the radius of the curvature of the lens used in the 

experiment. 
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Appendix 

Determining Magnification Function 

The magnification produced by the lens can also be supported by an analysis of a 

magnification function. If f = 15, then using Equation (5), the magnification function takes the 

following form:  

                                                                 

15
(10)

15
M

x



 

In this equation, M represents the value of magnification used to determine the object orientation, 

and M is its actual magnitude. The magnification depends only on x, which is the distance of 

the object from the lens. The graph of the magnification function is presented in Figure 10. 

. 

Fig. 10. Graph of magnification function. 

Expressing magnification as a function of one variable encourages implementing a more 

sophisticated limit analysis, similar to the one applied to lens function.  

Case when x = 0. Physically, it is not possible to place an object at a distance of 0 cm 

from the lens. However, the sided limit allows for evaluating a possible magnification at that 
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object location. When the object is being moved close to x = 0, then M =
0

15
lim 1.

15x x




  
The 

value of M = 1 appears as the vertical intercept of the magnification function on the graph in 

Figure 10. Magnification of 1 shows that the object and the image have the same heights. 

Case when object is being moved close to x = 15. At x = 15, the magnification function, 

similar to the lens function, is undefined; however, a sided limit can be used to predict the object 

magnification:
15

15
lim

15x
M

x


  


. Thus, when the object is placed within 0 15x  , the lens 

resembles a magnifying glass. 

Case when object is being moved away from x = 15. When the object passes the focal 

length but is still very close to it, 
15

15
lim .

15x
M

x


  

  
This result shows that the object is 

inverted and is very large. As the object is moved farther away, it diminishes. This can be 

concluded from the above graph and also from the simulation in Figure 6. 

Case when object is being moved away to infinity. Function limits must be used to 

evaluate the magnification function:
15

lim 0.
15x

M
x


 


 Although the height of the object will 

never be zero, this result indicates that the size of the image decreases to zero when the distance 

of the object is very large. 

 In summary, when an object is within focal length of a converging lens, the size of the 

magnification increases from 1 to infinity and the object is upright. When the object distance 

increases to infinity, the magnitude of magnification decreases to zero. As lens function helps 

determine the kind of image (real versus virtual), magnification function helps describe the 

magnitude of magnification and object orientation. A similar analysis can be conducted for 

magnification of a diverging lens. 


