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Abstract 

This article examines prospective elementary teachers’ conceptions of unitizing with whole 

numbers and fraction concepts and operations throughout a semester-long mathematics content 

course. Student work samples and classroom conversations are used to illustrate the types of 

unitizing understandings that prospective teachers bring to teacher education programs. The 

results indicate that the prospective teachers were successful with iterating units and developing 

composite units within both whole numbers and fractions. Although this did not indicate they 

had a complete understanding of unitizing, the results imply that tools, such as number lines, 

may be useful in determining what understandings they do have.    

Keywords:  fractions, mathematical content knowledge for teaching, prospective 

elementary teachers, unitizing, whole numbers 

 

 



Prospective Elementary Teachers’ Conceptions of Unitizing  3 

 

 

Past research illustrates that prospective teachers’ (PSTs) conceptions of whole numbers 

and fractions are largely algorithmic and often they are unable to explain commonly used 

procedures (Olanoff, Lo, & Tobias, 2014; Thanheiser, Whitacre, & Roy, 2014). This becomes 

problematic especially since they are to develop students’ understanding of these same topics 

once they enter the classroom. With recent updates to mathematics standards for teaching (i.e., 

National Council of Teachers of Mathematics, 2006), it is increasingly important for PSTs to 

have opportunities to not only develop an understanding of the mathematics they are to teach but 

to also have the ability to assess and foster student thinking. 

 Many reports have documented PSTs’ mathematical conceptions using one-on-one 

interviews or surveys (Ball, 1990; Luo, Lo, & Leu, 2011; Thanheiser, 2009), and research is 

beginning to analyze how they develop an understanding of mathematics in an undergraduate 

mathematics classroom (McClain, 2003; Roy, 2008; Safi, 2009; Tobias, 2009). Studying PSTs’ 

thinking in a social setting proves to be important due to the fact that as they participate in 

whole-class discussions they reorganize their own understandings and at the same time 

classroom discussions are impacted by the ideas they contribute (Cobb & Yackel, 1996). To 

document the ways in which the classroom community impacts learning, the goal of this study 

was to determine how PSTs develop an understanding of whole number and fraction concepts 

and operations. This article presents data from part of that study by focusing on their conceptions 

of unitizing during classroom instruction. Research has illustrated that PSTs’ difficulties with 

whole number and fraction operations can be linked to their understanding of unitizing (for 

further discussion see Olanoff et al., 2014; Thanheiser et al., 2014), therefore this paper seeks to 

contribute to the existing research to document PSTs’ unitizing conceptions before they formally 

work with the operations. Thus, the following research question was investigated: 
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● In what ways do prospective elementary teachers unitize with whole numbers and 
fractions? 

 
Unitizing 

Units play an important role in understanding whole number and fraction concepts and 

operations (Lamon, 2005; Thanheiser, 2009). Students’ understanding of a unit as a whole, an 

entity which can be iterated, or as an amount which can be composed to generate a new amount 

is foundational for defining wholes as well as success with more challenging topics, such as 

operations (Tobias, 2013). In the context of whole numbers, unitizing becomes the central notion 

of conceptually understanding place value and algorithms (Cobb & Wheatley, 1988; Steffe, 

2004). This includes the fundamental understanding that ten simultaneously represents one group 

of ten and ten ones (Cobb & Wheatley, 1988), and iterating ones to develop a composite unit 

(Steffe, 2004).   

With fractions, unitizing aids in students’ ability to describe the whole being used in a 

problem (Tobias, 2013) and to understand fractions as quantities (Lamon, 2002). For example, 

1/2 of one whole is not equal to 1/2 of another whole when the wholes are different. Unitizing is 

important for students to understand unit fractions, or fractions with a numerator of one, iterating 

unit fractions, developing a composite unit, and unitizing in terms of the whole (Lamon, 1996, 

2005).   

PSTs’ Understanding of Unitizing 

Research illustrates that PSTs’ understanding of operations with whole numbers are 

largely procedural and unitizing concepts often affect their knowledge of why an algorithm is 

mathematically valid (Thanheiser, 2009, 2012). Thanheiser (2009) found that PSTs struggle with 

conceptualizing units when justifying addition and subtraction with multidigit whole numbers. In 
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her work, two-thirds of the 15 PSTs interviewed incorrectly identified “digit[s] in the tens place 

as ones rather than in terms of the reference unit tens or the appropriate groups of ones, at least 

some of the time” (Thanheiser, 2009, p. 270). As a result, these struggles can be attributed to 

PSTs’ weak conceptual knowledge, weak strategic knowledge, or both (Thanheiser, 2012).   

It has been conjectured that familiarity with base-ten can prevent PSTs from deeply 

exploring whole number concepts (Hopkins & Cady, 2007). As such, researchers have situated 

PSTs in base-five (Cady, Hopkins, & Hodges, 2008), base-eight (Andreasen, 2006; McClain, 

2003; Roy, 2008, 2014; Safi, 2009; Yackel, Underwood, & Elias, 2007), and base-twenty 

(Thanheiser & Rhoads, 2009) in order to instigate cognitive dissonance with place value 

conceptions and provide an avenue to explore whole number concepts and operations. By 

learning whole number concepts, such as unitizing, in other bases, researchers have found that 

PSTs are able to develop place value concepts by coordinating units (Andreasen, 2006; McClain, 

2003; Roy, 2014; Yackel et al., 2007).   

