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Even More Calculus

Introduction

You should be familiar with the differentiation and integration of functions such as x", e*
and Inx. In this unit the range of functions is expanded to include the differentiation and
integration of trigonometric functions and two important methods of integration, namely
substitution and by parts, are dealt with. Finally, there is an introduction to the important
topic of differential equations.

Derivatives of Trig Functions

Intuitive ideas

The derivative of a general function f(x) is given by

f'(x) = lim{w}

h—0

You are going to obtain the derivatives of sin x, cos x, and tan x.

Remember that the derivative of a function at a given point is given by the gradient of
that function at the given point.

Suppose you look at a sketch of the graph sin x and sketch in the tangents for values of x
of

3z T w3
_Zﬂ'-! __’_'7[9__’09_"77:’_, 2m
2 2 2 2 y=sinx
This is shown opposite. /\ "
/

These tangent values when plotted against x will look
like the sketch opposite.

This suggests that the graph of the function for the

tangent may be something like the sketch opposite so \ /
this sketch suggests that the derivative of sin x might ‘ \/ \/ x
be cos x, but this illustration is certainly not a proof.
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Using a calculator or computer

The derivative of sin x, working in radians, is given by

i(sin x) = lim{sin()c +h)- sinx}

X h—0 h

Using a calculator or computer you can try some specific examples - using a set value for
x and making /& small.

For instance, setting x =0.2 and & = 0.00004,

sin(0.20004) - sin(0.2) _0.198708533 - 0.198669331
0.00004 0.00004

_0.000039202
0.00004

=0.98005

= c0s(0.200083427)

So, approximately

sin(0.20004) - sin(0.2)
0.00004

~ cos(0.2)

We could try another small value of £, but this would still not be a proof.

Geometric proof
It is also possible to use the unit circle to demonstrate that, for example,

d .
—(sinx) = cosx
dx

In the diagram, shown opposite, 4 is small, and
A'B’ = sin(x + h)
AB =sinx
A'A = h(radius x angle)

So sin(x + h) —sinx = A'A

Now assume that when £ is very small the arc A'A is
approximately straight.

So for the 'triangle' AA'P,

sin(x+h)-sinx _ A'P
h A'A

So, approximately, if 4 is very small

= COS X

sin(x + &) - sin x
h

=~ COS X
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Now, taking the limit as 2 — 0, gives

d , .
—(sinx) = cosx
dx

In a similar way, we can show that

d .
—(cosx) = —sinx
dx

To find the derivative of tan x, formally you can use the quotient rule,

d(u\ uv-=vu ([  du  dv)
— == (U ==V ==,
dx\v) v \ dx dx)

giving

d d (sinx\
—(t =
dx( anx) dx \ cosx)

i(sinx) X COS X — sin x x i(cosx)
dx dx

(cosx)’

COS X X COS X — sin x x (—sin x)

(cosx)’

(cos x)2 +(sin x)2

(cosx)’

(cosx)’

This gives

d 2
0 (tanx) = (secx)

Worked Example 1

Show that
i/ ! \=—coszx
dx \ cotx/
Solution
d d ( 1 \
—(cotx) = —
dx( x) dx \ tanx/
d -1
= —(tan
dx( x)
-1 d
= —(tan
(tan x)* dx( %)
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-1

(sinx)” ~(cosx)’
So the three crucial results are

i(sin X)=cosx
x

or

d—(cosx) =-sinx or
x

di(tan x)=sec’x or
x

and, inverting these results

fcosxdx=sinx+c

fsinxdx= —cosx+c

fseczx dx =tanx +c

= —0 = cosec’x
(sin x)
. dy
y=8inx=>——=C0SX
dx
dy )
y=COSX=—"—=-8Inx
dx

d
y=tanx$d—i = secx

To differentiate y = sinkx, where k is a constant, you can define a new variable z by

z = kx, so that
y=sinkx =sinz
.. dy
giving — =087
dz
But b b &
dx dz dx
and since z=kx
then % =
dx
So a_ (cosz)x k
dx
giving & = kcos kx
dx
Exercises

1. Find the derivative of

(a)

sin2x

(b)

sin—x
2
2. Find di(coskx) and i(tankx)

x dx

© University of Plymouth 4

(function of a function)

(¢) sin100x (d)

cos3x




T 3

Even More Calculus TEXT

3. Differentiate

(a) sin®*(2x) (b) sin2xcos2x

31 2
(¢) cos \zx (d) tan (2x)

~————

4. Find i(cosec x) and i(secx).
dx dx

Hence determine

fsecx tan x dx

Rates of Change

From your earlier work on differentiation, you will recognise that the rate of change of a
df

v
another variable, say x, so that you need to use the 'function of a function' rule,

df _ df dx
dt dx dt

variable, say f, is given by where ¢ denotes time. Often though, fis a function of

We will see in the next two examples, how this result is used.