In the context of fractions, research has also found that PSTs have a limited view of 

unitizing (Behr, Khoury, Harel, Post, & Lesh, 1997; Luo, Lo, & Leu, 2011; Rosli, Gonzalez, & 

Capraro, 2011). Rosli, Gonzalez, and Capraro (2011) found that PSTs struggled with 

understanding the role of the unit with fractions specifically when the unit or whole is comprised 

of more than one object. Luo, Lo, and Leu (2011) found that PSTs from the U.S. struggle with 

labeling a point on a number line. Many PSTs iterated unit fractions to label tick marks, rather 

than taking into account the value of the distance between each tick mark, which resulted in an 

incorrect answer. Likewise, Behr, Khoury, Harel, Post, and Lesh (1997) found that when asked 

to find 3/4 of a pile of 8 bundles with 4 sticks in each bundle, PSTs tended to favor partitioning 
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the bundles as opposed to using other methods. In addition, they found that the majority of PSTs 

could not solve the problem in more than one way, even when prompted to do so.   

Prospective teachers’ limited understanding of unitizing with fractions affects their ability 

to define units or wholes, understand fractions as quantities, and conceptualize situations in more 

than one way (Behr et al., 1997; Luo et al., 2011; Rosli et al., 2011). Within whole numbers, 

unitizing has been shown to affect PSTs’ understanding of place value with whole number 

operations and the relationship between the digits (Thanheiser, 2009, 2012). Since being able to 

flexibly unitize remains foundational for PSTs to understand topics such as operations, this paper 

focuses on what unitizing conceptions they do have as they are introduced to unitizing topics 

during classroom instruction.   

Methodology 

 A semester-long classroom teaching experiment (Steffe & Thompson, 2000) was 

conducted at a large, metropolitan university in the Southeastern United States. Thirty-three 

PSTs participated in the study that was conducted in an elementary mathematics content course. 

The course met for 110 minutes twice a week. The participants were all women, in at least their 

sophomore year of college, and majoring in either elementary or exceptional education. 

 Whole number concepts and operations was the first topic taught in the class. This 

instructional sequence constituted ten class sessions and was situated completely in base eight, 

since it was hypothesized that familiarity with base ten may prevent the PSTs from deeply 

exploring the whole number concepts they learned as children (McClain, 2003; Roy, 2008; Safi, 

2009; Thanheiser, 2009; Yackel et al., 2007). This was followed by a ten-day rational number 

concepts and operations instructional sequence that was taught in base ten. Unitizing was 
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formally introduced starting the third day of both sequences (highlighted in Table 1) through 

place value models with whole numbers, and linear and set models with fractions (see Table 1). 

Table 1 

Topics Taught in the Whole Number and Fraction Instructional Sequences 
 

Day  
(Whole Numbers) 

Overarching Topic Tools  

1 Counting Snap Cubes; 10-Frames; Empty 
Number line 

2 Counting Snap Cubes; 10-Frames; Empty 
Number Line 

3 Unitizing Boxes, Rolls, Pieces 

4 Unitizing/Flexible Representations 
of Equivalent Numbers 

Boxes, Rolls, Pieces; Inventory 
Forms 

5 Flexible Representations of 
Equivalent Numbers 

Boxes, Rolls, Pieces; Inventory 
Forms 

6 Addition Boxes, Rolls, Pieces; Inventory 
Forms; Empty Number Line 

7 Subtraction Boxes, Rolls, Pieces; Inventory 
Forms; Empty Number Line 

8 Multiplication Boxes, Rolls, Pieces; Inventory 
Forms; Dot Arrays 

9 Division Boxes, Rolls, Pieces; Inventory 
Forms 

10 Whole Number Exam  

Day (Fractions) Overarching Topic Tools 

1 Define Fractions Based On Whole Circles 
Rectangles 

2 Compose and Decompose Fractions Circles  
Rectangles 
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3 Unitizing 
 

Number Lines 
Discrete Sets 

4 Equivalent Fractions Tree Diagram 
Ratio Table 

5 Comparing Fractions  

6 Ordering Fractions 
Fraction Density 

 

7 Addition 
Subtraction 

Number Line 
Discrete Set 

Circles 
Rectangles 

8 Multiplication Number Line 
Discrete Set 

Circles 
Rectangles 

9 Division Number Line 
Discrete Set 

Circles 
Rectangles 

10 Rational Number Exam  
 
 Course tasks were designed out of a combination of past research with children and 

adults (Andreasen, 2006; Carpenter, Fennema, Franke, Levi, & Empson, 1999; Cobb et al., 1997; 

Gravemeijer, 2004; Streefland, 1991; Wheeldon, 2008). Participants were first given problems in 

the form of a word problem, picture, or both (Gravemeijer, 2004) (see Appendix A for sample 

whole number and fraction unitizing activities). They then worked either individually or in small 

groups. This was followed by whole-class discussions of selected problems. Social norms, such 

as explaining and justifying solution and solution strategies, indicating agreement, and asking a 

question, as well as sociomathematical norms, such as determining what constitutes an 

acceptable solution (Cobb & Yackel, 1996) for whole-class discussions were established and 
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reinforced throughout the semester (Roy, Tobias, Safi, & Dixon, 2014). In addition, the PSTs 

were encouraged to develop their own solution strategies and to use pictures to aid in the 

explanation and justification of their solution processes (Gravemeijer, 2002).   

Data Collection 

 The data collected included video that was transcribed from each class session, PSTs’ 

work from in-class notes, homework assignments, and exams. The in-class tasks, homework 

problems, and exam questions were designed such that PSTs could solve the problems in a way 

that made sense to them with the expectation that they would have to explain and justify their 

solution process. PSTs’ work was collected at the end of every class session after they had 

discussed selected problems on a given task in class. In addition, research team field notes and 

reflective journals were also collected from each class session and research team meeting (Cobb 

& Gravemeijer, 2008). The data presented in the results section of this paper includes PSTs’ 

work on in-class tasks and transcripts from whole class discussions.     

Data Analysis        

 To document collective activity, classroom data were analyzed using Rasmussen and 

Stephan’s (2008) three-phase approach. First, each class was video recorded and transcribed. 

Next, at least two members of the research team coded each whole-class conversation in the 

transcripts using Toulmin’s (2003) argumentation model to identify claims, data, warrants, and 

backings in the conversations. Claims represent solutions to a problem. Data are used to back up 

the claim. Warrants are needed if the data are questioned. Backings are used if the warrant does 

not hold authority (Toulmin, 2003). Finally, each coded conversation was then placed in an 

argumentation log (see Table 2). 

Table 2  
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Sample Argumentation Log for the Fraction Unitizing Problem in Appendix A 
 
Claim Data Question Warrant Backing 

3 Now because I had to 
make another group of 3 
slices to make 4/4, I have 
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
11, 12 whole slices. Then 
I colored in 7 of them, 
because I needed 7/12. 

How did you 
know just those 
three?  

You should 
divide it up so 
that all the ones 
make up 1/4. 
All the twos 
make up 1/4, 
all the threes 
make up 1/4.  

I just saw it as 
there were 9 
pieces and 9 
divided by 3 is 
3. That’s how I 
knew it was 3. 

 
The argumentation log was analyzed for instances where claims were no longer 

questioned or when an idea shifted in function (i.e., when a warrant from one conversation then 

became data during another) (Rasmussen & Stephan, 2008). If one or both of these occurred the 

topic was said to be taken-as-shared by the class. This implies that the class as a whole 

understood a topic.   

Results 

The results in this section pertain to PSTs’ claims, data, warrants, and backings that were 

presented before an idea became taken-as-shared. Since PSTs had an opportunity to change their 

responses to a problem on a task before it was collected, the transcripts were used to determine 

their initial understandings of unitizing. Thus, the written work that is presented is being used to 

support the claims, data, warrants, and backings that PSTs made during whole class discussions. 

The results indicate that PSTs held various conceptions about unitizing. In the context of 

whole numbers, the PSTs were successful with iterating units of 18 and composite units of 108. In 

addition, they were able to decompose a number into composite units based on place value. In 

the context of fractions, the PSTs were also found to be successful with iterating and working 

with unit and composite fractions. The difficulties they had stemmed from defining wholes for 

fractions. They also struggled with unitizing in terms of the whole.   
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Whole Numbers  

The first unitizing topic the PSTs encountered involved iterating or counting units. 

During this topic, they were challenged to represent their thinking on an empty number line 

(Gravemeijer, 1994; Klein, Beishuizen, & Treffers, 1998; Treffers, 1991). The class was 

provided with various contextualized addition and subtraction situations (Carpenter et al., 1999) 

and asked to solve and describe how they arrived at their solution (see Appendix B). When 

iterating with a unit of 18, often the PSTs would start with one of the given addends in the 

problem. Then they continually added 18 until they exhausted the other addend in the problem 

(see Figure 1). 

 Marc had 128 marbles. He bought 318 more. How many marbles does he have in total? 

 
Figure 1. Iterating by a unit of one. 

 
Baroody (1987) noted a counting-on-from-larger strategy that children will use to solve 

problems such as these. This includes starting with the larger number in the problem as opposed 

to the number that appears first. Similar strategies were found with the PSTs when solving this 

problem. Jackie noted that she started with 318 and counted on 128 to get at the answer of 438.  