Worked Example 1
The radius of a circular oil slick is increasing at the rate of 2 m/s. Find the rate at which
the area of the slick is increasing when its radius is (a) 10 m, (b) 50 m.

Solution
Now A=umr
dA d

giving Z E(ﬂrz)

2

r . . .
= —(.717 rz)— (using 'function of a function')

(a) When r=10m, ‘;—A =407 ~125.7m?/s
1

(b)  When r=50m, ‘2—? =200 ~628.3m>/s
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Worked Example 2

A spherical balloon is blown up so that its volume increases at a constant rate of 10 cm?/s

Find the rate of increase of the radius when the volume of the balloon is 1000 c¢m?.

Solution
Now v=in P
3
ivin v _ i(inr3\ﬂ
giving a = ar\3" )
dr
= 47
Jr dl‘
But ﬂ =10
dt
dr
ivin 10 = 4 r* —
g g dr
Thus ﬂ = > 5
dt 27 r

When the volume is 1000 cm?® the radius can be calculated from

1000=fn P
3

2
= £=i/@\ 3z0.021
dt 27\ 7 )

Exercises

1.

The radius of a circular disc is increasing at a constant rate of 0.003 cm/s. Find the
rate at which the area is increasing when the radius is 20 cm.

A spherical balloon is inflated by gas being pumped at a constant rate of 200 cm?/s.
What is the rate of increase of the surface area of the balloon when its radius is
100 cm?

The volume of water in a container is given by xe™>* cm® where x is the depth of the
water in the container. Find the rate of increase of volume when the depth is 0.2 cm

and increasing at a rate of 0.1 cm s™'. Also determine when the rate of increase of
volume is stationary.

The area of the region between two concentric circles of radii x and y (x> y) is

denoted by A. Given that x is increasing at the rate of 3 ms™', y is increasing at the

1

rate of 4 ms™ ,and when r=0,x=5 mand y = 2 m, find

(a) the rate of increase of A when ¢ = 0; area A

(b) the ratio of x to y when A begins to decrease;

(c) the time at which A is zero.
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Integration by Substitution

This method is the equivalent to using a change of variable when differentiating composite
functions.

In general, if

then — = f(x)

If we let x = g(u) for some function g of a new variable u, then y becomes a function of u

and
& _dy dx
du dx du
dy dx dx
= A (g(w) "
= y =ff(g(u))d—xdu
du

Worked Example 1

1
Find f x(3x —1)*dx using a suitable substitution.

Solution

If u=3x-1then % =3and x= MTH Hence the integral becomes
X

1
3x-1)> £y
fx(x ) du !

I
—
<
W+
—
~—

<
o|—

w|

= %(%(Sx - 1)% +2(3x- 1)%)+ c

(][}

= l(3x—1)% +%(3x—1) +c

45

Worked Example 2

Find jjx(3x2 + 2)3 dx
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Solution
You can rewrite this integral using the substitution
u=(3x2+2) = @=6x
dx
The limits on u for the integration are determined from
x=0=u=2

x=1 = u=>5

Hence j;]x(?axz + 2)3 dx =f5x(3x2 + 2)3 @du

2 du

Exercises

1. Find the following integrals, using the suggested substitution.
(a) fx(x2 - 3)4dx (u =x’ - 3)
() [x 1-x2dx (w=1-x?)
(c) fcosxsin4x dx (u=sinx)
(d) fe"\f"m dv (u=1+e")

2. Using the substitution x = 4sin” @ or otherwise, show that

jj«/x(4—x) dx =

3. Using the substitution x =3tanf, evaluate

301

howey

dx
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Integration by Parts

Our second method of integration is a very important one which is particularly useful for
a number of different integrals. You can see how it works by first differentiating with
respect to x,

xsin X +COSX

Now use your answer to find the integral of x cosx.