Jackie: I just counted it out in my head, 318 and counted and adding 
128, (Data) and got 438. (Claim) 

Instructor: Okay so you, so you’re saying you went from 318 and added 
Jackie: Added by ones. (Warrant)  

 
In her explanation, Jackie articulated how she decomposed the 128 and added 18 128 times to find 

the answer. As such, she constructed an explicitly nested number sequence (Steffe, 2004) since 
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she constructed 128 by iterating units of 18. Her line of reasoning on the empty number line also 

provided the notion that she conceived 128 as groups of one (i.e., in 128 as 108 ones and 28 ones) 

similarly to PSTs in a study conducted by Thanheiser (2009, 2012). 

In subsequent problems PSTs began to iterate with composite units of 108 and 18 (Steffe, 

2004). PSTs started developing this idea when given the following problem (see Figures 2a and 

2b). 

Jessica decided to share all of her cookies with her friends. She gave 27 cookies to one friend 
and 43 cookies to another friend. How many cookies did she have to start with? 

 

 
 

 
Figures 2a and b. Iterating units of 18 and composite units of 108. 

In both of these solutions the PSTs demonstrated their thinking on the empty number line by 

iterating 108. Once they could not add 108 anymore without going over the total, they then 

iterated units of 18 to work up to 728.   

Some students added a composite unit portion of the larger addend (using either 408 or 38) 

and subsequently iterating by 18 or by 108 to find the solution (see Figures 3a and 3b). 

           

Figures 3a and 3b. Iterating with composite tens and ones. 
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Other PSTs solved this problem by decomposing one of the addends according to place value 

(either representing 438 as 408 + 38 or by representing 278 as 208 + 78) and used those composite 

units instead of individual groups of 108 and 18 (see Figures 4a and 4b).   

 

 

Figures 4a and 4b. Adding with composite units.  

Although both PSTs chose to add composite units in order to solve the problem, one (see Figure 

4a) started with 438 and then added the composite units of 78 and 208 to reach the sum of 728. 

The other (see Figure 4b) started with 278 and added the composites 38 and 408 to find the sum.  

PSTs exhibited different levels of sophistication within their strategies. Some found the 

answer by iterating with a unit of 18 and/or a composite unit of 108 (see Figure 1 and Figures 2a 

and 2b). Others iterated with a combination of individual and composite units (see Figures 3a 

and 3b). Finally, PSTs were found to iterate composite units based on place values (see Figures 

4a and 4b). These strategies and the number of PSTs that used these strategies are summarized in 

Table 3. 

Table 3 

32 PSTs’ Strategies for Iterating With Units and Composite Units 
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Iterating Strategy Number of PSTs 

Iterating units of 18 and composite units of 108 7 

Adding with composite units 12 

Adding with composite units and iterating 
with 18 or 108 

12 

Did not answer 1 
 
In each of the solutions on the empty number line presented in Figures 2, 3, and 4 it 

seemed that the PSTs demonstrated their thinking on using reference units for each digit 

(Thanheiser, 2009, 2012), however, the tool (i.e., empty number line) they utilized to show their 

thinking may have masked their conceptions of multidigit whole numbers. To this point, 

although the PSTs were decomposing numbers when solving problems using an empty number 

line, it was unclear if they were unitizing (Cobb & Wheatley, 1988) and realizing that 108 was 

simultaneously one group of 108 and 108 individual units of 1. As such, new tasks were 

introduced to the PSTs with the intent to shift their linear-based reasoning to tasks that 

emphasize collection-based reasoning.   

The second unitizing topic the PSTs encountered was to find equivalent representations 

of numbers. To develop the PSTs’ understanding of this type of reasoning they were introduced 

to a Candy Shop scenario (Cobb, Boufi, McClain, & Whitenack, 1997; Cobb, Yackel, & Wood, 

1992; Wood, 1999) where they were required to package candy into boxes, rolls, and pieces. 

They were told that 108 pieces of candy fit into a roll and 108 rolls fit into a box. The class was 

provided tasks that helped visualize a total number of candies and were instructed to determine a 

“different” way to represent an equivalent total to the amount given in Figure 5. 
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Figure 5. Represent 28 boxes, 128 rolls, and 48 pieces in another way. 

A variety of regrouped configurations were drawn by the PSTs. A configuration could 

have been regrouped by composing it from smaller place values, decomposing it from larger 

place values, or by both composition and decomposition. For example, 17 of the PSTs chose to 

compose the total by wrapping 108 rolls into a box and got the solution of 38 boxes, 28 rolls, and 

48 pieces; whereas three of the PSTs chose to unwrap or decompose a box into 108 rolls and got a 

solution of 18 box, 228 rolls, and 48 pieces. Some PSTs both packaged and unpackaged. For 

example, to get the solution of 38 boxes, 18 roll, and 148 pieces PSTs wrapped 108 rolls into a box 

while simultaneously unwrapping a roll into pieces. Altogether, seven different configurations 

were drawn by 31 PSTs (see Table 4). 