Worked Example 1

By assuming
fxexdx = (ax+ b)e* +¢

find the values of the constants a and b so that the result is valid.

Solution
We can find @ and b by differentiating both sides, that is

xe' = % ((ax +b)e” +c)

= (ax+b)e* + ae*+0

= (ax +a+ b)ex

So a=1land a+b=0
giving b=-1
Hence

fxexdx = (x - l)ex+c

By now you should be wondering if there is a more precise method of evaluating integrals
of the type above, where the method requires inspired guesswork to start with. In fact,
there is a more formal method.

If u and v are two functions of x then from your work on differentiation you know that

and integrating each side with respect to x gives

uy =fv%dx+fu%dx

= fu%dx=uv—fv%dx

© University of Plymouth 9
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Worked Example 2
Find fxcosx dx

Solution

dv . .
Here u=x and o cosx,so v=sinx. This gives
by

fxcosxdx = xsinx—fsinx.ldx

=XSINX +COSX+cC

We can use the same method to find the integral in Worked Example 1.

Worked Example 3
Find fx e’dx

Solution
dv .. x
Here u=x and — = ¢*, giving v=¢" and
dx
fx e'dx=xe" —fex.ldx

=xe' —e' +c

=e'(x-1)+c

One of the difficulties with integration by parts is that of identifying u and % . For
X

example, if

I=fx1nxdx

then taking u = x,=% In x will not really work as you might not be able to solve for v.
X

But taking
u=1Inx andﬂ=x
dx
. 1,
gives v=—x", and
2
1, 1 2\1
=—x"Inx-[!—x")—dx
SR LCR I

1, 1
=—x"Inx-[—xdx
2 3

llen x—lx2 +c
2 4

© University of Plymouth 10
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It is also important to note that some functions which cannot be immediately integrated
can be dealt with by writing the integrand as 1 x (function) since 1 can be integrated. This
is illustrated below.

Worked Example 4
Find flnxdx

Solution
I=f1nxdx=f1xlnxdx

So take u = In x and%=lt0give v =x and
X

I=xlnx—fx.ldx
X

=x1nx—f1dx

=xlnx-x+c

Finally in this section it should be noted that we can have limits on integration in the usual
way, for example

z b T

j:xsinx dx = [—xcosx]g —j;zl(—cosx)dx

T

= (O—O)+jfcosxdx

=N

[sinx]

=1

Exercises

1. Find flenxdx.

2. By writing cos® 0 as cos” Ocos6 find

f cos’0d 6

and hence show that

J:cos30d6=0.

T

3. Evaluate fo2 sin’x dx .

4. Find fx31n(4x)dx.
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5. Use integration by parts twice to find

fo cos2x dx

6. Given that fx cosx dx = xsinx + cosx + ¢ show that

fxzsinxdx=x2cosx+2xsinx+2cosx+k
7. Given that fx e*dx=xe" —e* +c¢ find

(a) fx 2o dx (b) fx 2o~ dx

First Order Differential Equations

You might well wonder why you have studied integration in such depth. The main reason
is the crucial role it plays in solving what are known as differential equations. Here you
will only be dealing with first order differential equations, which can be expressed, in
general, in the form

%=f(x,y)

when y = y(x)is an unknown function of x, and fis a given function of x and y.

Examples of such equations include

dy

— =X

dx Y

dy

— =X+

dx Y

b _x (y=0)
dx 'y

but first you will see how they are formed.

As an example of the process, consider the problem of modelling the way in which
human populations change.

An English economist, Thomas Malthus, in his 1802 article "An Essay on the Principle of
Population" formulated the first model which attempted to describe and predict the way
in which the magnitude of the human population was changing. In mathematical terms

you can summarise his assumptions by introducing the variable N = N(t) to represent the

total population, where 7 is time. In a small time interval, say d¢, Malthus argued that
both births and deaths are proportional to the population size and the time interval.

Hence in time 617, there will be (a N6 t) births and ( B NO t) deaths where a, 8 are
positive constants, and so the increase in the population size is given by

SN = aNdt- NSt =(a - B)NSt
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Writing a - =y ,and dividing by &1 gives

Taking the limit as 6¢ — O results in the differential equation

AN
aN _ N
a7

Added to this is an initial condition; for example, N =N, at t = 0.