Table 4 

PSTs’ Solutions for Representing 28 boxes, 128 rolls, and 48 Pieces 
 
Configuration (numbers are in base 8) Strategy Number of PSTs 

3 Boxes, 2 Rolls, 4 Pieces Composed 17 

3 Boxes, 1 Rolls, 14 Pieces Composed and 
Decomposed 

3 

3 Boxes, 24 Pieces Composed and 
Decomposed 

2 

2 Boxes, 11 Rolls, 14 Pieces Decomposed 1 

1 Boxes, 22 Rolls, 4 Pieces Decomposed 3 

1 Boxes, 20 Rolls, 24 Pieces Decomposed 4 
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32 Rolls, 4 Pieces Decomposed 1 
 

Thus, PSTs were flexible with composing and decomposing units by representing one ten as ten 

ones and vice versa. To further develop PSTs’ understanding of unitizing before formally 

moving on to addition and subtraction, the instructor provided the class with an inventory form 

tool and asked them to represent an equivalent amount of candy but packaged differently (see 

Table 5).     

Table 5 

Inventory Form 
 

Boxes Rolls Pieces 
2 12 14 

 
This problem is similar to the previous but instead of using pictures, PSTs were now asked to 

work directly with numbers. Similar strategies previously observed were once again used by the 

PSTs. For example, nine PSTs packaged 108 rolls of candy together to compose a box and got an 

answer of 38 boxes, 28 rolls, and 148 pieces (see Figure 6).  

 

Figure 6. Regrouping rolls to make a box. 

Sixteen PSTs “unwrapped” a box (see Figure 7) and decomposed the quantity into 18 

box, 228 rolls, 148 pieces. 
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Figure 7. Breaking down boxes. 

In the end, ten different configurations were identified by 30 of the PSTs, one of which was the 

problem that was posed (see Table 6).   

Table 6 

PSTs’ Solutions for Packaging 28 Boxes, 128 Rolls, and 48 Pieces 
 
Configuration Strategy Number of PSTs 

3 Boxes, 3 Rolls, 4 Pieces Composed 5 

3 Boxes, 2 Rolls, 14 Pieces Composed 3 

2 Boxes, 13 Rolls, 4 Pieces Composed 3 

2 Boxes, 12 Rolls, 14 Pieces  Original Problem 1 

2 Boxes, 11 Rolls, 24 Pieces Decomposed 1 

2 Boxes, 10 Rolls, 34 Pieces Decomposed 1 

1 Boxes,  22 Rolls, 14 Pieces Decomposed 12 

1 Boxes, 20 Rolls, 34 Pieces Decomposed 1 

1 Boxes, 12 Rolls, 114 Pieces Decomposed 2 

32 Rolls, 14 Pieces Decomposed 1 
 
Unlike with the previous problem, PSTs only composed or decomposed. No one simultaneously 

did both strategies at once.   
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After these tasks, we saw evidence of PSTs decomposing numbers (e.g., 3248) in 

expanded form according to place values, 3008 + 208 + 48 (see Figure 8). 

 

Figure 8. Expanding numbers into place value. 

PSTs whole number unitizing conceptions included iterating units of 18, composite units 

of 108 and 18, and composite units based on place value. They were also able to formulate the 

idea that one group of ten is also ten groups of one and view multidigit numbers in terms of place 

value.  

Fractions 

The first fraction unitizing topic that the PSTs were asked to work with involved defining 

a whole. They were presented with a sharing context and asked to determine how much of a 

pizza each person receives. When explaining their solution, the class was asked to describe this 

amount in terms of the whole.   

Initial difficulties were found to result from PSTs changing the whole while they 

described how they solved the problem. One of the problems given required them to find how 

much each person receives when four pizzas are shared equally among five people. Fractional 

amounts varied as the PSTs found solutions of 4/20, 1/5, 4/5, and four. In addition the wholes 

that were defined varied from individual pieces to all four pizzas (see Table 7).   

Table 7 

Ways PSTs Defined Wholes for Sharing Four Pizzas Equally Among Five People 
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Defined Whole Number of PSTs Who Gave that Solution 

No whole defined (gave a 
fraction answer only) 

3 

Pieces or Slices 12 

All the pizzas 5 

Each pizza 5 

A/One pizza 8 
 
For some, the whole changed in their explanation of the problem as seen with Carrie in Figure 9.   

 
 

Figure 9. Share four pizzas among five people. 
 

Carrie: First separate each pizza into five pieces. Each person will 
get one slice from each pizza, so they will each get a total of 
four slices. (Data) Four-fifths of each pizza. (Claim) 

 
Evident from Carrie’s response, she first said that each person would get four slices with the 

whole being a slice. Then for her final answer of 4/5, the whole became each individual pizza. 

Though Carrie’s solution of 4/5 was correct, the defined whole was incorrect.   

Similar conceptions were found with other PSTs in the class. Some found a correct 

fractional solution, but defined an incorrect whole, such as Carrie’s response of “4/5 of each 

pizza.” Some defined a correct whole, but had an incorrect fraction, such as “4/20 of a pizza.” 

Others had solutions based on whole numbers, such as “four slices.” For further discussion see 

Tobias (2013).   
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 After defining wholes, the class moved on to problem situations that required them to 

iterate unit and composite unit fractions. One of the problems given is in Figure 10.      

The following is 2
7

of a pound of dough. Show 31
14

pounds of dough. 

  

Figure 10. Finding and iterating units. 

The intent of the problem was to have PSTs decompose 2/7 into either two 1/7 or four 1/14, and 

then use this to find 1 3/14.     

PSTs that iterated with 1/7, were able to discuss how to find 1/7 by partitioning 2/7 into 

two equal pieces (see Figure 11).   

 

Figure 11. Iterating with 1/7. 

Claudia:   So we start off with this little rolly thing that is 2/7. So I 
thought of doing it this way of 1/7 and 1/7 to show that it's 
2/7…First I wanted to get the one. So I knew I needed 
seven of these half pieces of the roll in order to get one. 
(Data)   

  
Claudia first cut the 2/7 piece in half to develop two groups of 1/7. The 1/7 was then used to 

determine the composite unit of one being equivalent to seven of the 1/7 pieces. As Claudia 

continued with her discussion, she iterated the 1/7 as evidenced by her counting out seven. 

Claudia:   So I kept going and I realized that when I got to that point, I 
needed half of this one [2/7] and then this right here would 
give me a whole. 1, 2, 3, 4, 5, 6, 7, that's seven, so this is 
one because it's also seven over seven because it makes one 
whole. (Data) 
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Claudia’s explanation included iterating a unit fraction of 1/7 until she got to the whole of one 

which was represented by 7/7.   

Others iterated with the composite unit of 2/7 (see Figure 12). 

 

Figure 12. Iterating with 2/7. 

PSTs iterating with 2/7, tended to iterate up to 6/7. Then they broke the 2/7 into 1/7 to find 7/7 

and 1 2/7. Then the 1/7 was broken into fourteenths to find 1 3/14.  

 Not all of the PSTs needed to find a composite unit of one. PSTs that did not do this 

generally converted 2/7 into 4/14, and then iterate with 4/14 (see Figure 13).  

 

Figure 13. Iterating with 4/14. 

When iterating fractions, some PSTs found a unit fraction then iterated, while others iterated 

composite fractions of either 2/7 or 4/14 to work up to the 1 3/14 and/or a composite unit of one 

(see Table 8). 

Table 8 

PSTs’ Methods for Iterating Units (25 PSTs’ Work) 
 
Iterating Strategy Number of PSTs that 

Used that Strategy 
Number of PSTs that Developed a 
Composite Unit of 1 
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Iterated 1/7 6 6 

Iterated 2/7 10 9 

Iterated 4/14 9 1 
  
Of the 25 PSTs, whose work was collected on this task, 16 found a composite unit of one though 

it was not necessary to successfully solve the problem. Every PST that iterated with 1/7, all but 

one PST that iterated with 2/7, and only one PST that iterated with 4/14 first found a unit of one 

before finding 1 3/14. Those that did not find a unit of one either got as close as they could to 1 

3/14 then worked with unit fractions to find 1 3/14 (see Figure 13) or iterated the original amount 

of 2/7 to get an amount greater than 1 3/14 then worked back to get 1 3/14 (see Figure 14).   

 

Figure 14. PST’s method for going over 1 3/14 and working back to get 1 3/14. 

PSTs’ solution strategies were similar to those they used with whole numbers on a number line. 

This included iterating by unit fractions (i.e., similar to iterating by ones on a number line) and 

iterating by using both composite units and single units (i.e., similar to iterating by composite 

units of tens followed by iterating by ones). In addition, PSTs were able to label the space as a 

fractional amount, and those that labeled what would be tick marks on a number line did so 

correctly. This is in contrast to previous research that has shown that PSTs struggle with 

representing fractions on a number line by incorrectly labeling tick marks because of not 

accounting for the distance (Luo et al., 2011).   
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Members of the class were also able to extend their thinking of unitizing with whole 

numbers to develop an understanding of fractions. This occurred during a conversation in which 

the class was trying to justify how 5/3 and 1 2/3 were equivalent. Barbara developed a unit 

fraction of 1/3 from 5/3. She then used the 1/3 to develop composite whole of one and the 

fraction 1 2/3. 

Barbara:   Could you break the 5/3 down into 1/3 five times? (Data) 
Instructor:   Why can you break the 5/3 down into 1/3 five times? 
Barbara:   Because it's kind of what we did for addition when you 

pulled. Like 121, made 100 and 20 and 1… And then three 
of those is 3/3, which is one. And then you have 2/3 
leftover. There's your 1 2/3. (Warrant) 

Instructor:   How do you know three of those is one? 
Barbara:   Because you have a pizza and it's split into three pieces. So 

if you have three pieces in that one pizza. (Warrant) 
   … 
Mary:   I was going to say that if you have three pieces of the three 

pieces that means you have the whole thing, which is one. 
(Warrant) 

 
Barbara used place value unitizing concepts from whole numbers to justify breaking 5/3 into five 

groups of 1/3. This was then used to develop a composite whole of one or 3/3.   