This is an example of a 'variable separable' differential equation, since it can be written
in the form

1 dN

N dt

and integration with respect to ¢,

1 dN
N dt

f%dN - [ya

= InN = yt+c  (cconstant)

dt=f)/dt

= N = e}/l+c

= e}’lec

= N=kKe' (K=¢)

But N=N,at t=0
giving N, =Ke’ =K N
Hence the complete solution is
N = N,e''
y<0

This solution is illustrated opposite for positive y . N,

0
You can see how to use this population model by Year USA Population
applying it to the 1790 and 1800 USA population (in millions)
figures shown opposite. 1790 39
The time ¢ = 0 corresponds to 1790, and ¢ =1 1800 53

to 1800 etc; so
N, =39

© University of Plymouth 13
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The model solution is

N(t) =3.9¢""
and y is determined by the population value at # = 1 (1800). This gives
5.3=3.9¢"
3.9
5.3\
= =In{ —1 =0.3067
7= M39)

and N(7) = 3.9¢ 307"

Worked Example 1

Use the model above to predict the USA population for
1810 (t = 2) to 1930 (t = 14). Compare your prediction
with the real values given opposite.

Solution
t=2 = N(2) =39
— 3.980'6134
~ 72

t=14 = N(14) = 3.903067x14
285.6

U

So the model give an accurate prediction for 1810
but is much too high for 1930.

The model gives a reasonably good fit for quite some
time, but eventually predicts a population growing
far too quickly.

Why does the model eventually go wrong?

Year USA Population
(in millions)
1810 7.2
1820 9.6
1830 12.9
1840 171
1850 23.2
1860 31.4
1870 38.6
1880 50.2
1890 62.9
1900 76.0
1910 92.0
1920 106.5
1930 123.2

Let us go back to the original assumption and consider what factors have been neglected.
The model as it stands predicts the growth of a population in an ideal situation where
there are no limits (e.g. food, land, energy) to continued growth. In 1837, Verhulst
proposed an extension to the Malthusian model which took into account the 'crowding'
factor. In his model, he assumed that the population change was proportional to

(1) the current population level N
(i1) the ratio of unused population resources to total population resources
when it is assumed that a maximum population size of N_ can be
sustained,
: (N.-N)
ie. —_—
N,

oo
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Thus
N_-N
aN _ y(N==N)
dt N,
2
Qe aN _ NI
dt N,

When N is small, y N will be the dominant term on the right hand side, and so we are
2
-y N

oo

back with the Malthusian model; but as N becomes large, the term becomes

important.

This is again a first order differential equation, but much more difficult to solve.

It can in fact be solved and has solution

where N=N, at t=0.

As t— oo, youcanseethat N —> N,

Returning to simple first order differential equations, you will see how to solve them in
the following two examples.

Worked Example 2

For x =0, solve ﬂ=£ giventhat y =1 when x =0.
dx 'y

Solution

You can write this as

ﬂ=x

dx

and integrating both sides with respect to x.

yﬂdx = [ xdx
f dx f

= fydy=fxdx

= %yz = %x2 +K (K constant)
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Since y =1 when x =0,

l=O+K
2
2
and y=xt+1

=  y=+l+x’

Worked Example 3

Solve & =< given that y=1whenx=1.
dx x
Solution
As before
ldy 1
ydx x
= 1 ﬂdx = fl dx
y dx X

= f% dy = fé dx
= Iny=lnx+C
Writing C =1nkK,
Iny=Inx+InK
=  Iny=In(Kx)
= y=Kx

Since y=1whenx=1,

1=K.1
giving K=1
and the solution

y=x

© University of Plymouth 16
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Exercises

Solve the following first order differential equations.

1. 3yﬂ = 5x? given that y =1 when x =0

dx
dy .
2. x— =3y given that y=2 whenx =1
dx
3. @=y2 given that y=1whenx =1
dx
4. lﬂ= 21 given that y=0 whenx =0
xdx (x"+ 1)
5. DX
dx 'y
6. dy _ +1
dx x+2
7 X & = 1 +
dx 'y
8. During the initial stages of the growth of yeast cells in a culture, the rate of

increase in the number of cells is proportional to the number of cells present.

If n = n(t) represents the number of cells at time #, show that
dn =kn
dt

for some constant k. If the cells double in unit time, determine &, and solve for n in

terms of 7 and the initial number of cells, n, .
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