 Unitizing in terms of the whole was a topic with which the PSTs initially struggled. The 

activity the class was presented with involved an equivalence activity placed in the context of a 

ratio of pizzas to people. The class discussed changing 24 pizzas for 32 people to 3/4 of a pizza 

per person. Later on in the conversation, one PST asked what the solution would be if instead 

they found how many people would share one pizza. During this conversation, the class was 

confused whether the answer should be 1 1/3 or 1 1/4.   

Instructor:   What is the answer? 
 … 
Jackie:   1 1/3 people. (Claim) 
Kassie:   Yeah it's 1 1/4. (Claim)  
Instructor:   How did you get that Jackie? 
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Jackie:   Well 24 goes into 32 once, subtract 24 from 32. (Data)  
Instructor:   So that's one group of 24. 
Jackie:   Right, plus eight. And 8 goes into 32, I guess it's four, 

four, four. 1 1/4 because eight goes into 32 four times. 
(Data)  

Instructor:   What do you guys think? 1 1/3 or 1 1/4? 
PSTs:   1 1/4  
Claudia:   I can see why she got 1/3.   
Instructor:   So which one do you think it is Claudia? 
Claudia:   No it's 1/4 but she was thinking of eight into 24 the first 

time to get the 1/3.  
 … 
Cordelia:   I think it's 1/3 because if you were to do that you'd have 

one and then 8/24 and 8/24 would be simplified into 1/3.  
… 
Eight goes into eight one time, eight goes into 24 three 
times. 

 
Evident from this conversation, the class struggled with determining if the answer was 1 1/3 or 1 

1/4 because of the having 8/24 versus 8/32. At this point no one could determine which answer 

was correct. A few moments later, Claudia who initially thought the answer was 1 1/4, 

determined that the answer would in fact be 1 1/3 because the 24 was the number of parts that 

the problem was broken into.   

Claudia:   Well I was going to go back to 1 1/3 and 1 1/4. It is 1 1/3 
because 24 would be what we are breaking our whole into, 
since it's 24 parts. So that's why it's 1 1/3 because then it 
would be 8/24, which is 1/3. Because 24 is our parts. 
(Warrant) 

 
Though having 1 1/3 or 1 1/4 people does not make sense, this problem illustrates that unitizing 

in terms of the whole introduces PSTs to explore the ways in which the remainder is represented 

in division situations. By having this conversation, PSTs started developing division ideas before 

division was presented in the fraction sequence. The class had to go back to make sense of what 

the whole would be in the problem to determine if the answer is 1 1/3 or 1 1/4. Similar to 

Lamon’s (1996) findings, this discussion illustrates that several PSTs struggled when unitizing in 
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terms of the whole, however it provided the class with a way to start conceptualizing the 

remainder in division situations before they formally learned fraction division in the class. 

Discussion 

The PSTs’ knowledge of unitizing with whole numbers were based on the ideas of 

composing and decomposing numbers by using iterable units of one, iterable composite units, 

and unitizing in terms of place value. Ideas that are fundamental to whole number computation 

were initially investigated through contextualized problems in which the PSTs documented their 

thinking on an empty number line. When doing so, the PSTs’ used strategies that children use to 

solve similar problems, for example, initially many of the PSTs employed a counting-on-from-

larger strategy (Baroody, 1987) and added iterable units of 18 or composite units of 108 from the 

greater of the two addends. Eventually, the PSTs iterated by composite units based on place 

value, however, it became apparent that the PSTs may not fully understand unitizing. As a result, 

tasks used with children (Cobb et al., 1997; Cobb et al., 1992; Wood, 1999) emphasizing 

equivalence by packaging and unpackaging were introduced with tools that supported the 

composing and decomposing of units. In the end, the PSTs were also able to unitize (Cobb & 

Wheatley, 1988) by successfully identifying that one group of 108 is also 108 groups of 18 and 

view multidigit whole numbers in terms of place value.  

In fractions, they were found to be successful with iterating unit and composite unit 

fractions evidenced by the pizza dough problem in Figure 10. Similar to previous research, PSTs 

struggled with defining a unit or whole, when more than one object is given (Rosli et al., 2011). 

This was evidenced with the varied responses they gave for sharing four pizzas equally among 

five people. The findings also extend previous research with PSTs’ conceptions of unitizing with 

fractions. Within this study, 19 out of 25 PSTs worked with composite units before partitioning 
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them when solving the task shown in Figure 10. This is contrary to Behr, et al.’s (1997) study 

which found that PSTs tend to partition first before composing units. Though 6 PSTs used that 

method in this study, the results indicate that as a class they were more flexible in their thinking 

than previous research indicates. In addition, the results showed that PSTs could represent 

fractions in a diagram similar to a number line, which was contrary to Luo et al.’s (2011) 

findings. 

In both whole numbers and fractions, the idea of iterating appeared to already be 

understood by the class. This was evidenced by PSTs’ success with counting by ones and tens 

with whole numbers and with unit and composite fractions. They could flexibly unitize with 

units and composites and were never questioned by others or required to provide warrants for 

why or how they iterated. The class was also able to start making connections with unitizing 

across whole numbers and fractions. For example, when converting 5/3 into five groups of 1/3, 

Barbara related this to breaking apart whole numbers, such as 121 into a group of 100, 20, and 

one.   

Implications 

 Rasmussen and Stephan’s (2008) method was shown to be successful in determining the 

types of unitizing understandings PSTs bring to classroom instruction. By using Toulmin’s 

(2003) argumentation model and analyzing PSTs’ ideas before they shifted in the conversation or 

were no longer questioned, an analysis could be done which illustrated the initial unitizing 

conceptions they bring to teacher education courses. The analysis illustrated that though they 

may come with an understanding of some unitizing ideas, this does not indicate they have a 

complete understanding of the topic. For example, the PSTs within this study could successfully 
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iterate with units and composite units with both whole numbers and fractions, but struggled with 

defining wholes and unitizing in terms of a whole.  

The findings also indicate that linear models may be useful for analyzing PSTs’ 

understanding of iterating with units and composite units, and place value. With the number line 

in whole number tasks and roll of pizza dough in fraction tasks, PSTs’ ability to see 278 as a 

group of 208 and 78 and 2/7 as two groups of 1/7 for example illustrated the various thinking 

strategies they had related to decomposing and composing units. Within whole numbers this 

illustrated that they could iterate with single units, composite units, and decompose numbers by 

place value. Within fractions this indicated that the PSTs could iterate with unit fractions, 

composite fractions, and develop composites from composites (for example when iterating with 

4/14 instead of 2/7).        

 By examining PSTs’ conceptions of unitizing the results provide insight into why they 

may struggle with whole number and fraction operations. Within whole numbers, initially, the 

PSTs were able to iterate 18, 108, and composite units on a number line. However, it was not 

until Candy Shop tasks emphasizing equivalence did the PSTs fully demonstrate the ability to 

unitize and as a result compose and decompose numbers. Furthermore, the ability to unitize 

provided the PSTs the underpinning to conceptually understand addition and subtraction 

algorithms that required regrouping. In fractions, their difficulty with operations may be linked 

to their difficulty with defining wholes. For example, when dividing 32 by 24, PSTs struggled 

with finding the solution of 1 1/3 because they were unsure of what the whole or unit was in that 

situation. Thus, ideas such as keeping track of the unit and finding and interpreting remainders in 

division, provides a foundation for PSTs to understand concepts related to the operations before 

they formally work with them. Therefore, addressing these ideas early in instruction may aid in 
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their understanding of the operations. In addition, the findings suggest that using a variety of 

models (linear, area, and/or set) may also aid in developing PSTs’ understanding of unitizing. 

Though the ways in which PSTs’ develop this understanding was beyond the scope of this paper, 

it is a discussion needed in future research.   

This paper described PSTs’ unitizing understandings with whole numbers and fractions. 

By analyzing their initial ways of thinking, the findings expand previous research to indicate 

what unitizing understandings PSTs have and how this may impact their understanding of whole 

numbers and fractions as quantities. By developing these concepts early, education programs can 

support PSTs’ understandings of foundational concepts of numbers that will aid in their 

understanding of more challenging mathematics topics and provide them with a foundation for 

teaching these same topics in the future. 
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Appendix A 
 

 Sample Whole Number and Fraction Problems 
 

You own a candy shop in Base 8 World. Candy comes packaged in boxes, rolls, and individual 
pieces.  

Box    Roll   Piece 

 

 

 

 

 

There are 10 candy pieces in a roll and 10 rolls in a box. 

Use this information to complete the following: Show two different ways to represent the 
following: 

  
The following is 3

4
of the leftover sausage pizza. Show 7

12
of the leftovers. 

 



Prospective Elementary Teachers’ Conceptions of Unitizing  36 

 

 

Appendix B 
 

Contextualized Addition and Subtraction Problems 
 

Base 8 Blank Number Line Problems 
 
1. Before lunch, you sold 37 cookies. After lunch you sold 45 cookies. How many cookies did  
    you sell in the day? 

  
 
 

2. Johnny bought 23 cookies. Steve bought some cookies, too. Johnny and Steve bought 52  
    cookies in all. How many cookies did Steve buy? 

  
 
 
 
3. The local power company was buying cookies for their employees. They ordered some  
    cookies on Monday and 243 cookies on Tuesday. They were billed for 422 cookies. How    
    many did they order on Monday? 

  
 
 
 
4. Mrs. Johnson brought 53 cookies for her class. She gave 25 cookies to Mr. Jones. How many  
    cookies did Mrs. Johnson have left? 

 
 
 
 
5. Jessica decided to share all of her cookies with her friends. She gave 27 cookies to one friend  
    and 43 cookies to another friend. How many cookies did she have to start with? 

 
 
 
 
6. Susie had 154 crayons. She gave some crayons to her friend. She had 127 crayons left. How  
    many did she give to her friend? 

 
 
 
 
7. The Candy Shop made 237 cookies last night. The Cookie Company made 372 cookies last  
    night. How many more cookies did the Cookie Company make than the Candy Shop? 

 


